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Abstract—If all we know about normalized fuzzy sets is which
set is a subset of which, will we be able to detect crisp sets? It
is known that we can do it if we allow all possible fuzzy sets,
including non-normalized ones. In this paper, we show that a
similar detection is possible if we only allow normalized fuzzy
sets. We also show that we can detect type-1 fuzzy sets based
on the subsethood ordering of normalized interval-valued fuzzy
sets.

I. INTRODUCTION

A fuzzy set is usually defined as function A from a certain
set U — known as Universe of discourse — to the interval [0, 1];
see, e.g., [1], [2], [3], [5], [6], [8]. Traditional — “crisp” — sets
can be viewed as particular cases of fuzzy sets, for which
A(a) € {0,1} for all x.

In most applications, we consider normalized fuzzy sets,
i.e., fuzzy sets for which A(z) = 1 for some = € U. For crisp
sets, this corresponds to considering non-empty sets.

For two crisp sets, A is a subset or B if and only if A(z) <
B(z) for all z. The same condition is used as a definition of
the subsethood ordering between fuzzy sets: a fuzzy set A is
a subset of a fuzzy set B if A(x) < B(z) for all x. Subsets
B C A which are different from the set A are called proper
subsets of A.

A natural question is: if we have a class of all normalized
fuzzy sets with the subsethood relation, can we detect which
of these fuzzy sets are crisp? It is known that:

« if we alow all possible fuzzy sets — even non-normalized

ones,

« then we can detect crisp sets; see, e.g., [7].

In this paper, we show that such a detection is possible even
if we restrict ourselves only to normalized sets.

II. MAIN RESULT

In order to describe general crisp sets in terms of subsethood
relation C between fuzzy sets, we will first describe some
auxiliary notions in these terms.
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In this section, we only consider normalized fuzzy sets.

Proposition 1. A normalized fuzzy set is a 1-element crisp set
if and only if it has no proper normalized fuzzy subsets, i.e.,
if and only if B C A implies B = A.

Proof.

1°. Let us first prove that a 1-element crisp set A = {zo} (i.e.,
a set for which A(xz¢) =1 and A(x) = 0 for all x # x() has
the desired property.

Indeed, if B C A, this means that B(x) < A(x) for all . For
x # xo, we have A(z) = 0, so we have B(z) = 0 as well.
Since B is a normalized fuzzy set, it has to attain value 1
somewhere. Since we have B(z) = 0 for all x # x¢, the only
point x € U at which we can have B(x) =1 is the point .
Thus, we have B(zg) = 1.
So, indeed, we have B(x) = A(x) for all z, i.e., B = A.

2°. Vice versa, let us prove that each normalized fuzzy set
A which is different from a 1-element crisp set has a proper
normalized fuzzy subset.

Indeed, since A, is normalized, we have A(xg) = 1 for some
Zo. Then, we can take B = {x}. Clearly, B C A, and, since
A is not a l-element crisp set, B # A.

The proposition is proven.

Definition 1. By a 2-element set, we mean a normalized fuzzy
set A for which A(x) > 0 for exactly two elements x € U.

Proposition 2. For a normalized fuzzy set A which is not a 1-
element crisp set, the following two conditions are equivalent
to each other:
o A is a non-crisp 2-element set, and
o the class {B : B C A} of all its subsets is linearly
ordered, i.e.:

ifB1QAannggAthenBlQBQOrBQQBl.



Proof.

1°. Let us first prove that if A is a 2-element non-crisp set,
then the class of all its subsets is linearly ordered.

Indeed, since A is a normalized fuzzy set, we must have
A(xzg) = 1 for some zp € U. Since A is a 2-element set,
there must be one more value = € U for which A(z) > 0. Let
us denote this value by x;. So, we have:

[ A(l’()) = ].,

o A(xz1) >0 and

e A(z) =0 for all other x € U.

If we had A(z1) = 1, then A would be a crisp set — namely,
we would have A = {xg,x1}. Since A is a non-crisp set, we
thus cannot have A(z;) =1, so we have 0 < A(x1) < 1.

If B is a normalized fuzzy set for which B C A, then for
all z different from z( and z;, we have B(z) < A(x) = 0 and
thus, B(x) = 0. Since B is normalized, we have B(z) = 1
for some z.

o This z cannot be different from xg and x; — because then
B(z) =0.
o This z cannot be equal to x1, since then we would have
1=B(z1) <A(r1)<land 1 < 1.
Thus, this x must be equal to xq, i.e., we must have B(zg) =
1. So, all fuzzy normalized subsets B of the set A have the
following form:
. B(Jjo) = 1,
° B(ﬁl) S A(Il), and
e B(z) =0 for all other z.
For two such subsets, we can have:
e either By(x1) < Ba(x1),
e O BQ(I’l) S Bl(l‘l).
One can easily check that:
o if Bi(z1) < Ba(z1), then By(z) < Ba(z) for all z and
thUS, B1 - BQ;
o similarly, if By(x1) < By(z1), then Ba(z) < By(z) for
all x and thus, By C Bj.
So, for every two normalized fuzzy subsets B; and B of the
set A, we have either B; C By or By C Bj. Thus, the class
of all such subsets is indeed linearly ordered.

