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Abstract—In many application areas, there are effective em-
pirical formulas that need explanation. In this paper, we focus on
two such challenges: neural networks, where a so-called softplus
activation function is known to be very efficient, and pavement
engineering, where there are empirical formulas describing the
dependence of the pavement strength on the properties of the
underlying soil. We show that similar scale-invariance ideas can
explain both types of formulas — and, in the case of pavement
engineering, invariance ideas can lead to a new formula that
combines the advantages of several known ones.

Index Terms—invariance, scale-invariance, shift-invariance,
pavement engineering, neural network, softplus activation func-
tion

I. FORMULATION OF THE PAVEMENT ENGINEERING
PROBLEM

How resilient modulus depends on the soil suction: an
important practical question. The strength of the pavement
is affected by the strength of the underlying soil. That strength
is described by the resilient modulus My — the coefficient that
described how the recoverable strain €, depends on the cyclic
stress 04: 04 = Mp - €,. The resilient modulus, in its turn,
is affected by the amount of water present in the soil. This
amount is described by the soil suction i — negative pore-
water pressure, i.e., the amount of energy needed to extract a
unit of water from the soil.

So, to predict how strong the pavement will be under
different soil water saturation conditions, it is necessary to
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know how the resilient modulus Mg depends on the suction 1.

What is known about this dependence. At present, there
are no from-first-principle theoretical formulas describing the
desired dependence, but there are several empirical formulas.
These formulas have been summarized and analyzed in a
survey paper [4].
According to [4], there are two types of empirical formulas:
o formulas of the type Mg = c- (14 a-)® first proposed
in [6], [10] and finalized — by taking into account a more
accurate description of the parameters a, b, and ¢ on other
parameters of the pavement — in [7], and
o formulas of the type My = ¢ + a - ¢)® proposed in [5].
As shown in [4], in general, both formulas lead to equally good
description of empirical data: in some cases, the first formula
provides a better fit, in other case, the second formula leads
to a more accurate description of the data.

Resulting problems. It is desirable to come up with a theo-
retical explanations for the successful empirical formulas.
Ideally, it is also desirable to use these explanations to come
up with a single formula that will hopefully lead to an even
better fit with empirical data. This is what we do in this paper.

II. FORMULATION OF THE NEURAL NETWORK PROBLEM

What is a neuron and what is a neural network: a brief
reminder. A usual computational neuron transform its inputs
z1,...,Zy, into the output

y=so(wy -1+ ...+ Wy - Ty — wo),

where w; are coefficients that need to be adjusted during
training, and sp(z) is a non-linear function knows as an
activation function.

In a neural network, first, we have neurons that process
inputs to the network — i.e., data to be processed. Outputs of



these neurons become inputs to other neurons, etc. At the end,
we may need to compute a linear combination of the output
signals to produce the final result.

Which activation function works best? Most current appli-
cations of deep learning use the so-called Rectified Linear
Unit (ReLU) activation function so(z) = max(z,0) (see,
e.g., [3]). However, in some problems, the following smooth
approximation to ReLU works better: so(z) = In(1+exp(x)).
This activation function is known as softplus; see, e.g., [1], [2].
There are many possible smooth approximations to ReLU, so
why this one works better is not clear.

In this paper, we explain why this particular activation
function is empirically successful.

General comment. As promised, the two explanations — for
pavement engineering and for neural networks — are based on
the same scale invariance idea.

III. SCALE-INVARIANCE: GENERAL REMINDER

Possibility of different scales. One of the main objectives
of science is to find relations between physical quantities. In
the formulas and algorithms, these quantities are represented
by numerical values. These values depend not only on the
quantity itself, they also depend on the choice of a measuring
unit and, for some quantities like temperature or time, on the
selection of a starting point.

If we replace the original measuring unit with the one which
is A\ times smaller, then all numerical values are multiplied
by A: x — X - z. For example, if we replace meters with
centimeters, all the numerical values are multiplied by 100,
o, e.g., 1.7 m becomes 170 cm. If we replace the original
starting point with the one which is x( units smaller, then this
value z¢ is added to all the numerical values: z — = + xg.

