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Abstract A recent article in the Notices of the American Mathematical Society re-
minded the mathematics community that, under the Axiom of Choice, it is possible
to have a universal predictor: if we input, into this predictor, the values of a function
for all moments t < t0 for some t0, then, for almost all t0, this predictor correctly
predicts the next values of this function on some interval [t0, t0 + ε). This predic-
tor cannot be used for actual predictions: it is based on the Axiom of Choice and
is, therefore, not constructive. A natural question is: maybe it is possible to have
another universal predictor, which is constructive? In this paper we show that, un-
fortunately, it is not possible to have a constructive universal predictor. In other
words, the above universal predictor result cannot be used for actual predictions.

1 Formulation of the problem

A universal predictor result: a brief reminder. A recent article [1] attracted the
attention of the mathematics community to an interesting result – that first appeared
in [2, 3]. According to this result, once we assumed Axiom of Choice – which is a
normal practice in working mathematics – it is possible to have what is reasonable
to call a universal predictor P. The input to this predictor is a function f (t) defined
on open lower half-line (−∞, t0) for some t0. Based on this function, the predictor
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returns an extension f (t) of the given function to the whole real line. The magical
property of this predictor is that it is almost always locally correct.

In precise terms, for every function F(t) from real numbers to real numbers, for
almost every t0 – namely, for every t0 except for a countable nowhere dense set of
real numbers – there exists an ε > 0 such that:

• if we apply the predictor P to the restriction f def
= F(−∞,t0) of the function F(t) to

the interval (−∞, t0),
• then for the predicted function f = P( f ), we have f (t) = F(t) for all

t ∈ [t0, t0 + ε).

In other words, if we know all the previous values of the function F(t), i.e., its
values for all t < t0, then the universal predictor allows us to correctly predict the
values of this function for the whole following interval [t0, t0 + ε).

Main idea behind the universal predictor: a brief reminder. The main idea be-
hind the universal predictor is very straightforward: due to the Axiom of Choice,
any set can be well-ordered, i.e., there is a linear (total) strict order < on this set
for which every descending sequence x1 > x2 > .. . has to end – so that there are no
infinite descending sequences.

Then, once we are given a function f (t), as f (t), we select, among all the func-
tions that extend f (t), the function which is the smallest in terms of this order. It
can then be proven that thus defined predictor P indeed has the universal predictor
property.

A natural question. A natural question is: can this exciting result help with the
actual prediction?

Of course, we cannot use the above-described predictor: it is based on the Axiom
of Choice and is, therefore, not constructive in any reasonable sense. So, the actual
question is: while the above-described predictor is not constructive, maybe it is pos-
sible to have a different – and constructive – universal predictor, i.e., a predictor that
would actually help us predict?

What we do in this paper. In this paper, we prove that, unfortunately, a universal
predictor is not possible. Specifically, we first describe, in precise terms, what is
meant by a constructive universal predictor, and then we prove that such a predictor
is not possible.

2 Formulation of the Problem in Precise Terms and First
Negative Result

Discussion. In practice, we cannot know all infinitely many values f (t) correspond-
ing to all possible values t ≤ t0: at any given moment of time, we can only store finite
number of measurement results. Let us order the moments of time corresponding to
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these measurements into an increasing sequences t1 < .. . < tn. In these terms, all
we know are the moments ti and the corresponding values fi

def
= f (ti).

The resulting formulation of the prediction problem. In this case, the prediction
problem takes the following form:

• given the values t1 < .. . < tn, the values f1 = f (t1), . . . , fn = f (tn), and the value
tn+1 > tn,

• produce the value f n+1.

The prediction is correct if f n+1 = f (tn+1) and wrong otherwise.

Discussion. We want to prove that, in some reasonable sense, the prediction prop-
erty is false for almost all functions f (t). A natural way to describe “almost all” is
to have some natural measure on the corresponding set.

For real numbers and for tuples of real numbers, we have a natural measure:
Lebesgue measure. However, on the set of all functions there are many different
measures – such as Wiener measure corresponding to random walk – none of which
is very natural. So, to make the result natural, we reduce the problem from functions
to tuples.