2°. To complete the proof of Proposition 2, let us now prove
that if a normalized fuzzy set A is not a 1-element fuzzy set
and not a non-crisp 2-element set, then the class

{B:BC A}

is not linearly ordered, i.e., there exists normalized fuzzy
subsets By € A and By C A for which By € B, and
By € Bj.

The fact that the set A is not a 1-element set means that
A(z) > 0 for at least two different values x.

By definition, a non-crisp 2-element set is a normalized
fuzzy set:

o which is a 2-element set and

¢ which is not crisp.

So, if a normalized fuzzy set A is not a non-crisp 2-element
set, this means that it is:

« cither not a 2-element set

e or it is a crisp 2-element set.

Let us show that in both cases, we can find subsets B; C A
and By C A for which By € By and By € Bj.

2.1°. Let us first consider the case when A is not a 2-element
set, i.e., when, in addition to the point ¢ at which A(zq) =
1, there exist at least two other points x; and xo for which
A(xz1) >0 and A(zy) > 0.

In this case, we can take the following sets By and Bs:
. Bl(l‘o) = BQ(Z‘()) = 1;
. Bl(Il) = A(l‘l) and Bg(l‘l) = O;
e By(z1) =0 and By(z2) = A(x2), and
e Bi(z) = By(x) for all other z.
One can see that By(x) < A(z) and Bs(z) < A(x) for all z,
so indeed B; C A and B, C A. However, here:
e Bi(x1) = A(z1) > 0 = Ba(x1), so we cannot have
B; C Bs, because that would imply B (z1) < Ba(z1);
o similarly, By(x2) = A(xz3) > 0 = Bi(x3), so we cannot
have By C Bj, because that would imply Ba(zg) <
Bl (1’2)
So, we indeed have By € By and By Z Bj.

2.2°. Let us now consider the case when A is a 2-element
crisp set, i.e., when A = {xg,x1}.

In this case, we can take By = {zo} and By = {z;}. Clearly,
B1 Q A and B2 Q A, but Bl Z B2 and BQ g Bl.

So, the proposition is proven.

Proposition 3. A normalized fuzzy set A is a crisp 2-element
set if and only if the following two conditions are satisfied:

o the set A itself is not a 1-element crisp set and not a
2-element non-crisp set, but

e each proper normalized fuzzy subsets B C A is either a
crisp 1-element sets or a non-crisp 2-element set.

Proof.

1°. If A is a 2-element crisp set, i.e., if A = {xg,x1} for some
g # x1, then it is clearly:

e not a l-element crisp set, and

e not a non-crisp 2-element set.

Let us prove that in this case, every proper normalized fuzzy
subset B C A is

o cither a 1-element crisp set
e Or a non-crisp 2-element set.

Since A(z) > 0 for only two values = xy and = = x4, and
B(z) < A(xz) for all z, the value B(z) can be positive also
for at most two values x;.

If B(xz) > 0 for only one value z, then, since B is
normalized, for this x, we must have B(xz) = 1. Thus, we
have B = {z}, i.e., B is a 1-element crisp set.



If B(xz) > 0 for two different values x, this means that
we have B(xg) > 0 and B(z;) > 0. Since the set B is
normalized, one of these value must be equal to 1. If the
second one is equal to 1, we will have B = A — but B is
a proper subset. Thus, one of the values B(z;) is smaller than
1 — thus, B is a non-crisp 2-element set.

2°. Let us now prove that if a normalized fuzzy set A is not
a 2-element crisp set, then one of the above properties is not
satisfied, i.e.,

o ecither A is 1-element crisp set or a 2-element non-crisp
set,

o or one of its proper subsets B C A is not a non-crisp
2-element set.

In other words, we want to prove that if A is:

e not a crisp 1-element set,
e not a crisp 2-element set, and
e not a non-crisp 2-element set,

then one of its proper subsets B C A is not a non-crisp 2-
element set.

The condition on A means that it is:

e not a 1-element set and
e not a 2-element set.

This means that there must exist at least three different values
2 € U for which A(x) > 0. For one of these values, we have
A(zo) = 1, let us denote the other two values by x; and x5,
then A(x1) > 0 and A(xz2) > 0.

Let us now take the following normalized fuzzy set B;

. B(Il) =0.5- A(,Il),

e B(z2) =0.5- A(x2), and

e B(x) = A(x) for all other z.
Here, B(zg) = A(zp) = 1, so B is indeed a normalized
fuzzy set. One can easily check that B(z) < A(z) for all
x, so it is indeed a subset of A. Since A(x1) > 0, we have
B(z1) = 0.5 A(z1) # A(x1), so B is a proper subset of A.

