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ABSTRACT

Whether the structure is stable depends on the values of the parameters § =
(01, ...,60,) which describe the structure and its environment. Usually, we know the
limit function g(6) describing stability: a structure is stable if and only if g(0) > 0. If
we also know the probability distribution on the set of all possible combinations 6, then
we can estimate the failure probability P.

In practice, we often know that the probability distribution belongs to the known
family of distributions (e.g., normal), but we only know the approximate values p;
of the parameters p; characterizing the actual distribution. Similarly, we know the
family of possible limit functions, but we have only approximate estimates of the
parameters corresponding to the actual limit function. In many such situations, we
know the accuracy of the corresponding approximations, i.e., we know an upper bound
A, for which |p; — p;| < A,. In this case, the only information that we have about the
actual (unknown) values of the corresponding parameters p; is that p; is in the interval
[D: — A;, pi + A;]. Different values p; from the corresponding intervals lead, in general,
to different values of the failure probability P. So, under such interval uncertainty, it is
desirable to find the range [B, F}. In this paper, we describe efficient algorithms for
computing this range.

We also show how to take into account the model inaccuracy, i.e., the fact that the
finite-parametric models of the distribution and of the limit function provide only an
approximate descriptions of the actual ones.

ESTIMATING FAILURE PROBABILITY UNDER INTERVAL UNCER-
TAINTY: CASE OF EXACT MODEL WITH UNCERTAIN PARAMETERS

Textbook case of full knowledge: a description. The textbook approach to estimat-
ing the failure probability of mechanical structures makes the following two assump-
tions:



e We assume that we know the probability distribution on the set of all possi-

ble values of the quantities § = (61,...,6,) describing the structure and its
environment. This distribution is usually described by the probability density
function f(0).

e We also assume that we know which combinations of the quantities 6; corre-
spond to stability and which to failure. The corresponding set () is usually
described by a limit function g(6) such that stable states correspond to g(6) > 0
while failures correspond to g(6) < 0.

Once we know this information, we can find the desired failure probability P as the
integral P = [, f(0)db.

Textbook case of full knowledge: how to estimate the probability of failure. In
realistic situations, when the number of quantities is large, P can be computed by a
(somewhat time-consuming) Monte-Carlo algorithm (MCA); see, e.g., (6).

Case of interval uncertainty: a description. In practice, we often do not know the
exact probability distribution, and we do not know the exact expression for the limit
function. Usually, we know that the distribution belongs to a certain family (e.g., that it
is normal), but we do not know the exact values of the parameters corresponding to the
given distribution; at best, we know the infervals containing these parameters.

Similarly, we know the general parametric expression for the limit function (e.g.,
we know that the function g(0) is linear or quadratic), but we do not know the exact
values of the corresponding parameters, we only know the intervals of possible values
of these parameters.

Let us list all the parameters corresponding to the probability distribution and to the
limit function as py, ..., p,,. For each of these parameters p;, we know the interval of

possible values by p, = [1_)2,, ]_JZ} .

Case of interval uncertainty: formulation of the problem. In the case of interval
uncertainty, we assume that:

e we know the expression Py (pi, . .., p,) Which describes the failure probability
corresponding to parameters p;; and
e we know the intervals p; of possible values of each parameter p;.

Different values p; from the corresponding intervals p; lead, in general, to different

values of the failure probability. We are therefore interested in the range [B, ?} o

{Ps(p1,...,pn) : pi € pi} of all possible values of failure probability.

A midpoint representation of an interval is often helpful. For many quantities p;,
the containing interval comes from the fact that we know the approximate value p; and

we know the upper bound A; on the approximation error Ap; def pi — it |Api| < A,
In this case, the only information that we have about the actual (unknown) value p; is
that this value belongs to the interval [p; — A;, p; + A;].