We can do this since. Indeed, strictly speaking, this problem is about a general
function f (t), it reality, this problem only takes into account n+ 1 values of this
function. So, instead of a function, we can consider the tuple F = ( f1, . . . , fn, fn+1).
Now, we are ready to formulate the first negative result.

Definition 1. Let t1 < .. . < tn < tn+1 be an increasing sequence of real numbers.

• By a predictor P, we mean a mapping that maps n-tuples of real numbers into a
real number P( f1, . . . , fn).

• We say that predictor P is correct on a tuple F = ( f1, . . . , fn, fn+1) if
P( f1, . . . , fn) = fn+1..

• We say that predictor P is wrong on a tuple F = ( f1, . . . , fn, fn+1) if it is not
correct on this tuple.

• We say that a prediction is wrong for almost all functions if for every n-tuple
( f1, . . . , fn), the set of all the values fn+1 for which the tuple ( f1, . . . , fn, fn+1)
leads to the correct prediction has Lebesgue measure 0.

Proposition 1. For every sequence t1 < .. . < tn < tn+1, every predictor is wrong for
almost all functions.

Proof. By definition, the predictor is correct is fn+1 = P( f1, . . . , fn). For each tuple
( f1, . . . , fn), the set of all the tuples for which this equality is true consists of a single
tuple – i.e., has Lebesque measure 0. The proposition is proven.

Comment. Of course, this result holds if we consider all possible functions f (t), and
thus, all possible tuples ( f (t1), . . . , f (tn), f (tn+1)).

The result will be different if we limit ourselves to some m-parametric family of
functions f (t,c1, . . . ,cm), e.g., the family of all polynomials of degree not exceeding
m−1. Then for n > m, we will be able to determine all m values from m equations
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f (ti,c1, . . . ,cm) = fi, 1 ≤ i ≤ m and thus, we will be able to predict all future values
of the function f (t,c1, . . . ,cm).

Discussion. One may argue that this setting is not fully realistic: it only takes into
account predictions that are exact, but in reality, reasonably accurate predictions,
when | fn+1 −P( f1, . . . , fn)| ≤ ε for some small pre-set threshold value ε > 0, are
also good.

If we change the criterion for prediction correctness from exact equality to this
inequality, we no longer get the above strong statement about predictors being al-
most always wrong. However, we will get a statement that is almost as strong; that
for every sequence t1 < .. . < tn, for each predictor P, and for each tuple ( f1, . . . , fn):

• the values fn+1 for which the desired inequality holds form a narrow interval
[P( f1, . . . , fn)− ε,P( f1, . . . , fn)+ ε] of width 2ε , while

• for the rest of the real line – of infinite total width – this inequality does not hold.

3 Second Negative Result

Discussion. Since we cannot always predict the value f (tn+1) at the given next
values tn+1, maybe we can predict the value f (tn+1) for some value tn+1 that depends
on the input?

In this section, we show that this is not possible either.

Definition 2. Let t1 < .. . < tn be an increasing sequence of real numbers.

• By a predictor (P,T ), we mean two mapping T ( f1, . . . , fn)> tn and P( f1, . . . , fn)
that map n-tuples of real numbers into real numbers.

• We say that predictor (P,T ) is correct on a function f (t) if for tn+1 =
T ( f1, . . . , fn), we have P( f1, . . . , fn) = f (tn+1).

• We say that predictor (P,T ) is wrong on a function g(t) is it is not correct on this
function.

• We say that the predictor (P,T ) is wrong for almost all functions if for every n-
tuple ( f1, . . . , fn), the set of all the values fn+1 for which, for tn+1 = T ( f1, . . . , tn),
we have fn+1 = P( f1, . . . , fn), has Lebesgue measure 0.

Proposition 2. For every sequence t1 < .. . < tn, every predictor is wrong for almost
all functions.

Proof is similar to the proof of Proposition 1.
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