However, B(zg) =1 > 0, B(z1) > 0, and B(xz2) > 0, so
B is not a 2-element set.

The proposition is proven.

Comment. Now, we are ready to show that crisp sets can be
described in terms of the subsethood relation.

Proposition 4. A normalized fuzzy set is crisp if and only if
we have one of the following two cases:

o Ais a l-element fuzzy set, or
e for every subset B C A which is a non-crisp 2-element
set, there exists a crisp 2-element set C' for which

BCCCA.

Comment. Since Propositions 1-3 show that the properties
of being a crisp l-element set, a crisp 2-element set, and a
non-crisp 2-element set can all be described in terms of the
subsethood relation, this Proposition shows that crispness can
indeed be described in terms of subsethood.

Proof.

1°. Let us first prove that if A is a crisp set, then:
o either it is a 1-element crisp set,
« or for every non-crisp 2-element set B C A, there exists
a crisp 2-element set C' for which B C C' C A.

Indeed, let B be a non-crisp 2-element set. This means that
for some elements xg € U and x; € U, we have:

. B(l’o) = 1,

e 0< B(x1) <1, and

e B(z) =0 for all other z.
Since B C A, we have:

e 1 =DB(zg) < A(zp) — thus A(xg) = 1; and

e 0 < B(z2) < A(z1) — thus A(z1) > 0.

The set A is crisp, so A(x1) can be either 0 or 1. Since
A(z1) > 0, we must have A(z1) = 1. Thus, for a 2-element
crisp set C' = {zo,x1}, we have B C C' C A.

2°. To complete our proof, let us prove that if a normalized
crisp set A is not a crisp set, then there exists a non-crisp
2-element set B C A for which no crisp 2-element set C'
satisfies the property B C C' C A.

By definition, for a crisp set, all the values A(z) are either
0Os or 1s. So, the fact that A is not crisp means that we have
0 < A(z1) < 1 for some 7 € U.

Since A is normalized, there exists g for which A(zg) = 1.
Let us now take the following set B;

(] B(LC()) = ].,

e U< B(.’El) = A(l‘l) < 1, and

o B(z) =0 for all other z.

Clearly, B is a non-crisp 2-element set a nd B C A.

If we had B C C C A for some crisp 2-element set C, then
due to 1 = B(zg) < C(z) and B(z1) < C(z1), we would
have C'(zg) =1 and C(z1) > 0 — hence C(z1) =1 (since C
is crisp). But in this case, C(z1) = 1 > A(x1), so we cannot
have C C A.

The proposition is proven.

III. INTERVAL-VALUED CASE

Formulation of the problem. The traditional fuzzy logic
assumes that experts can meaningfully describe their degrees
of certainty by numbers from the interval [0,1]. In practice,
however, experts cannot meaningfully select a single number
fuzzy describing their degree of certainty — since it is not
possible to distinguish between, say, degrees 0.80 and 0.81. A
more adequate description of the expert’s uncertainty is when
we allow to characterize the uncertainty by a whole range of
possible numbers, i.e., by an interval [A(z), A(z)].

This idea leads to interval-valued fuzzy numbers (see, e.g.,
[3], [4]), i.e., mappings that assign, to each element x from
the Universe of discourse, an interval A(z) = [A(z), A(z)].

For two interval-valued degrees A = [A,m and B =
[ﬁ, E], it is reasonable to say that A < B if

A< Band A< B.



Thus, we can define a subsethood relation between two
interval-valued fuzzy sets A and B as A(x) < B(z) for all x.

An interval-valued fuzzy set is normalized if A(z) = 1 for
some .

Traditional (type-2) fuzzy sets can be viewed as particular
cases of interval-valued fuzzy sets, with “degenerate” intervals

[A(z), A(x)].

Here, we have a similar problem: can we detect traditional
fuzzy sets based only on the subsethood relation between
interval-valued fuzzy sets?

Let us show that this is indeed possible.

Definition 2. By an uncertain 1l-element set, we mean a
normalized interval-valued fuzzy set A for which, for some
zo € U, we have:

. A(l’()) = [0, ].] and

o A(x) =0,0] for all other x.

Proposition 5. A normalized interval-valued fuzzy set A is
an uncertain I-element set if and only if it has no proper
normalized subsets.

Comment. So, we can determine uncertain 1-element sets
based on the subsethood relation.

Proof.

1°. Let us first prove that for an uncertain 1-element set A,
there are no proper subsets.

Indeed, if A(xo) = [0,1], A(z) = [0,0] for all  # x¢, and
B(x) < A(x), then:
o for z # xg, from B(z) < A
0, it follows that B(z) =

o for z = zg, from A(zg) < A(zo) = 0, it follows that
B(xg) = 0= A(zo).