Since a lot of algorithms have been developed for processing approximate estimates,
it is often convenient to represent a general interval [}_7@,,@] in this form. To get such

. . . ~ det P, T D
a representation, we can take the midpoint of this interval by p; L S 5 * and the

half-width A, % P&

[D: — As, pi — 4], and each value p; from the corresponding interval can be represented
in the form p; + Ap;, where the difference Ap; = p; — p; satisfies the inequality

. In these terms, the original interval takes the desired form

Linearization is usually possible. The values A; are usually reasonable small, hence
the values Ap; are also small. Thus, we can expand the expression Py (pi, ..., pm) =
Ps(p1 + Ap1,...,Dm + Apy,) into Taylor series and keep only linear terms in this

expansion: Pr(p; + Apy,...) = P+ > ¢ - Ap;, where pY P¢(p1, ... ,pm) and
=1

def OP
C;, = .
Op;

Linearized problem. We are interested in the range [B , F} of possible values of the
probability Pr(p; + Apy, ..., pm + Apy,) when |Ap;| < A,

Towards solving the problem. One can easily check that for ¢; > 0, the largest
possible value of ¢; - Ap; is attained when Ap; takes the largest possible value A;, and
for ¢; < 0, when Ap; = —A,. In both cases, the largest possible value of the product
¢ - Ap; is equal to |¢;| - A;. Similarly, the smallest possible value of ¢; - Ap; is equal to
— |¢i| - A;. Thus, we arrive at the following formulas.

Resulting formula. The desired range [P, P | has the form P = P—Aand P =
P+ A, where A = > el - Ay see, e.g., (25 5).
=1

Towards an algorithm. To compute the above expression, we need to know the
values ¢;. How to compute them?

If we modify one of the parameters p;, and modify it to the maximally possible
value p; + A;, then, due to linearization, we get

def ~ ~ ~ ~ ~ ~
‘Pi = Pf(pla"'vpi—lapi+Aiﬂpi+17"'apm) = P+CZ A’L

Thus, |¢;| - A; = | P, — ﬁ) and hence A = )

=1

Pi—ﬁ‘.

Resulting algorithm for computing the desired range. After computing P =
Pf(ﬁlu s 75771)’ we Compute m values P’L = Pf(ﬁlu s 7]3/1'717]3/1' + Aiu@Jrl? s 7ﬁm)9



— P| and the desired range |P — A, P + A|.

This algorithm requires m + 1 calls to MCA: to compute P and m values P,

Towards a faster algorithm. When the number of parameters m is large, m + 1 calls

may be too long. It is possible to speed up the process if we take into account a known

) 1
property of Cauchy distribution, with probability density ps(x) = — - Ctis
T z?

known that if 7; are independently Cauchy—distributed with parameters A;, then 7 o

Z ¢; - m; is Cauchy-distributed with parameter A = Z lei| - A;. Once we get simulated

Cauchy distributed values 7, we can then estimate A by using the Maximum Likelihood
method. (We may also need to scale the values 7; to the interval [—A;, A;] on which
the linear approximation is applicable.) Thus, we arrive at the following algorithm.

Faster algorithm (2; 3). First, we compute P= P¢(p1, ..., Pm). Then, for some N
(e.g., for N = 200), for k = 1,2,..., N, repeat the following:
e use the standard random number generator to compute 7 numbers rgk),
i =1,2,...,m, which are uniformly distributed on the interval [0, 1];
e compute Cauchy distributed values as cgk) = tan(m - (rgk) —0.5));

(®)|.

e compute the largest value K of the values ‘cgk) ): K =max; |c;|;

A e
e compute the simulated approximation errors 6p§k) = TCZ;
e compute the simulated “actual values” pl(»k) =pi + (5p§k)
e apply MCA to the simulated measurement results and compute

AP® = (P (3l aft)) - F).
Then, we compute A by applying the bisection method to the equation

1 1 1 N
m S+t N S PN 2
AP P P
1+ (457) 1+ (457) 1+ (AR7)

for A € [0, max |AP(’“) H . Finally, we return the range [15 ~ AP+ A] :

NEED TO TAKE MODEL INACCURACY INTO ACCOUNT

In practice, the original model is approximate. In practice, the finite-parametric
family of distribution often usually provides only an approximate description of the
actual probability distribution; similarly, the family of limit functions often provides



only an approximate description of the actual limit function. As a result of the model
uncertainty, the value C' = C¢(py, ..., pn) produced by the approximate model is, in
general, different from the actual failure probability P = Py(p1, ..., pm).

In some cases, the only information that we have about the model inaccuracy C'— P
is the upper bound 6, for which |C' — P| < 4. Let us analyze how this inaccuracy affects
our estimations.

What if we use the above linearized algorithm. In the linearized case, the de-

sired upper endpoint P has the foom P = P + Y|P — P,

=1
the model inaccuracy, instead of the exact values P = Pf(pi,...,pn) and P, =

. In practice, due to

P¢(p1, ... Di—1,Di + Ai,Dit1, .-, Pn), We only know approximate values C and C;
corresponding to these combinations of probabilities: |P; — C;| < § and ’]3 — 5‘ <.

