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Abstract. In the traditional neural networks, for each neuron, the ac-
tivation function is fixed, and learning means finding the appropriate
weights. It has been recently shown that in some cases, we can enhance
the effectiveness of a neural network if we also allow it to select appro-
priate activation function for each neuron. Such networks are known as
Kolmorogov-Arnold networks (KAN) — after researchers who showed, in
effect, that such networks can, in principle, exactly represent any contin-
uous function on a bounded domain. Empirical results have shows that
the best results are obtained when we use piecewise linear activation
functions and when we use either the standard addition or multiplica-
tion to combine the inputs. In this paper, we provide semi-heuristic ideas
that may help to understand both empirical observations.
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functions- Multiplicative and additive neural networks.

1 Formulation of the Problem

1.1 Kolmogorov-Arnold Networks (KAN): a Brief Reminder

The last decades has shown spectacular success of neural networks. A neu-
ral network consists of neurons — computational devices that transform inputs
21, - - 2m into an output value z = s(wy - 21 +. .. + Wy, - 2 + wo ), where s(x) is
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a function known as an activation function, and numbers w; — called weights —
are determined during training. Some neurons directly process the measurement
results (and/or other input values) x1,...,z,, other neurons use, as inputs, the
outputs of some other neurons. Training means funding the smallest value of the
error function; this value is obtained by using gradient descent — via a method
known as backpropagation. The output of one of the neurons is then returns to
the user as the computation result fyn(x1,...,2,); see, e.g., [3].

In the usual neural networks, the weights are changed during training, but the
activation function remains the same. In particular, most neurons in the current
AT tools use the so-called Rectified Linear Units (ReLU), i.e., neurons with the
activation function s(z) = max(0,z). It is known that in some applications,
other activation functions lead to more effective results. To take this possibility
into account, researchers have proposed to use, instead of a single activation
function s(z), a family of functions s(z,C,...,C,), so that during training, we
will determine not only the weights w;, but also the parameters C;. The values
C; are obtained by using the same backpropagation technique as finding the
weights w;. Such networks are known as Kolmogorov-Arnold Networks (KAN,
for short).

It turned out that for many practical problems, this indeed leads to more
effective and/or efficient computations; this was first shown in [9]; see also [4, 5].
(This effectiveness has been explained, e.g., in [11].)

1.2 Computational Comment

At first glance, introduction of additional parameters makes the problem more
complicated, since now we have to find both the weights and the parameters
describing the activation function. However, it is easy to show that this problem
can be simplified: namely, that we can include weights into the list of parameters
describing activation functions.

Indeed, for most neurons, each inputs comes from some previous process-
ing. This input has, thus, the form z; = s(¢;,Cy,...,Cy,) for some t;. So the

contribution Z; def w; - z; of this input to the linear combination z takes the form
Zi = W; - s(ti,Cl, . ,Cn)

It is therefore reasonable to include w; as one the parameters C, 1, i.e.,
consider a family of activation functions Cy41 - s(z,C4,...,C,). We can sim-
ilarly include the weight wg into one the inputs, e.g., by considering Z; =
wy - 8(t;, C1,...,Cp) + wo and thus, the family C,41 - s(2,Cq,...,Cp) + Cpao
In this interpretation, each neuron simply applies its activation function to the
sum Z1 + ...+ Z,, of all the inputs Z;.

1.3 Biological Comment

The original idea of artificial neurons came from the desire to simulate biological
neurons and thus, borrow evolution-optimized nature’s solution to the problem
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of data processing. From this viewpoint, it is worth mentioning that, accord-
ing to the latest biological studies, some biological neurons can apply different
activation functions to the their inputs — exactly as Kolmogorov-Arnold neural
networks; see, e.g., [12].

1.4 Terminological Comment: Why the Name

The name of these networks come from the theorem proved by A. N. Kolmogorov
and V. Arnold. They proved that every continuous function of n variables can
be represented as a composition of addition and functions of one variable. This
is exactly what KAN computes: it either computes the sum, or it applies some
function of one variable — namely, the activation function.