On the other hand, B is a normalized interval-valued fuzzy set,
so we must have JoverlineB(x) = 1 for some . This cannot
be for z # xg, since then E(:c) = 0. So, the only remaining
option is * = . Hence, B(xg) = 1, thus, B(zg) = A(xo).
Therefore, if B C A, then B = A. So, the normalized
interval-valued fuzzy sets A does not have any proper subsets.

2°. To complete the proof, let us prove that if a normalized
interval-valued fuzzy set has no proper subsets, then it is an
uncertain 1-element set.

Indeed, since A is normalized, there exists an element x( for
which A(zg) = 1. Then, as one can easily check, we have
B C A, where:

e B(zp) =[0,1], and

e B(z)=10,0] for all other x
Since A has no proper subsets, we thus conclude that A = B,
i.e., that A is an uncertain 1-element set.

The proposition is proven.

Definition 3. By a basic 1-element set, we mean a normalized
interval-valued fuzzy set A for which, for some xo € U, we
have:

o A(zg) = [a, 1] for some a > 0, and

o A(x) =10,0] for all x # .

Definition 4. By a basic 2-element set, we mean a normalized
interval-valued fuzzy set A for which, for some xqg # x1, we
have:
o A(xzg) =10,1],
o A(z1) =10, a] for some a € (0,1), and
o A(x) =[0,0] for all other x.

Proposition 6. Let A be a normalized interval-valued fuzzy set
which is not an uncertain 1-element set. Then, the following
two conditions are equivalent to each other:
o the class {B : B C A} of all subsets of A is linearly
ordered;
o A is either a basic 1-element set or a basic 2-element
set.

Comment. So, we can determine, based on the subsethood
relation, whether A is a basic set.

Proof.

1°. Let us first prove that if A is a basic 1-element set or a
basic 2-element set, then the class of all its subsets is linearly
ordered.

1.1°. Let us first consider the case when A is a basic 1-element
set.

In this case, B C A implies B(z) = B(z) = 0 for all
x # xg. Since B is normalized, then, similarly to the proof
of Proposition 5, we get B(zg) = 1. The final inequality
B(zo) < A(zo) = a implies that for b def B(zg), we have

b<a.

So, the set B has the following form:

e B(z)=10,0] for all z # z, and

o B(zg) = [b, 1], where we denoted b = B(x).
One can easily check that the class of such sets is linearly
ordered: namely, if for two such sets B; and By, we denote
the corresponding values b by b; and bs, then:

o if bl S b2, then B1 Q BQ, and

e vice versa, if by < by, then By C Bj.

1.2°. Let us consider the case when A is a basic 2-element
set.

Let B C A. Then, from B(xz) < A(z), we conclude that
B(z) = [0,0] when z is different from x¢ and x1, and that
B(wo) = B(z1) = 0. .

The set B is normalized, so B(z) = 1 for some z.

e This z cannot be different from o and 1, since for such

x, we have o
B(z)=0<1.



o It cannot be equal to z;, since we have
B(z1) < A(z1) =a < 1.
Thus, the only possible element x is x = xo, hence we have
B(xzg) = 1 The final inequality B(x1) < A(x1) = a implies

that for b B(x1), we have b < a.
So, the set B has the following form:

e B(z) = [0,0] for all z which are different from z
and xy;

° B(SC()) = [07 ].], and

e B(x1) =[0,b], where b = B(z1).

One can easily check that the class of such sets is linearly
ordered: namely, if for two such sets B; and By, we denote
the corresponding values b by b; and bs, then:

o if by < by, then By C Bsy, and

e vice versa, if by < by, then By C Bj.

2°. Let us now prove that if the class of all normalized subsets
of a normalized fuzzy interval-valued set A is linearly ordered,
then A is either a basic 1-element set or a basic 2-element set.

Since the set A is normalized, there exists an element zg € U
for which A(x) = 1. Let us consider two possible cases:

. A(l‘o) > 0 and

. A(l’o) =0.

2.1°. Let us first consider he case when A(zo) > 0. Let us
prove that in this case, we have a basic 1-element set, i.e., that
A(z) =0,0] for all = # xo.

We will prove this by contradiction. Let us assume that
A(z) > 0 for some = # zp. Then, we can consider the
following two subsets of A:
. Bl (.’L‘o) = A(.Z‘()), Bg(wo) = [O, 1];
. Bg(xl) = [0,0], Bg(xl) = A(l‘l), and
o A(x) = B(x) =[0,0] for al other x € U.
One can easily check that By C A and By C A. However:
o we have By(z9) = A(zg) > 0 = By(xp), hence we
cannot have B; C Bg; - o
o on the other hand, Ba(z1) = A(x1) > 0 = Bi(z1),
hence we cannot have By C Bj.
The fact that here By & By and By € By shows that A(z) >0
is impossible. Thus, A(z) = 0 for all x # xg, so A is indeed
a basic 1-element set.