Based on these approximate values, we compute C = C + > C— C;|. Due to

i=1
|P; — C;| < 6 and ‘ﬁ— 6‘ < 4, we have |€—F‘ < (2m + 1) - ¢ and similarly,
IC—P|<(2m+1)-0.

In other words, as an interval which is guaranteed to contain the actual failure
probability P, we take an interval [C — (2m — 1) - 6,C + (2m — 1) - §].

Need for more accurate estimations. When the number m of parameters is large,
the approximation error (2m + 1) - § becomes significant.
How can we decrease this error?

Analysis of the problem. As we have mentioned earlier, the actual maximum P is
attained when Ap;, = &; - A;, where ¢; def sign(c;) (when ¢; = 0, we take either
e; = loreg; = —1). For these ¢;, we have C¢(p1 + €1 - Ay,...) > P — 6. Thus, for

— def ~ . . o
C = maxCy(py + &1 - Ay,...), where max is taken over all possible combinations
3

e = (g1,...)of values ¢; € {—1,1}, we get C > P — 4.
On the other hand, for each such combination &, wegave Cr(pr+e1-Ay,...) <
Pr(pr +e1- Ay, ...)+0.Since Py(p1 + €1 - Aq,...) < P, we conclude that

Cf(,ﬁl +ée1- Al,...> S F—f-(g
Therefore, for the maximum C' = max Cr(p1 +e1-Ayq,...), we have C < P+35.So,
the maximum C' provides a §-approximation to P.

First new algorithm. For all 2™ possible combinations of values ¢; € {—1,1}, ...,
em € {—1,1}, we estimate Cf(p; + 1 - Ay, ...), and compute the largest of these
estimates C. We can then guarantee that |6 -P ‘ < 6.

Similarly, the smallest of the values C'¢(p1 + 1 - Ay, . ..) is §-close to P:

IC—P|<é.



Need for faster algorithms. The above algorithm requires at least 2 estimates,
which for large m is unrealistically large. It is known that if we want to find P with
accuracy J, we cannot use fewer than exponentially many calls (1; 4).

How can we decrease the uncertainty in estimating without increasing the number
of calls too much?

Analysis of the problem. Instead of the difference Py(....p; + 4A;,...) —
Pe(....piy...) = ¢; - A;, we can consider the difference

Pf(,E—FA@,)—PJC(,]Z—A,):QQAI

Then, when both probabilities Pf(. ..) are estimated with accuracy ¢, we will have the
difference 2¢; - A; with accuracy 20 and thus, the value |¢;| - A; with accuracy ¢ (and
not 29 as before). This leads to the following algorithm.

Second new algorithm. Foreach: = 0,..., m, we compute the estimate
Ei=Ci(pr+ AL .., pi + A4 Div1 — Dy oo, P — D).

Then, we take the arithmetic average E of all these values as an estimate for 15 and
m

~ def 1 . . ~ o~ T~
Ad:f5-Z|Ei—Ei_1|asanestlmateforA.Flnally,E:E—AandE:E—i—A
i=1

are returned as the estimates for P and P.

This new algorithm requires m + 1 calls to C'y. Let us show that it is indeed more
accurate that the second new algorithm.

Analysis of the second new algorithm. The values £; and J-approximations for the
quantities

def ~ ~ ~ ~
Qi = Pf(Pl + A, D+ Ampiﬂ - Ai-‘rlv"'apm - Am)

Substituting the linear expression for P(...) into this formula, we can conclude that

the arithmetic average all the values (); is equal to P. From the fact that |E; — Q;| < ¢,
we can conclude that

m

o 1 1 1 <
)E—P\I'm—H'ZEﬁm—H'ZQ@' :‘m—ﬂ;@‘@” :
;.i|Ei—Qi|<;-(m+l)-5:5.

m+1 “m+1

1=0



So, the E is a §-accurate estimate for P. We have already mentioned that each i, the

1 . .
value 5 |E; — E;_1] is a §-accurate estimate for |¢;| - A;. Thus,

E=F+

N | —

D |E - Ei|
=1

is an (m + 1) - -approximation to P = P+ " |¢;| - A,. Similarly, E is an (m 4 1) - 6-
=1
approximation to P.

Accuracy of the second new algorithm. We have |[E— P| < (m + 1) - 6 and
E—P|'<(m+1)-4.