Scale-invariance. In many physical situations, there is no
natural measuring unit, the choice of a measuring unit is a
matter of convention. In this case, it makes sense to require
that the desired dependence y = f(x) between two physical
quantities x and y does not change if we use a different
measuring unit for x.

Of course, since the quantities x and y are related, the
selection of a different measuring unit for x may necessitate
the selection of a different measuring unit for y. For example,
the formula y = 22 for the area of a square does not depend
on the choice of a measuring unit for measuring length, but if
we change the unit of length from meters to centimeters, we
will need to appropriately change the unit of area from square
meters to square centimeters.

In general, the scale-invariance invariance means that for
every A > 0, there exists a value p()\) depending on \ for
which y = f(x) implies y' = f(z’), where 2’ = X\ - = and
y' = p(A) - . It is known (see, e.g., [9]) that for continuous
dependencies (and most physical relations are continuous and
even differentiable) invariance implies that y = A-2” for some
constants A and B - i.e., that the scale-invariant dependence
between x and y is described by a power law.

The above empirical formulas are more complex than the
power law, so we need additional ideas.

Taking shift-invariance into account. A natural idea is to
take into account that in some situations, we can also select
different starting points. Since there is no physically preferable
starting point, it makes sense to require that the dependence
y = f(x) does not change if we change not only the measuring
unit for z, but also the starting point for z, i.e., if we replace
z with 2’ = X -z + 0.

In this case, it makes sense to similarly require that for every
pair (A, zg) there exists a pair (u(X, zp), yo(A, zo)) for which
y = f(z) implies that y' = f(a'), where

y' = (X z0) -y + yo(X, zo).

It can be proven that for smooth functions f(x), this scale-
and-shift-invariance requirement implies that the correspond-
ing function f(z) is linear.

Comment. For readers’ convenience, this proof is placed in the
special (last) section of this paper.

Indirect dependencies. In some cases, we have a direct
dependence y = f(z). In such cases, it makes sense to assume
that this dependence is either scale-invariant or scale-and-shift-
invariant.

However, in many other situations, the dependence between
physical quantities is indirect. For example, it can be that
y directly depends on some auxiliary quantity z which, in
turn, directly depends on the quantity z. In this case, we have
y = f(z) and z = g(z), so y = f(g(x)). In this case, the
dependence of y on z is a composition of two scale-invariant
or scale-and-shift-invariant functions.

It is worth mentioning that a composition of two scale-
invariant functions is also scale-invariant, and a composition of
two scale-and-shift-invariant functions is also scale-and-shift-
invariant. Thus, the only case when we get new functions
is when we take a composition of two functions which are
differently invariant.

We may have a more complex situation, in which we have
two (or even more) intermediate quantities: y depends on z,
z depends on ¢, and ¢ depends on x. In this case, f(z) is
a composition of three (or more) invariant functions, e.g.,
f(g(h(x))). Similarly to the previous case, the only way to
get new functions is when every two neighboring functions in
this composition are differently invariant.

IV. LET Us APPLY THESE INVARIANCE IDEAS TO OUR
PAVEMENT ENGINEERING PROBLEM

Invariance ideas explain the two empirical formulas. As
we have mentioned, neither power laws nor linear functions
provide a good approximation to the actual dependence of
the resilient modulus My on the soil suction . Since we
cannot describe this empirical dependence by a single invariant
function, a natural idea is to consider compositions of two
invariant functions.

As we have mentioned, to get a composition function
different from simply invariant ones, the functions involved



in the composition must be differently invariant: one of them
must be scale-invariant (i.e., described by the power law),
while another one must be scale-and-shift-invariant, i.e., be
a linear function. Depending on which of these two functions
we apply first, we get two different compositions:

o If we apply a power law first, then we first get z = A-1)®
for some constants A and b. After that, we apply a linear
function Mr = ¢+ p - z. Then, the resulting dependence
of My on 1 has the form Mr =c+p- A-4°, ie., for
a = p- A, exactly the form Mr =c+a- y®, which is
one of the empirical formulas.

o On the other hand, let us consider the case when we first
apply a linear function. In this case, we get z = p-¥ +gq,
i.e., equivalently, z = ¢ - (1 4 a - ¢)), where we denoted
o p/q. After this, we apply a power law Mp = A zb,
sowe get Mp = A-q*- (1 +a-9)° ie., forc=A- ¢,
exactly the form Mg = c- (14 a-1)°, which is another
of the two empirical formulas.

