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Abstract. We prove that in category of sets and relations, it is possible to describe
functions in purely category terms.

1 Formulation of the Problem

Category of sets and relations is a reasonable way to describe the physical
world. Real world consists of systems and objects. These systems and objects usually
change — they change if some action is performed, and often they change by themselves,
even without any action. In general, a change can be caused by another object —
e.g., the state of a measuring instrument changes in response to the change in the
environment.

In the simplest case, the resulting state of a system is uniquely determined by the
original state. In this case, the change can be represented as a function — for self-
change, as a function from a set of states to itself; in other cases, as a function from
the set of states of one system to the set of states of another system.

In many cases, the situation is more complex. First, some actions are not always
possible; in this case, we have a partially defined function. Second, often, the same
action, when applied to the same state, can lead to several possible changed states. In
other words, a generic change is described by a partially defined multi-valued function
— i.e., in mathematical terms, by a relation R: X — Y, i.e., by a subset R C X x Y.
The fact that (z,y) € R is usually denoted by zRy; this notation is well known for the
standard relations such as =, <, etc.

Thus, we arrive to the following description of the world:

e we have objects — each of which is characterized by a set X of its states, and

e we have changes (actions, self-changes, etc.) — each of which is described as a
relation R: X — Y.

For each object X, there is an identity relation idy : X — X (defined as {(z,z) :
x € X}) which corresponds to no changes. Also, for every two relations R : X — Y
describing the effect of X on Y and S : Y — Z describing the effect of Y on Z, we can
describe the resulting indirect effect of X on Z as a composition Ro S : X — Z which
is defined in a natural way: x € X can lead to z € Z if x € X can lead to some state
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y € Y which, in its turn, can lead to z. This corresponds to the usual composition of
relations

tRoSz< JyeY (zRy&ySz).

Composition is known to be associative, so sets and relations form a category —i.e., set

of objects X and morphisms f : X — Y with the notion of a composition fog which is

defined for all f : X — Y and ¢g : Y — Z and which is associative (fo(goh) = (fog)oh)

forall f: X =Y, ¢g:Y — Z, and h: Z — T; see, e.g., |1, 2]. A category also has, for

every object, a special identity morphism idx for which foidy = f and idx o g = g.
In this category Rel:

e objects are sets X,
e morphisms are relations R: X — Y, and

e composition is a usual composition of relations.

Question: in the sets-and-relations category, can we describe functions in
purely category terms? A category description is used in many areas of mathe-
matics, because it often allows us to abstract ourselves from the specifics of a given
representation. Often, once we represent some property in equivalent purely category
terms, it helps us prove results about this property.

From this viewpoint, it is reasonable to ask whether in our sets-and-relations cate-
gory, the original ideal relations — everywhere defined functions — can be described in
purely category terms.

What we do in this paper. In this paper, we show that in the category Rel of sets
and relations, it is indeed possible to describe functions in purely category terms.

2 Main Result

In order to prove that in the category Rel of sets and relations, functions can be
described in purely category terms, we will prove that several set-theoretic notions can
be described in category terms.

Lemma 2.1. In Rel, the empty set ) can be described in category terms.

Proof. Indeed, every non-empty set X has at least two different morphisms (relations)
f: X — X: an empty relation R = () and an identity relation idx. When X = (), then
X x X = () and thus, the only possible relation R C X x X is this empty set.

Thus, among all the objects X, the empty set can be described as the object for
which there is exactly one morphism f: X — X. O]

Lemma 2.2. In Rel, one-element sets can be described in category terms.

Proof. In a one-element set X = {a}, we have X x X = {(a, a)}, this there are exactly
two relations R C X — X: the empty relation R = () and the identity relation
idx = {(a,a)}. On the other hand, if a set X contains at least two different elements
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a # b, then it has at least three different relations R : X — X: R =0, R = {(a,a)}
and R = {(b,b)}.

Thus, among all the objects X, one-element sets can be described as objects for
which there are exactly two morphisms f: X — X. O]

Lemma 2.3. In Rel, it is possible to describe subsets s C X in category terms.