2.2°. Let us first consider he case when A(zo) = 0. Let us
prove that in this case, we have a basic 2-element set, i.e.,
that:

o A(x1) = [0,qa] for some z; € U and some a € (0,1),
and
o A(zx) = [0,0] for all other .

Indeed, since A(zg) = [0, 1], but the set A is not an uncertain
1-element set, there exists some 21 # ¢ for which A(x;) > 0.

2.2.1°. Let us prove that in this case, A(z) = [0,
other z.

0] for all

We prove this by contradiction. Let us assume that for some
x9, wWe have xo # xg, 2 # 1 and A(zg) > 0. In this case,
we can form the following two subsets B; and Bs;

. Bl(CL'o) BQ(ZL’()) [0 ].]

« Bi(21) = A1), Ba(ay) = [0,0];

. Bl(:n) [ ] Bg(wg) A( ) and
o Bi(z) = ( ) = [0,0] or all other z.

Clearly, B; C A and By C A, but:

e Bi(x1) > 0 = By(x;), so we cannot have B; C By,
and

e By(xg) = A(xa) > 0= B, (x2), so we cannot have

By C B;.

This contradicts to our assumption that the class of all subsets
of A is linearly ordered. Thus, A(z) = [0,0] for all element
x which are different from xy and x;.

2.2.2°. Let us prove, by contradiction, that A(z;) = 0.

Indeed, if A(x1) > 0, then we can form the following sets B;
and Bs:

. B1 (Qfo) = Bg(ﬁo) = [O, 1];
. Bl(:rl) = [O,A(xl)], BQ(Il) =0.5 A(xl)
e Bi(z) = By(z) = [0,0] for all other x.

One can easily check that By C A and By C A, but:
. Fl(xl) = Z((I}l) > A(.’L‘l) > 05A($1) = Eg(xl), SO
we do not have B; C Bs;
« on the other hand, By(z1) = 0.5- A(z1) > 0= B, (x1),
so we do not have By C Bj either.

This contradicts to our assumption that the class of all subsets
of A is linearly ordered. This contradiction shows that

Ai(z1) = 0.

2.2.3°. Finally, let us prove that A(x;) < 1.

Indeed, if A(x1) = 1, ie., if A(z1) = [0,1], then we can
find the following two sets By C A and By C A for which
B]_ g BQ and BQ g B]_'

 Bi(zo) = [0,1], Ba(zo) = [0,0];
e Bi(z1)=10,0], Ba(z1) = ( 1) =[0,1], and
e Bi(xz) = Ba(x) =10,0] for all other x.

Then:

e Bi(zg) =1 > By(x), so we cannot have By C Bs;

e Bo(x1) =1>0= By(x1), so we cannot have By C Bj.
Contradiction show that we cannot have A(x;) = 1, thus

Z(,Tl) < 1.

Thus, in this case, A is a basic 2-element set. The proposition
is proven.



Proposition 7. If A is a basic 1-element set or a basic 2-
element set, then the following two properties are equivalent
to each other:
o Ais a crisp 1-element set;
e no proper superset of A is a basic 1-element set or a
basic 2-element set.

Comment. So, we can determine crisp l-element sets based
only on the subsethood relation.

Proof. If A = {x¢}, then clearly A cannot have any proper
supersets which are basic 1-element or basic 2-element sets.

Vice versa, if A is a basic 1-element set with A(zg) < 1,
then B = {x} is its proper superset which is a a 1-element
basic set.

Similarly, if A is a basic 2-element set, with A(zg) = [0, 1].
A(z1) =0, and A(x1) < 1, then we can have the following
proper superset B O A wit is also a basic 2-element set:

® B(IO) = [07 1]’ o

1+ Az

. B(zy) = [o, %(“) :

e B(z) =0 for all other z.
The proposition is proven.

and

Proposition 8. For a normalized interval-valued fuzzy set, the
following two conditions are satisfied:
o A is either an uncertain 1-element set or a basic I-
element set;
o A is a subset of a crisp 1-element set.

Proof: straightforward.

Comment. Since we know how to describe, based on the
subsethood relation,
e when A is an uncertain 1-element set, and
e« when A is a basic set,
we can therefore determine:
e basic 1-element sets and
e basic 2-clement sets
based on subsethood relation only.

Definition 5. Let A be a basic 2-element set, with:

. A(l’o) = [0, ].],

o A(x1) = [0, a] for some a € (0,1), and

o A(x) =0,0] for all other x.
Then, by its type-1 cover, we mean a normalized interval-
valued fuzzy set A’ for which:

o Al(zg) =[1,1],

o A(x1) = [a,a), and

o A'(x) =10,0] for all other .

Let us show that the type-1 cover can be determined in terms
of the subsethood relation.

Proposition 9. Let A be a basic 2-element set. Then, its type-1
cover A’ is the C-smallest normalized interval-valued fuzzy set
that contains all the normalized interval-valued sets B O A
for which the following four conditions are satisfied:

o the set B is not a basic 2-element set;

o the class of all basic 2-element subsets of B is linearly
ordered;

o the class {C : A C C C B} of all normalized interval-
valued set between A and B is linearly ordered; and

o the set B has only one uncertain I-element subset.