Thus, both empirical formulas indeed follow from natural
invariance requirements.

How can we find a single more accurate formula? As
we have mentioned, in some cases, one of the two empirical
formulas works better, in other cases, the second formula is
more accurate. It is desirable to have a single formula that
would combine the advantages of both, i.e., that would be as
accurate (or even more accurate) then both empirical formulas.
Based on our analysis, a natural idea is to form the corre-
sponding function as a composition of several invariant ones.
We cannot have only two such functions — then all we get
is the two above-described empirical formulas. Thus, to get
a more accurate description, we need to have a composition
of at least three invariant functions. As we have mentioned
earlier, in such a composition, neighboring functions should be
differently invariant. Thus, depending on whether we start with
a scale-invariant function or with a scale-and-shift-invariant
function, we get the following two expressions.
If we start with a scale-invariant function, then:
o we first apply a power law followed by a linear transfor-
mation; we already know that this leads to z = c+a- d)b,
i.e., equivalently, to z = c-(1+a’-9?®), where a’ def a/c;
« finally, we apply a power law to the result z of the first
two steps, resulting in Mg = A - (c- (1+a’-9°))5, ie.,
equivalently, in

Mp=A"-(1+d-¢")", (1)

where we denoted A’ % A . ¢B.

On the other hand, if we start with a scale-and-shift-invariant

function, then:

o we first apply a linear function followed by a power law;
we already know that this leads to z = c¢- (1 +a - )"

« finally, we apply a linear function to the result z of the
first two steps, resulting in Mp = A-c-(1+a-9)*+ B,
i.e., equivalently, in

Mp=A"-(1+d -¢)"+B, (2)

def
where we denoted A’ = A - c.

Each of the two new formulas (1) and (2) includes both
above-described empirical formulas as particular cases. Which
of the two new formula is more accurate needs to be determine
experimentally; at this point, we do not yet have enough accu-
rate measurements to make a statistically significant choice —
but hopefully, in the nearest future, when measurements will
become even more accurate, this choice will be done.

V. LET Us NOW APPLY INVARIANCE IDEAS TO THE
NEURAL NETWORK PROBLEM

What are proper invariances here? Neural networks, in
general, deal with signals: they take input signals and they
general output signals. In contrast to many physical situations,
for signals, in many cases, there are preferred units. For
example, for intensity of an X-ray image, we can take, as
such a measuring unit, an average value of intensity over all
healthy people — or, to be more precise, over a sufficiently
large sample of healthy people. Thus, in this case, we do not
expect scale-invariance.

However, what we do have is shift-invariance. Indeed, for
most signals — e.g., for the intensity of an X-ray image —
there is usually a background noise level. Researchers and
practitioners are well aware of this situation. So, to eliminate
the effect of this noise and thus, to deal only with the
informative signal, they estimate the amount of the background
noise and subtract this estimate from all measured signal
values.

The problem is that we cannot find the exact value of
this noise — just like we cannot find the exact value of any
physical quantity: we can perform more and more accurate
measurement, but some uncertainty always remains; see, e.g.,
[8]. If two groups of researchers come up with two different
estimates e and ¢’ to subtract from the original signal X, then
the resulting differences X —e and X — ¢’ different by a shift:

X—€e=(X—-e)+(e—¢).

Since there is no preferred estimate, all estimates are equally
reasonable. So, it makes sense to require that the processing
algorithms — in particular, the corresponding activation func-
tion — should not change after such shift. In other words, if we
consider direct signal-to-signal transformations y = so(z), we
should — similarly to scale-invariance — require that for every
possible z-shift value x(, there should exist a corresponding
y-shift value yo(zo) such that y = so(z) implies y' = so(z’),
where @' =z + 29 and ¥’ = y + yo(xo).

Need for indirect transformations. The above formulation
sounds reasonable, but the problem is that this shift-invariance
requirement implies that so(z) is a linear function; see, e.g.,
[9]. If we only use neurons with a linear activation function,
we will only be able to represent linear dependencies — which
many real-life processes are nonlinear.