Specifically, Kolmogorov and Arnold proved an even stronger statement: that
every continuous function f(z1,...,z,) on a bounded domain can be represented

f(xlv"'vxn):z:fj (Zfld(ml)) ) (1>

for some continuous functions f;(z) and f; ;(z).

1.5 First Remaining Challenge

The original paper [9] used splines — i.e., piecewise polynomial functions. In [2],
it was recently shown that the effectiveness increases if we restrict ourselves to
piecewise linear activation functions. (Our own numerical experiments confirmed
that piecewise linear activation functions leads to more effective results than, e.g.,
piecewise quadratic ones.)

How can we explain this empirical fact?

1.6 Second Remaining Challenge

Another interesting empirical observation is related to the fact that in the origi-
nal Kolmogorov-Arnold Theorem, instead of addition a+ b, we can use any com-

mutative association binary operation of the type a &y b def 1 (f(a) + £(b)),
where f~!(z) denotes the inverse function. Indeed, once we implement this op-
eration, we can compute addition as a +b = f(f'(a) ® f71(b)), ie., as a
superposition of this combination and functions of one variable — and with addi-
tion, we can represent any continuous function. In pacticular, for f(z) = In(z),
we have f~1(z) = exp(z) and thus a & b = exp(In(a) + In(b)) = a - b. If we use
different functions f(x), we get different operations. It turned out that out of all
such binary operations, only multiplication has led to efficient results [8]. How
can we explain this?

1.7 What We Do in This Paper

In this paper, we provide semi-heuristic ideas that may help to understand these
empirical facts.
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2 Why Piecewise Linear Activation Functions Work
Best? Towards a Possible Explanation

2.1 Machine Learning Is, in Effect, Interpolation
The whole idea of machine learning is as follows:

— We know that the value of a quantity y is determined by the values of

some other quantities z1,...,z,, i.e., in mathematical terms, that y =
f(z1,...,x,) for some function f(x1,...,x,).
— However, we do not know this function.
All we know are the values y*) = f (:z:gk), e ,ng)> of this function in finitely
many cases k = 1,..., K. Based on this information, we want to find the values
of this function for all other tuples (z1,...,2,). In numerical mathematics, this

is known as interpolation.
Similarly, based on finitely many examples, we cannot uniquely determine
the family
s(z,C,y...,Ch)

of activation functions. So, we need to use interpolation.

2.2 Which Interpolation Should We Choose

The usual criterion for accuracy in statistics and in machine learning is mini-
mizing the mean squared deviation. So:

— if we know the value of an activation function s(z) at several points z1, . .., 2k,
and

— we want to interpolate it and come up with a function sg(z) that is defined
for all z,

it is reasonable to select a function for which the expected value of the mean
square difference is the smallest possible:

/z/s(SO(Z) — 5(2))*dsdz — min. (2)

To make sense of this formula, we need to select some probability measure on
the set of all continuous functions.

2.3 Which Probability Measure Should We Select

The whole idea of KAN comes from the Kolmogorov-Arnold theorem, according
to which any continuous function — in particular, any function that is not differ-
entiable — can be represented as a superposition of addition and functions of over
variable. These functions cannot be all smooth (= differentiable) since superpo-
sition of differential functions is also differentiable (its derivative is described
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by the chain rule), and thus, we will not be able to represent all continuous
functions. So, we need to consider functions s(z) that are not necessarily differ-
entiable.

What does it mean in statistical terms? Differentiable means, in effect, that
for small Az, the differences s(z + Az) — s(z) and s(z) — s(z — Az) are strongly
correlated: both of these differences are close to s'(z) - Az, where, as usual, s
means the derivative of the function. Since we do not want to limit ourselves
to differentiable functions, it is reasonable to require that the differences s(z +
Az) — s(z) and s(z) — s(z — Az) be statistically independent.

Under this assumption, for any a < b and for any large number N, we can
consider points z; = a+i-(b—a)/N between a and b, so that zp = a and zy = b,
and conclude that the difference

s(b) = s(a) = (s(z1) = 5(2)) + (s(z1) = s(21)) + ... + (s(b) = s(zn-1))  (3)

can be represented as a sum of a large number of small independent random
variables. In this case, according to the Central Limit Theorem (see, e.g., [13]),
its distribution is Gaussian (normal).

