From Normal Distribution to What? How to Best
Describe Distributions with Known Skewness
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Abstract In many practical situations, we only have partial information about the
probability distribution — e.g., all we know is its few moments. In such situations,
it is desirable to select one of the possible probability distributions. A natural way
to select a distribution from a given class of distributions is the maximum entropy
approach. For the case when we know the first two moments, this approach selects
the normal distribution. However, when we also know the third central moment —
corresponding to skewness — a direct application of this approach does not work.
Instead, practitioners use several heuristic techniques, techniques for which there
is no convincing justification. In this paper, we show that while we cannot directly
apply the maximum entropy approach to the skewness situation, we can apply it
approximately — with any approximation accuracy we want — and get a meaningful
answer to the above selection problem.

1 Formulation of the Problem

Need to select a single probability distribution from a class of possible distribu-
tions. Many statistical methods assume that we know the corresponding probability
distribution. In many practical situations, however, we only have partial information
about the probability distribution, i.e., all we know about the actual distribution is
that it belongs to some class C of distributions.

A frequent example is when all we know about a distribution are the values of the
first several moments.
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In general, to apply the corresponding statistical method, we need to select one
of the distributions from the class C.

Maximum entropy approach. This problem is ubiquitous is many applications
of statistics, and there is a known way to solve this problem: out of all possible
distributions, we should select the distribution with the largest possible entropy

s / £ - In(fF () d, (1)

where f(x) denotes the probability density function (pdf); see, e.g., [2].

Often, this approach works very well. This method works well for many classes
of distributions. For example, if all we know are the first two moments — i.e.,
equivalently, the mean

,u=/x'f(x)dx 2)

and the second central moment (the variance)

V= / (r = )% - F(x) dx, 3)

then the maximum entropy approach select the normal (Gaussian) distribution
Indeed, in this case, the maximum entropy approach means selecting:

« among all distributions f(x) that satisfy the usual condition

[ reac= (4)

and the additional conditions (2) and (3) for given u and V,
* the distribution with the largest value of the entropy S.

By using the Lagrange multiplier method, we can reduce this constraint optimization
problem to the unconstrained problem of maximizing a function

—/f(x)~ln(f(x))dx+/10~(/f(x)dx—1)+/11~(/x-f(x)dx—,u)+

ﬂz-(/(x—ﬂ)z-f(x)dx—V) 5)

for some Lagrange multipliers A;. Differentiating the expression (5) with respect to
each unknown f(x), we conclude that

—In(f(x)) = 1+Ag+A; - x+ - (x—pu)* =0, (6)
ie., In(f(x)) = ag+aj - x+as - x* for some a;, and thus

f(x)=explag+aj-x+as -xz). (7)
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For a, < 0, we indeed get the normal distribution.
Selecting the normal distribution is a very good choice, since this distribution is
indeed ubiquitous; see, e.g., [3].

The problem: the maximum entropy approach does not work for skewness (and
higher moments). Sometimes, in addition to the mean and variance, we also know
higher central moments: the third central moment

m=/u—m“ﬂmw

describing the distribution’s asymmetry (skewness), and higher-order central mo-
ments

o= [ = g0

forn > 3.
Indeed, for the case of skewness, the Lagrange multiplier method — similar to the
one used before — leads to the expression

f(x) =exp(ag+a X+ar-x*+az-x). (8)

Unfortunately, it is not possible to select the coefficient a; for which the integral of
this expression is equal to 1; indeed:

* when a3 > 0, this expression tends to infinity for x — oo — so its integral is
infinite, and

* when az < 0, this expression tends to infinity for x — —oco —so0 its integral is also
infinite.

Comment. The same problem appears not only for the third moment, but also for any
case in which the highest known central moment is of odd order.

What people do in this case. Since we cannot directly use the maximum entropy ap-
proach, researchers has proposed several heuristic methods. For the case of skewness,
the most widely known approach is to use a special family known as [it skew-normal
distributions; see, e.g., [1].

The problem is that this approach is heuristic, there is no convincing explanation
of why this particular family has been selected.

What we do in this paper. In this paper, we show that while we cannot directly
apply the maximum entropy approach, we can apply it approximately — with any
approximation accuracy we want — and get a meaningful answer to the selection
problem. Our idea works not only for skewness, it works for moments of arbitrary
order.
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2 Our Idea: Motivation, Description, and Computational Aspects

Motivations for the idea. If we do not have any information about the third moment,
we get a normal distribution (7). The normal distribution is symmetric with respect
to the mean u. So, for this distribution, the third central moment if equal to 0.

When we add information about the third central moment, we get a more general
expression (8). This expression can be written as

f(x) =exp(ag+ai-x+ap-x)-exp(as -x3). 9)

When the third central moment is 0, we have a3 = 0. Thus, when the third central
moment is small, the value as is close to 0 and is, thus, also small. So, we can safely
expand the corresponding expression exp(as - x°) in Taylor series and keep only the
first few terms in this expansion. For example, in the first approximation, we can take
exp(az -x°) = 1 +az - x°.
Issues related to this idea. There are two issues related to the above formulation.