Thus, as we have mentioned, in cases when we cannot use
a single invariant function — corresponding to direct depen-
dence, we should consider compositions of several invariant



functions, i.e., consider the case when the dependence of the
output signal y on the input signal z is indirect: e.g., y directly
depends on z and z directly depends on x; or, in more complex
cases, y depends on z, z depends on ¢, and ¢ depends on z.

These intermediate cases cannot be signals of the same type
as x and y — otherwise, all these dependencies will be linear,
and a composition of any number of linear functions is still
linear. Thus, it makes sense to require that the intermediate
quantities represent values of some quantities — and thus, for
their transformations, we should require either scale-invariance
or scale-and-shift-invariance. Let us analyze what functions
y = so(x) we get as a result.

Case of a single intermediate quantity. Let us first consider
the case when we have only one intermediate quantity z, i.e.,
when y directly depends on z, as y = f(z) and z directly
depends on z, as z = g(z), so that y = f(g(x)).

Since y is shift-invariant and z is scale-invariant, a natural
requirement for the dependence y = f(z) is that for every
scaling value A, there should exist a corresponding y-shift
value yo(A) such that y = f(z) implies y' = f(z’), where
z'=X-zand ¥ =y + yo(N). It is known that this property
implies that f(z) = a+b-1In(z) [9].

Similarly, since z is scale-invariant and x is shift-invariant,
a natural requirement for the dependence z = g(x) is that for
every scaling x-shift xg, there should exist a corresponding
scaling value A(zg) such that z = g(z) implies 2’ = g(z’),
where 2’ = A(xzg) - z and 2’ = x 4 x¢. It is known that this
property implies that g(z) = A - exp(B - z) [9].

Thus, the composition y = f(g(x)) has the form

y=a+b-In(A-exp(B-xz))=a+b-(In(A) + B -x).

So, we again get a linear function y = p-x+q, where p = b-B
and ¢ = a+b-In(A), and this is exactly what we wanted to
avoid.

We need at least two intermediate quantities. So, we
cannot have a composition of just two functions, we need a
composition of at least three functions so(z) = f(h(g(x))),
where:

o the function f(z) describes the dependence of the output
signal y on the first intermediate quantity z,

o the function h(t) describes how the first intermediate
quantity z depends on the second intermediate quantity
t, and

o the function g(x) describes how the second intermediate
quantity ¢ depends on the inputs signal x.

We already know that f(z) has the form f(z) = a+b-In(z)
and that g(x) has the form g(z) = A - exp(B - x). We also
known, from our previous analysis, that the dependence h(t)
must be either scale-invariant or scale-and-shift invariant, i.e.,
it should be described either by a power law s = p-t? or by a
linear function s = p-t+ q. Let us consider both possibilities
one by one.

First possibility, when the dependence h(t) is scale-
invariant. In this case,

z=h(g(z)) =p- (A exp(B-2))? = A" -exp(B'- ),

where A’ = p- A? and B’ = B - ¢. This is the same form as
in the case where there is only one intermediate quantity, so
the resulting function so(z) = f(g(h(zx))) is linear. Thus, this
possibility does not lead to any non-linear activation function
either.

Second possibility, when the dependence z = h(t) is scale-
and-shift-invariant. In this case,

z=h(g(x)) =p-A-exp(B-x)+q,

i.e., equivalently, z = ¢ - (1 4+ p’ - exp(B - z)), where p’ =
(p-A)/q. Here, p’ = exp(p”’), where p"” = In(p’), thus z =
q-(1+exp(B-z+7p")). Hence, for y = f(z), we have

y=a+b-In(g- (1+exp(B-z+p")),
soy=a+b-In(q) +In(l +exp(B -z +p")), ie.,
y=a +b-(1+exp(B-z+p")),

where @’ = a + b - In(q). The resulting expression is exactly
softplus; to be more precise, it can be obtained if we:

o first, apply a linear transformation x — =’ = B - x + p”,
o then apply softplus to z’, resulting in

y' = In(1 4 exp(a’)),

and

« finally, apply, to ¥/, a linear transformation ' — a’+b-y’.
As we have mentioned, in a neural network, linear transforma-
tions are allowed. So, a linear transformation of an activation
function does not change the class of function that can be com-
puted on any multi-layer configuration of such neurons. Thus,
we can conclude that the invariance requirement uniquely
determines the softplus activation function — so the empirical
successes of this function can indeed be explained by natural
invariance requirements.