Thus, the new algorithms is almost twice more accurate than the second new
algorithm — while using the same number of calls to C’y.

Further analysis of the problem. We have already mentioned that when ¢; > 0,
then the maximum P is attained when Ap; = A; and the minimum P is attained when
Ap; = —A,. Similarly, if ¢; < 0, then the maximum P is attained when Ap, = —A,
and the minimum P is attained when Ap; = A,.

When can we conclude that ¢; > 0? We know that the difference F; — F;_;{ is a
20-approximation to 2¢; - A;. Thus, 2¢; - A; > E; — E; 1 — 2A. So,if E; — E;_1 > 20,
we can conclude that 2¢; - A; > 0 and therefore, that ¢; > 0. Let ST denote the list of
all such indices 7.

Similarly, if E; — F; 1 < —26, then we can conclude that ¢; < 0. Let S~ denote the
list of all such indices i. Let Sy denote the list of the indices for which |E; — E; 1| < 26,
and let s denote the total number of indices in ST and S~.

We know that the maximum P is attained when p; = p; + A; for i € ST and
p; = pi— A, fori € S7; we thus only need to consider the remaining parameters p;, ¢ €

So. For the above values, the general linear formula takes the form Pf(py,...,p,) =
Pt + 3" ¢ - Ap;, where P o Pr(pf, ..., pi7 = i + A wheni € ST, pf =
IS

P — A; wheni € S7, and pj = p; when i € Sy. Thus, the largest possible value P is

equal to PT + > |¢;| - A;. We know that C't o Ct(py,...) is an §-approximation to
1€Sp

1
Pt = Py(pf,...), and we also know that for each i, the half-difference 5" |E; — E; 4]
1
is an §-approximation to |¢;| - A;. Thus, C* + 3 Z |E; — Ei—q1]isan (m —s+1) - 0-
. IS
accurate estimate for P.

A similar estimate can be proposed for P. Thus, we arrive at the following algo-
rithm.

Third new algorithm. Foreach: = 0,..., m, we compute the estimate

E,=Crp1+ A, .. ,Di + A Div1 — Dig, - oo, D — Apy).



Let us mark each index i as belonging to S* if E; — E;; > 20, as belonging to S~
if £; — E; 11 < —20, and as belonging to .S in all other cases. We also count the total
number s of all the indices for whichi € ST ori € S—.

Then, we compute the values p; as follows: p; = p; + A; wheni € ST, p = p; —
A; wheni € S7, and p; = p; when i € Sy. We then compute C* = Cy(pf,...,p}")

— 1
Ot I
and = C* + Z|Ez Ei4|.
€S0
Similarly, we compute the values p; as follows: p; = p; — A; when ¢ € ST,
p; = pi +A;wheni € S, and p; = p; when i € S;. We then compute C~ =

1
C 1w - - dE:C_——' E’L_Elf .
f(pla ,pm)an = 9 EZS’ 1‘
i€So
The estimates £ and E approximate P and P with accuracy (m + 1 — s) - 0. This
algorithm requires m + 3 calls to C.

Comments. When s is large, i.e., when there are many parameters which significantly
affect the failure probability, we get a drastic improvement in accuracy — at the expense
of having only two additional calls to C;.

A similar idea can be applied to the first new algorithm: first, we compute F; and
find s indices for which we know that ¢; > 0 or that ¢; < 0. Then, for computing
the desired estimate for P, it is sufficient to only consider all 2"~° combinations of
the remaining parameters. Thus, we get the following modified version of the first new
algorithm.

Modified version of the first algorithm. For each i = 0,...,m, we compute the
estimate

E,=Ci(p1+ A1, ..,pi + A Dic1 — N, oo D — Apy).

Let us mark each index 7 as belonging to S* if E; — E;,; > 20, as belonging to S~
if £; — E; ;1 < —20, and as belonging to .S, in all other cases. We also count the total
number s of all the indices for whichi € St ori € S™.

To estimate P, we estimate 2™ ~* values Cy (p1+e1-Aq,...), where we take ¢; = 1
fori € ST, e; = —1 fori € S~, and we take all possible combinations of the values
e; € {—1, 1} for the remaining m — s indices ¢ € Sy. The largest of these estimates is
then returned as an estimate C for P.