Proof.

1°. Let us first prove that a set B satisfies the above four
conditions if and only if it has one the following two forms:
« cither it has the form B(zg) = [b,1] for some b > 0,
B(z1) = A(x1), and B(z) = [0,0] for all other z; we
will call these B of the first form;
e or it has the form B(zg) = A(zo), B(x1) = [b,a] for
some b > 0, and B(z) = [0,0] for all other z; we will
call these B of the second form.

1.1°. Let us first prove that the all the sets B of the first form
satisfy all the above four conditions.

1.1.1°. Indeed, clearly, such B is not a basic 2-element set.

1.1.2°. If C is a basic 2-element set for which C' C B, then
we have:

(] C(Z'()) = [O, 1],

o C(z) =[0,0] for all z different from z¢ and z;, and

o C(z1) =10,c] for some ¢ < a.
Clearly, the set of all such C' is linearly ordered: if we have
two such sets, corresponding to elements c; and co, then:

e if ¢; < o, then we have C; C (s, and

e if ¢y < ¢y, then we have Cy C (.

1.1.3°. If A C C C B, then we have:

o C(x0) = ¢, 1] for some ¢ € [b, 1],

o C(x1) = A(x1), and

o C(z) =[0,0] for all other x.
Thus, if we have two such sets, corresponding to elements c;
and co, then:

o if ¢ < ¢o, then we have C; C (5, and
e if ¢y < ¢1, then we have Cy C (.

1.1.4°. Of course, the only uncertain 1-element set contained
in B is the set corresponding to xg.

All four conditions are proven.

1.2°. Let us now prove that the all the sets B of the second
form satisfy all the above four conditions.

1.2.1°. Indeed, clearly, such B is not a basic 2-element set.

1.2.2°. If C C B is a basic 2-clement set, then we have:

. C(IO) = [07 1],

e C(z) =[0,0] for all z different from z¢ and z;, and

o C(x1) =10, (] for some ¢ < a.
Clearly, the set of all such C' is linearly ordered: if we have
two such sets, corresponding to elements c¢; and co, then:

e if ¢; < ¢9, then we have C; C Oy, and



o if ¢y < 1, then we have Cy C Cf.

1.2.3°. If A C C C B, then we have:

o C(x0) = A(z0),

e C(x1) =|c,a] for some ¢ € [b,a], and

o C(z) =[0,0] for all other x.
Thus, if we have two such sets, corresponding to elements c;
and cs, then:

o if ¢; < ¢, then we have C; C (s, and

o if ¢y < ¢q, then we have Cy C (.

1.2.4°. Of course, the only uncertain 1-element set contained
in B is the set corresponding to xg.

All four conditions are proven.

1.3°. Let us now prove that if a set B satisfies the above four
conditions, then B is either of the first form or of the second
form.

1.3.1°. Let us first prove that we must have B(x) = [0, 0] for
all elements x which are different from zg and x;.

We will prove this by contradiction. Assume that B(xs) > 0
for some element x5 which is different from zq and x;. Then,
in addition to a basic 2-element set A C B, we also have
another basic 2-element set C' C B for which:

. C(IEQ) = [O, 1],

o C(22) = [0,B(z2)], and

e C(c) =0,0] for all other elements .
Then:

e A(r1) = a > 0 = C(z1), so we cannot have A C C;

and

e C(x2) > 0= A(z2), so we cannot have C C A either.
This contradicts to the condition that set of all basic 2-element
sets which are subsets of B is linearly ordered.

Thus, B(z) > 0 is impossible. So, indeed, B(x) = [0, 0]
for all elements x which are different from =, and x;.

1.3.2°. Due to Part 1.3.1 of this proof, the set B is uniquely
described by its values B(xg) and B(z1). The condition that
A C B implies that A(z¢) = 1 and that:

] §($0) Z 0,

e B(z1) >0, and

o that B(z1) > a = A(z1).
Since B is not a basic 2-element set and A is such a set, we
have B # A. Thus, at least one of the above inequalities must
be strict. Let us consider these three inequalities one by one.

1.3.3°. Let us first consider the case when B(xg) > 0. Let us
prove that in this case, we have B(x1) = A(z1), i.e., that we
have a set of the first form.

We will first prove, by contradiction, that B(z1) = 0. Indeed,
if B(z1) > 0, then we can form the following two sets C4
and Cy for which ACC; € B, ACCy; C B, but C; Z Cs
and Cy Z Cy:
. Cl (.’170) = A(.’L‘o) = [0, 1},
Ci(x) = [0,0] for all other x;

Cl(acl) = B(xl), and

° CQ(LB()) = B(.Z‘o), CQ(,Tl) = A(l‘l), and CQ(LU) = [0,0]
for all other .
Here:

e Cq(x1) = B(z1) > 0= Cy(x1), so we cannot have
C1 C Cy;

o Cy(xo) = B(mg) > 0= C;(x0), so we cannot have
Cy C Ch.