Remark 1. To be more precise, in this category, it is possible to describe category
objects which are in 1-1 correspondence with subsets.

Proof. Let us fix a one-element set A = {a}. Then, for every set X, relations R : A —
X are sets R C A x X = {(a,x) : x € X}. Each such subset has the form {a} X s,
where s C X is the set of all the elements z € X for which (a,x) € R. Vice versa, each
such subset s C X corresponds to a relation {a} X s.

Thus, subsets s C X are in 1-1 correspondence with morphisms f : A — X. So,
subsets of the set X can be described as morphisms f : A — X, where A is some fixed
one-element set. O

Lemma 2.4. In Rel, it is possible to describe empty relations in category terms.

Proof. If a relation R : X — Y is an empty set R = (), then for every S : Y — Y,
we have Ro S = (), i.e., R — S = R. Vice versa, if R # (), then for S = (), we have

RoS=0#R.
Thus, an empty relation f : X — Y can be described as a morphism for which
fog= f for all morphisms ¢g: Y — Y. O]

Lemma 2.5. In Rel, it is possible to describe subset relation between subsets in cate-
gory terms.

Proof. Let us recall that we have identified each subset s C X with a relation {a} x s C
Ax X. If s C ¢, then for every relation R : X — Y, we have so R C s’ o R. Thus, if
s’oR =10, then so R = 0.
Vice versa, let s € §. This means that there exists an element x € s for which
x¢s. ForY =X and R = {(z, 2}, we then have s'o R = (), while soR = {(a,z)} # 0.
Thus, for subsets s,s" C X, we have s C s if and only if for every R : X — Y,
s oY = () implies so Y = 0. O

Lemma 2.6. In Rel, elements of a set X can be described in category terms.

Remark 2. To be more precise, in this category, it is possible to describe category
objects which are in 1-1 correspondence with elements.

Proof. Indeed, elements z € X are in 1-1 correspondence with 1-element sets {z}, and
1-element sets s C X can be described as subsets for which there is exactly one subset
s’ C s which is different from s.

Indeed, for s = {x}, the only subset s’ C s with s’ # s is ' = (), while if s contains
at least two different elements x and 2/, then, in addition to s’ = (), we also have
s ={z} Csand s = {x} #s. O
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Theorem 2.1. In the sets-and-relations category Rel, functions can be described in
category terms.

Proof. Let us recall that elements x € X are identified with 1-element sets {x} and
these sets, in their turn, and identified with relations {a} x {z} = {(a,2)} : A — R.
Let us prove that a relation R : X — Y is a function if and only if for every element
x, the composition x x R: A — Y is also a 1-element set.

Indeed, if R is a function, i.e., R = {(z, f(z)) : « € X}, then for every x, we have
{(a,z)}oR = {(a, f(x))}, i.e., a 1-element set. In general, {(a,z)}oR = {(a,y) : Ry}.
So, this composition is a 1-element set if and only for every = there exists exactly one
y with xRy — i.e., if and only if f is a function. ]

Acknowledgments

This work was supported in part by the National Science Foundation grants HRD-0734825 and
HRD-1242122 (Cyber-ShARE Center of Excellence), DUE-0926721, and Grant No. 0953339. It was

also partly supported by Ecole Nationale Supérieure de Techniques Avancées de Bretagne ENSTA-
Bretagne.

References

[1] S. Awodey, Category Theory, Oxford University Press, Oxford, UK, 2010.

[2] S. MacLane, Categories for the Working Mathematician, Springer-Verlag, Berlin, Heidelberg,
New York, 1998.

Vladik Kreinovich, Martine Ceberio
Department of Computer Science

University of Texas at El Paso

500 W. University

El Paso, TX 79968, USA

E-mails: vladik@Qutep.edu, mceberioQutep.edu

Quentin Brefort

LabSTICC

ENSTA-Bretagne

2 rue Frangois Verny

29806 Brest, France

E-mail: quentin.brefort@ensta-bretagne.org

Received: 30.04.2014