To estimate P, we estimate 2 ~° values Cy (p1+e1-Aq,...), where we take ¢; = —1
fori € ST,e; = 1fori € S~, and we take all possible combinations of the values
e; € {—1, 1} for the remaining m — s indices ¢ € Sj. The smallest of these estimates is
then returned as an estimate C for P.

These are d-accurate, just like for the original version of the first algorithm. How-
ever, this algorithm requires only (m + 1) 4+ 2 - 2™7° calls to Cy. For s > 1, this is
much faster than the original version of the first new algorithm.

Towards a fourth algorithm. If we want the best possible accuracy J, we need to
consider all 2% possible combinations of m — s values ¢; = £1. If we only have time



for < m + 3 combinations (i.e., for changing only one value ¢; at a time), then we can
gain accuracy < (m — s + 1) - 9. What if we have more computation time but still not
enough to try all 2"~* combinations?

In this case, it makes sense to select some integer g and divide m — s parameters ¢ €

Sp into m=—s groups G, of size g. For each group, we try all possible combinations,
to estimate s, ©py > leil - A; (for the first group) and s, o > e - Ay (for all

i€Gy i€Gy
other groups ¢ > 1), and then add up the resulting estimates.

For the first group, we can use the first new algorithm (which was described above

for g = m—s) and produce an estimate s;". For every other group of parameters, we can
use a similar algorithm to estimate the corresponding values P and P with accuracy 9,

and then take into account that s, = 5 (F — P); thus, by using the d-accurate estimates

for P and P, we can produce a d-accurate estimate s, for s,.
Similar estimates can be obtained for P. As a result, we arrive at the following
algorithm.

Fourth new algorithm. Foreach: =0, ..., m, we compute the estimate
E,=Cip1+ A1, ..,pi +Appiv1 — D, o D — Apy).

Let us mark each index i as belonging to S™ if E; — E; ;1 > 20, as belonging to S~
if £; — E; 11 < —20, and as belonging to .S in all other cases. We also count the total
number s of all the indices for whichi € ST ori € 5.

.. .. . ) m—Ss
We fix a value g, and divide all m — s indices i € Sy into

groups Gy. We

~ —~

then compute estimates s;, s; and estimates 5, for ¢ =2, .. ., as follows.
g
To compute s, for all 29 possible combinations of values &; € {—1,1} fori € G,
we estimate C'¢(py + €1 - Aq,...), where g; = —1fori € S*,¢; = 1fori € S, and

g; = 0 fori € Sy — G1. We then take the largest of these values as sf.

To compute s, for all 29 possible combinations of values ¢; € {—1, 1} fori € G1,
we estimate C'¢(py + €1 - Aq,...), where g; = 1 fori € S*,¢;, = —1fori € S™, and

g; = 0for¢ € Sy — 1. We then take the smallest of these values as s .
For each ¢ > 1, for all 29 possible combinations of values ¢; € {—1,1}, i € Gy, we
estimate Cy(p1 + €1 - Ay, ...), where ¢; = 0 for all i ¢ G,. We find the largest v} and

~ 1
the smallest v, of these values, and compute 5, = 3 (vf —v,).

Finally, we estimate P and P by E = ;1: +> Syand E = E — > 5.

>1 >1

This algorithm requires (E + 1) -29 calls to C'y. The resulting estimates have

accuracy (m + 1) - 0.
g



Towards a similar modification of the Cauchy deviate algorithm. Due to model
inaccuracy, we only know the values P(pgk), ...) and P with accuracy 4. Thus, the

computed value A®) = K . <C’f (pgk), . ) - 5) are (2K - §)-close to the desired

values AP®*). Therefore, we only know that AP*¥) ¢ [ﬁ(’“) — 2K -5,AP 42K . §|.

In the above formula, A increases with each s dof (AP(’“))Z. Thus, to find the

largest possible value of A, we need to solve the corresponding equation with the
largest possible value s; of (AP(k))2. One can check that this value is equal to

~ 2
S = (‘A(’“)‘ +2K - 5) . Thus, we arrive at the following algorithm.

First, we estimate C = Ct¢(p1,--.,Pm). Then, we compute K and pgk) as in the

original Cauchy deviate algorithm, and estimate A(*) and 3. After that, we compute A

1 N
—— = — for
SN 2

A?

1
by applying the bisection method to the equation st
1
Ay
Ae [0, / max Ek} . Finally, we return the range C—A,C+ A].

Parallelization: general comment. One can easily see that the above algorithms are
easily parallelizable.

1+
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