This contradicts to our assumption that the class of all inter-
mediate fuzzy sets C' is linearly ordered. Thus, we must have

Let us now prove, by contradiction, that B(z1) = A(z).
Indeed, suppose that B(z1) > A(z1). Then we can form the
following two sets Cy and Cs for which A C C; C B, A C
Cy C B, but C g C5 and Cy g Ci:
. Cl(l'()) = A(ZL'()) = [O, ].], Cl(xl) = B(l’l), and
Cy(z) = [0,0] for all other x;
. CQ(LB()) = B(.Z‘()), Cg(wl) = A(l‘l), and CQ(LU) = [0,0]
for all other .
Here:

e Ci(z1) = B(x1) > A(x1) = Ca(z1), so we cannot have
Cy C Oy

o Cy(xo) = B(mg) > 0= C;(x0), so we cannot have
Cy C Cf.

This contradicts to our assumption that the class of all inter-
mediate fuzzy sets C' is linearly ordered. Thus, we must have

B(Il) = A(:Z?l)

So, in this case, we indeed have a set of the first form.

1.3.4°. Let us now consider the case when B(z;) > 0. Let
us prove that in this case, we have B(zo) = 0 and B(z1) =
A(xy), i.e., that we have a set of the second form.

We will first prove, by contradiction, that B(zg) = 0. Indeed,
if B(zg) > 0, then we can form the following two sets C4
and Cy for which AC C; C B, ACCy; C B, but C; Z Cs
and Cy Z Cy:
. Cl(l‘o) = A({,E()) = [07 1],
Cy(z) = [0,0] for all other x;
. 02(330) = B(.’L‘Q), 02(1‘1) = A(Jfl), and Cg(x) = [0,0]
for all other x.

Cl(fﬁl) = B(!L‘l), and

Here:
o Ci(x1) = B(x1) > 0= Cy(x1), so we cannot have

C1 C Oy
o Cy(xg) = B(xg) > 0= C,(x0), so we cannot have

Csy C (.



This contradicts to our assumption that the class of all inter-
mediate fuzzy sets C' is linearly ordered. Thus, we must have

B(zo) = 0.

Let us now prove, by contradiction, that B(z1) = A(xy).
Indeed, suppose that B(x1) > A(zy). Then we can form the
following two sets C; and Cy for which A C C; C B, A C
Cy C B, but g C5 and Cy g Ch:
. Cl(l'()) = [0, 1}, C1($1) = B(.’El), and Cl(.’E) = [070]
for all other x;
. Cg(.’l?o) = B(l’o), 02(.%‘1) = A(a:l), and CQ(II}) = [0,0]
for all other x.
Here:
e Ci(71) = B(x1) > A(x1) = Co(z1), so we cannot have

C1 C Cy;
o Cy(xo) = B(xg) > 0= C,(x0), so we cannot have
Cy C C4.

This contradicts to our assumption that the class of all inter-
mediate fuzzy sets C' is linearly ordered. Thus, we must have

B(Z‘l) = A(l‘l)

So, in this case, we indeed have a set of the second form.

1.3.5°. Finally, let us prove that the case when B(z) > A(x1)
is not possible.

We will first prove, by contradiction, that in this case, B(xzg) =
0. Indeed, if B(zp) > 0, then we can form the following two
sets C7 and Cy for which A C C; C B, A C Cy C B, but
Cl g CQ and CQ SZ Cll
[ Cl(l'()) = A(l’o) = [0, 1},
Ci(x) = [0,0] for all other x;
. CQ(.%‘Q) = B(xo), Cg(l‘l) = A(.’L‘l), and Cg(.%‘) = [0,0]
for all other .

Cy(z1)

B(x1), and

Here:

e Ci(71) = B(x1) > A(x1) = Ca(z1), so we cannot have
Cy C Cy;

o Cy(x0) = B(xg) > 0= C(x0), so we cannot have
Cy C Ch.

This contradicts to our assumption that the class of all inter-
mediate fuzzy sets C' is linearly ordered. Thus, we must have

B(xo) = 0.

Let us now prove, by contradiction, that B(x;) = 0. Indeed,
suppose that B(x1) > 0. Then we can form the following two

sets C7 and Cy for which A C C; C B, A C Cy C B, but
Cl g CQ and Cg g Cll
. Cl<.’170) = A(.’EQ) = [0, 1], Cl(.’lll) =
Cy(z) = [0,0] for all other x; -
o Ca(xg) = A(xzo) = [0,1], Cao(z1) = [B(z1), A(z1)],
= [0, 0] for all other x.

