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Abstract

After each measurement, we get a set of possible values of the measured
quantity. This set is usually an interval, but sometimes it is a union of
several disjoint intervals — i.e., a multi-interval. The results of measuring
the same quantity are consistent if the corresponding sets intersect. It
is known that for any family of intervals, if every two intervals from this
family have a non-empty intersection, then the whole family has a non-
empty intersection. We use a known result from combinatorial convexity
to show that for multi-intervals, even if we require that every k& multi-
intervals from a given family have a common element, this still does not
necessarily imply that the whole family is consistent.
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1 Formulation of the Problem

Ubiquity of intervals and multi-intervals. In practice, we rarely know the exact
values of physical quantities. Our information about these values comes from mea-
surements, and measurement are never absolutely accurate. As a result, all we know
about the actual value z after the measurement(s) is a set X that contains this value.

In many practical cases, this set is an interval [z,Z], but sometimes, it is a union
of several intervals — which is known as a multi-interval. A union of no more than d
intervals is called a d-interval.

Terminological comment. The above definition reflects the current use of the term
“d-interval”; see, e.g., [1]. It should be mentioned that in older papers — e.g., in the
paper [3] that we cite later — such unions are called homogeneous d-intervals, and the
term “d-interval” means something else.

Need to analyze consistency. Sometimes, the measuring instrument malfunctions
and we get what is called an outlier — which, in our case, means a set that does not
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actually contain the actual value. In the absence of outliers, if we perform several
measurements of the same quantity, then the resulting sets Xi,..., X,, have a non-
empty intersection — since they all contain the actual value of the measured quantity.

Case of intervals. When all the sets X; are intervals, then to conclude that these
intervals have a non-empty intersection, it is sufficient to check that every two intervals
have a non-empty intersection.

Indeed, if every two intervals [z, ;] and [z;,7;] have a common element z, then
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we have z; < z < T; and thus, z;, < T; for all ¢ and j. Hence, for m def maxg,;, we
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have m < z; for all j. Clearly, also z; < m for all m. Thus, we have z;, < m < Z; for

all i. So m is indeed a common point of all the given intervals.

What about multi-intervals? A natural question is: is a similar property true for
d-intervals? If every two d-intervals from a family have a non-empty intersection, does
the whole family have a non-empty intersection? If this is not true, maybe for some
k > 2, if every k d-intervals from the family have a non-empty intersection, then the
whole family has a non-empty intersection?

It turns out that this is not true, no matter what k we choose.

2 Main Result

Proposition. For every d > 2 and for every k > 2, there exists a family F of d-
intervals such that every k of them has a common point, but the whole family does not
have a non-empty intersection.

Proof. This result immediately follows from the main theorem of [3] (see also Chapter
30 of [1]). To be more precise, Part (i) of Theorem 1.1 from [3] states (if reformulated
in our terms), that there exists a constant ¢ > 0 such that for every d > 2 and k > 2,
there exists a family F' of d-intervals for which:

e every subfamily of k d-intervals has a non-empty intersection,
e but the smallest size of a set that intersects with all d-intervals from F' is greater

than or equal to ¢ -

d
— - (k—1).
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For sufficiently large k, this lower bound is larger than 1, which means that we
cannot have a single-point set that intersects with all d-intervals from the family F.
This means exactly that the intersection of the whole family F' is empty.

Ezample. Here is an example — largely borrowed from [2] and [1] — of a family 2-
intervals for which every two have a non-empty intersection but the intersection of all
three of them is empty:

X1=10,3]U[8,9]; Xo=1[0,1]U[4,7]; Xs=I[4,5]U][8,11];

X, =[0,3]U10,11]; X5 =[2,3]U[4,7], X¢=1[6,7]U[8,11].

Here:
Xi1NXse = [0, 1], X1NX3= [8,9}, Xi1NXy = [073]7

X1iNXs=[2,3], X1iNXe=][8,9],
XoNXs=[4,5], XaNX4=1[0,1,X2NX5=1[4,7], XoNXe=1[6,7],



X3ﬂX4=[10,11], X30X5:[4,5], X3ﬂX6=[8,11},
XaNXs=1[2,3], XanNXs=][10,11],
X5 NXe=1[6,7)].
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