VI. PROOF

Definition 1. We say that a smooth (differentiable) function
f(z) is scale-and-shift-invariant if for every pair (A, xq) there
exists a pair (u(\, zo), yo(A, zo)) for which y = f(x) implies
that y' = f(x'), where y' = (X, zo) - y + yo(\, o).

Proposition 1. A function f(x) is scale-and-shift-invariant if
and only if it is linear, i.e., if it has the form f(x) =a-x+b
for some a and b.

Proof.

1°. It is easy to show that linear functions are scale-and-
shift-invariant in the sense of Definition 1. Thus, to complete
the proof, it is sufficient to show that every scale-and-shift-
invariant function is linear.

Indeed, let us assume that f(x) is scale-and-shift-invariant.



2°. Let us prove that this invariance implies that the function
f(z) satisfies a certain functional equation.

Indeed, for A = 1, the requirement from Definition 1 means
that y = f(z) implies

y' = fx + o) = (1, w0) - y + yo(1, 20). (3)
Since y = f(z), this means that
f(x+z0) = p(l,z0) - f(2) + yo(1, 2o). (4)

3°. Let us prove that the functions p(1,z¢) and yo(1, zo) are
differentiable.

Indeed, the equality (4) is true for all possible value x. In
particular, we can select two different values z; # zo and
conclude that

flz1 +x0) = (1, 20) - f(z1) + yo(1, zo) and
f(a2 +x0) = p(1,wo) - fw2) + yo(1, z0). (5)

Thus, for each zy, we have two linear equations with con-
stant coefficients to determine two unknowns pu(1l,zo) and
Yo(1, o).

A solution to such a system of linear equations is a linear
combination of the right-hand sides, i.e., in this case, a
linear combination of f(x1 + xg) and f(ze + x¢). Since the
function f(x) is differentiable, each such linear combination
is differentiable too.

The statement is proven.

4°. Let us prove that the scale-and-shift-invariance requirement
leads to a differential equation for f(z).

Indeed, based on Definition 1 and on Part 3 of this proof, we
conclude that all three functions f(z), u(1,x0) and yo(1,z0)
are differentiable. Thus, we can differentiate both sides of the
formula (4) with respect to xo and get

df _op(1,x0) Ayo(1, o)

bl — . . 6
dx (2 +20) dxg (@) Oxg (6)
In particular, for o = 0, we get
df (x)
A el 7
Ly @)+ (7
where we denoted
def Op(1, o) def Oyo(1, o)
= - and p = ———= . 8
b 9T0  |zp=0 P 90 |zo=0 (®)

5°. Let us now find all the solutions to the differential equation
(7) and check which of them are invariant with respect to
scalings = — X - x as well.

The form of the solution depends on whether the coefficient
p is equal to O or not.

5.1°. If p =0, then f(x) is a linear function.

5.2°. Let us now consider the case when p # 0.

When p # 0, we can separate the variables if we divide both
sides by p - f + ¢ and multiply both sides by dz. This way,

we get
a
p-f+q

The left-hand side of this equality can be re-formulated as

q
PRI o) B
pfte p g% p oy 47
p P

dz. (9)

Thus, the equality (9) takes the form

q

= dx. (11)
p I+ 4
p
Integrating both sides, we get
1
-1n<f+q)=a:+C’, (12)
p p
where C' is the integration constant. Thus,
W(f+c)=p-o+d (13)
where we denoted
¢ and g p-C. (14)
p

By applying exp to both sides of the equality (11), we get

f(@) +c=exp(p-z+d), (15)
o)
f(z) =exp(p-z+d) —c (16)
For any A > 1, the function
fA-z) =exp(p-A-z+d)—c (15)

grows much faster than f(x): for x — oo if p > 0 and for
x — —oo if p < 0. Thus, the function f(\-x) cannot be equal
to (A, 0)- f(z) +yo(A,0). Hence, for p # 0, we cannot have
a scale-and-shift-invariant function f(x).

So, we conclude that p = 0 and thus, the function f(x) is
linear. The proposition is proven.
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