[0, B(z1)], and

e Ci(71) = B(x1) > A(x1) = Co(z1), so we cannot have
C1 C Cy;

o Cy(x1) = B(x1) > 0=C,(x1), so we cannot have
Cy C (.

This contradicts to our assumption that the class of all inter-
mediate fuzzy sets C' is linearly ordered. Thus, we must have

Finally, B(z1) < 1, since otherwise B would have two
uncertain 1-element subsets:

« a subset corresponding to x(, and
¢ a subset corresponding to x1,

Then, since we know that B(x() = 1 and we have proved that
B(zo) = B(x1) = 0 and B(z1) < 1, we conclude that the set
B is a basic 2-element set — and we explicitly assumed that
it is not.

Thus, the third inequality cannot be strict, so B is indeed either
of the first form, or of the second form. Once can check that
the smallest set containing all such sets is indeed the set A’.

The proposition is proven.

Definition 6. Let A be an uncertain 1-element set, with:
o A(xo) =10,1], and
o A(x) =[0,0] for all other z.
Then, by its type-1 cover, we mean a crisp set A = {xo}.

Proposition 10. A normalized interval-valued fuzzy set is a
type-1 set if and only if the following two conditions are
satisfied:
e if B C A for some uncertain 1-element set, then B’ C A,
and
e if B C A for some basic 2-element set, then B’ C A.

Comment. Since we have shown that:
« the operation B’,
o uncertain 1-element sets, and
e basic 2-clement sets

can all be described in terms of the subsethood relation, we
can thus conclude that we can detect type-1 sets based on the
subsethood relation between normalized interval-valued fuzzy
sets.



Proof.

1°. One can see that the type-1 cover of a set A(z) =

[A(z), A(z)] has the form A'(x) = [ A(x), A(x)].

For a type-1 set, A(x) = A(z), thus A" = A, and clearly,
A C B implies A’ C B.
2°. Vice versa, let us prove that if the above two conditions

are satisfied, then A is a type-1 set, i.e., that A(z) = A(z) for
all z.

To prove this, let us consider two possible cases:

o elements = for which A(x) =1, and
o clements x for which A(x) < 1.

2.1° Let us first consider an element = for which A(z) = 1.
In this case, B C A for the uncertain 1-element set B for
which B(z) = [0,1] and B(y) = [0,0] for all y # x. Then,
B’ = {x}, ie., B'(z) = [1,1]. Thus, from B’ C A it follows
that 1 = B'(z) < A(x), so A(z) = 1 = A(x). So, for such
elements =, we indeed have A(z) = A(x).

2.2°. Finally, let us consider an element x for which A(x) < 1.
Since A is normalized, there exists an element xy for which
A(xg) = 1. Now, we can form the following basic 2-element
set B:
B(xo) = [0,1],
e B(z) = [0,A(z)], and

B(y) = [0, 0] for all other elements y.
Clearlyy, B C A, hence B° C A. Here, B'(z) =

[B(z), B(z)] = [A(x), A(z)]. So, B’ C A implies B'(z) =

A(z) < A(z), thus A(z) = A(x).
The proposition is proven.

ACKNOWLEDGMENTS

This work was supported in part by the US National Science
Foundation grant HRD-1242122.

The authors are thankful to all the participants of the 2017
Annual Conference of the North American Fuzzy Information
Processing Society NAFIPS’2017 (Cancun, Mexico, Octo-
ber 16-18, 2017) for valuable suggestions.

REFERENCES

[1] R. Belohlavek, J. W. Dauben, and G. J. Klir, Fuzzy Logic and Math-
ematics: A Historical Perspective, Oxford University Press, New York,
2017.

[2] G. Klir and B. Yuan, Fuzzy Sets and Fuzzy Logic, Prentice Hall, Upper
Saddle River, New Jersey, 1995.

[3] J. M. Mendel, Uncertain Rule-Based Fuzzy Systems: Introduction and
New Directions, Springer, Cham, Switzerland, 2017.

[4] J. M. Mendel and D. Wu, Perceptual Computing: Aiding People in Making
Subjective Judgments, IEEE Press and Wiley, New York, 2010.

[5] H. T. Nguyen and E. A. Walker, A First Course in Fuzzy Logic, Chapman
and Hall/CRC, Boca Raton, Florida, 2006.

[6] V. Novik, I. Perfilieva, and J. Mockor, Mathematical Principles of Fuzzy
Logic, Kluwer, Boston, Dordrecht, 1999.

[7]1 C. Servin, G. Muela, and V. Kreinovich, “Can we detect crisp sets based
only on the subsethood ordering of fuzzy sets? fuzzy sets and/or crisp
sets based on subsethood of interval-valued fuzzy sets?”, Proceedings of
the 2017 Annual Conference of the North American Fuzzy Information
Processing Society NAFIPS 2017, Cancun, Mexico, October 16-18, 2017.

[8] L. A. Zadeh, “Fuzzy sets”, Information and Control, 1965, Vol. 8,
pp. 338-353.