The first issue is that we are describing the probability density function which
is applicable for all possible values x. When a3 is small, for reasonable values x,
the product a3 - x3 is also small. However, for large x, the product a3 - x> become
large, and the linear expression 1 + a3 - x> is no longer a good approximation to
the exponential terms exp(as - x°). This is true, but good news is that this term is
multiplied by the Gaussian expression (7) which, for large x, is indistinguishable
from 0. So, whatever we multiply this practically-zero by, we still get practically
Zero.

The second issue is more serious: that for some x, the approximating expression
1 + a3 - x* — and thus, its product with (7) which is supposed to be a probability
density function — becomes negative:

* when a3 > 0, this expression becomes negative when x — —oo, and
e when a3 < 0, this expression becomes negative when x — +oco.

There are two ways to deal with this issue:

* as we have mentioned, for x close to oo or to —oo, the value (7) is practically 0, so
its product with our expression is practically zero too; thus, we can simply ignore
the fact that this practically-zero product is negative;

 alternatively, we can force this expression to be always non-negative, by taking
the maximum of this expression and 0.

With this in mind, we arrive at the following family of distributions.

Description of the proposed family of distributions. We select the value k£ > 1.
For each k, we propose to use one of the following two 3-parametric families of
distributions:

3 (a3 ‘x3)k

+.o— (10)

f(x) =explag+ay-x+az-x>)-|1+az-x A
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or
L 3Vk
f(x) =exp(ap+aj -x+az-x>) -max |0, 1+a3-x>+...+ % (11)
Comments.
 In particular, for the simplest case k = 1, we have the families
f(x) =exp(ag+ar -x+az-x>) - (1 +az-x°) (12)
and
f(x) =exp(ag +aj - x+as - x*) -max(0,1 + a3 - x°). (13)

* As we mentioned earlier, each expression (10)-(11) is not exactly what the maxi-
mum likelihood approach suggests, but it is an approximation to this suggestion —
and the larger k, the more accurate is this approximation. Thus, whatever accuracy
we want, if we select a sufficiently large k, we will get the approximation with the
desired accuracy.

e A similar idea can be used for the cases when we know higher moments: in this
case, we use a Taylor expansion of the expression

exp(az - x> +... +a, - x").

* Similarly, in the multi-dimensional case, we consider the product of the Gaussian
terms

exp ao+Zai-xi+Zai’j-xi-xj (14)
i i

and the sum of several first terms in the Taylor expression of the additional factor

exp Zai,j,k'xi-xj~xk . (15)
i.j.k

How difficult is it to perform computations with this new family of distributions:
computing moments. The main purpose of the corresponding family is to select the
parameters a; that match the given moments, and to make predictions based on the
selected values of the parameters.

To fit the given values of the moments, we need to be able to compute the integrals
/ f(x) x4 dxford =0,1,2,3,... The expression (10) is a linear combination of the
products of Gaussian pdf and a power x? for some p. Thus, to find the corresponding
moments, it is sufficient to be able to compute the products of the Gaussian pdf and
the power x4*P _j e., the moments of the Gaussian distribution, and there are known
formulas for these moments; see, e.g., [3].

Comments. For normal distribution with center at i, moments of odd order ar Os.
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For moments of even order, these formulas can be contained from the known
expression for the full probability formula for the normal distribution

x2

1
/m‘(r-exp(—za_z) dx =1, (15)

if we differentiate both sides by o. If we differentiate once, we get an expression
proportional to the integral describing the second moment. If we differentiate once
again, we get the expression for the 4th moment, etc.

How difficult is it to perform computations with this new family of distributions:
computing cdf. Similarly, we can come up with an explicit expression for the
cumulative distribution function (cdf) for the new distribution, We start with the

formula )

*o 1 X X0
. A, = (= 1
‘[oo Vr-o exp( 20'2) dx (0')’ 1o

where @(x) denotes the cdf of the standard normal distribution, with 0 mean and
standard deviation 1. If we differentiate both sides with respect to o, we get the
interval of x> times Gaussian from —co to xo. If we differentiate twoce, we get a
similar integral for x* times Gaussian, etc., all even order expressions can be thus
attained.

For odd number expressions, we can introduce a new variable ¢ = x2, then we get

/x2k+1 -eXp(—xz) dx = % . / exp(—1) - t* dr. (17)

Here, by using the integration by part formula / u-vdt=u-v- f v - u' dt, with
v = —exp(—t) and u = t*, we conclude that

/ exp(—1) - t* = —exp(—1) - t* + k - / exp(—t) -t~ dr. (18)

So, the computation of the integral (17) for any integer k is reduced to the case of
k — 1, etc., until we reach the case k = 0 for which / exp(—t) dt = —exp(—t) + C,
where C is the integration constant.
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