It is known that, in general, the distribution of a multi-D Gaussian random
vector n = (91,...,M,) is uniquely determined by its means m; = FE[n;] and
covariances E[(n; — m;) - (n; — m;)]. In our case, we thus need to know the
means values E[s(a)] for all a and the corresponding covariances. Let us describe
reasonable mean and covariance values.

We are discussing the distribution that would be applicable to all possible
practical situations. In many practical situations — e.g., when measuring time or
temperature — the choice of the starting point is just a matter of convenience.
We can select a different starting point which is zy values smaller; then all the
numerical values are increased by zo: a — a + zg and b — b + zy. This change
of the starting point does not change the physical situation. So, it makes sense
to require that statistical characteristics also should not change under such a
transformation, i.e., that we should have E[s(a)] = E[s(a + 2¢)] for all a and zy.
In particular, for any a and b, if we take zp = b — a, we conclude that E[s(a)] =
E[s(b)]. Thus, for all a and b, we have E[s(b) — s(a)] = E(s(b)] — E[s(a)] = 0.

Since the mean value of the difference s(b) — s(a) is 0, the variance — that we
will denote by V(a,b) — of this difference is simply equal to the expected value
of its square V'(a,b) = E [(s(b) — s(a))?]. For the variance, the requirement that
nothing should depend on the choice of the starting point means that for all a,
b, and zp, we should have V(a,b) = V(a+ 20,b+ 20). In particular, for zg = —a,
we conclude that V(a,b) = V(0,b — a), i.e., that C(a,b) = v(b — a), where we
denoted v(z) def (0, 2).

As we have mentioned earlier, for any @ > 0 and b > 0, the differences
s(a) — s(0) and s(a + b) — s(a) are independent. It is known that the variance
of the sum of two independent random variables is equal to the sum of their
variances. So, for the sum s(a + b) — s(0) of the two differences, we get

V(a+b,0) =V(a,0)+ V(a+b,a),
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i.e., in terms of the function v(z), that
v(a+b) =v(a) + v(b). (4)

Variances are non-negative, and it is known (see, e.g., [1]) that all non-negative
solutions to the equation (4) have the form v(a) = C - a for some C > 0. So,
V(a,b) =C - (b—a).

Remark 1. A Gaussian random process for which the differences s(b) — s(a) for
all a < b have mean value 0 and the variance is proportional to b — a is known
as a Wiener process or a random walk.

2.4 So What Is the Optimal Interpolation?

Now that we have selected a reasonable probability distribution on the set of
all continuous functions, we can start answering the original question: once we
know the values t; = s(z1), ..., tx = s(zk), what is the optimal interpolation
s(z)? The solution to this question is known; see, e.g., [7].

Indeed, the minimized mean square value is the sum of the values corre-
sponding to different z. Thus, to minimize this mean square value, it is sufficient
to minimize, for each z, the expected value F[(sq(z) — s(2))?], i-e., to find the
value s¢(z) for which this conditional mean square value is the smallest possible.
Differentiating this expression with respect to the unknown sy(z) and equating
the derivative to 0, we conclude that 2 - (sg(z) — E[s(z)]) = 0, i.e., that sg(2)
should be equal to the expected value of s(z) under the condition that we have
s(zx) =ty for all k.

Specifically, let us find out what is the optimal interpolated value s(z) when
z is between zj and zg41. Knowing the values ¢y, is equivalent to knowing the dif-
ferences dy, = s(zg4+1) — s(z). Based on these differences, we want to reconstruct
the difference s(z) — s(zg).

Of course, the variables that are independent on the desired quantity cannot
affect its value. Since differences corresponding to non-intersecting intervals are
independent, the desired difference is independent of all the differences s(z;4+1) —
s(z;) except for one of them: s(zxy1) — s(z). Thus, only this difference affects
the optimal interpolation result. So, we want to find the conditional expected
value E[X|Y = ¢], where X = s(z) — s(z), Y = s(2k+1) — s(zx), and ¢ = d.

We can solve this problem by taking into account that the conditional value
of X under the condition Y = ¢ is the same as the conditional value of the linear
combination X + - (Y —c¢), for all possible values 3. So, to use the independence
argument, let us find the value 3 for which this combination is independent of Y.
For Gaussian variables, once the covariance between them is 0, the variables are
independent. So, let us find the value $3 for which the covariance F[((X+5-Y)-Y]
is equal to 0. This covariance is equal to E[X -Y]+ - E[Y?]. Thus, this expression
is equal to 0 when 8 = —E[XY]/E[Y?].

For this 3, the linear combination is independent of Y, and thus, its con-
ditional expected value — under the condition that Y has value ¢ — is sim-
ply equal to the unconditional expected value of this linear combination. Since
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E[X] = E[Y] = 0, this unconditional expected value of the linear combination
is equal to:

So(2) —s(z) = E[X|]Y =¢]=E[X+8- (Y —¢)]=—-p-c= By -c. (5)
In our case, as we have mentioned earlier,
BIY?] = B [(s(zr+1) = s(21))?] = C' - (241 — 21), (6)
and
E[X Y] = E[(s(2) — s(zk)) - (s(zr41) — 5(21))]- (7)
Here,
s(zre1) = 5(zk) = (s(2r41) — 5(2)) + (5(2) — s(2k)), (®)

BIX Y] = Bl(s(2) = s(zx)) - (s(zk41) = s(2))] + E [(s(2) — s(z&))*] .~ (9)

The first term in the right-hand side is 0, since the corresponding intervals do
not intersect. The second term is equal to C - (z — zx). Thus, the formula (5)
leads to the following optimal interpolation value

50(2) = 8(1) = P s(ann) = s, (10)
thus
so(2) = s(zk) + = (s(ennn) = s(a1). (11)

This is a linear function of z.

So, indeed, the optimal interpolation leads to a function that is linear on
each segment [z, zr41] — i.e., to a piecewise linear function.

This provides a possible explanation of why piecewise linear activation func-
tions are so efficient.

3 Why Only Addition and Multiplication Have Worked
Well? Towards a Possible Explanation

Let us now provide some semi-heuristic ideas that may help to explain why out
of all possible combination operations, only addition and multiplication work
well. To come up with these ideas, let us consider reasonable requirements on
combination operations.
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3.1 First Requirement: We Want the Expression a ®¢ b to Be
Differentiable

One of the reasons why neural networks are so successful is that backpropa-
gation is a very fast optimization procedure. We want to be able to use this
procedure, and for this purpose, we need to make sure that all our operations
are differentiable.

The operation a®b is based on some function f(z). So, to make sure that this
operation is differentiable, it is reasonable to require that function f(z) should
be differentiable.

3.2 Scale-Invariance: Another Natural Requirement

In most computations, we process the values of the physical quantities. For
example, when we predict weather, we input temperature, wind speed, humidity
at different locations — and we predict the future values of these quantities at
desired locations. In a computer, all these quantities are described by numbers.
It is important to take into account that the numerical value of each quantity
depends on the choice of a measuring unit. For example, for the same wind
speed, we get different numerical results if we measure it in kilometers per hour
or in miles per hour.

In general, if we replace the original measuring unit by a new one which is
A times smaller, then all numerical values get multiplied by A: x — A - z. For
example, if we replace meter with centimeters, then 1.7 m becomes 100-1.7 = 170
cm. It is reasonable to require that the computations remain the same whatever
measuring units we use. It makes no sense to use one algorithm for meters and
a completely different one for centimeters. In particular, this means that if we
re-scale @ and b into A -a and A -b, then the value (A-a) @ (\-b) should represent
the same quantity as the original combination a@®b, but maybe in different units,
i.e., we should have (A-a) ® (A-b) = u(N) - (a ®b) for some p depending on .
In other words, we want the operation a @ b to be, in this sense, scale-invariant.

For addition a ®b = a + b, we have A-a+ A-b = X-(a+ ), so the scale-
invariance property is true for p(A) = A. For multiplication a®b = a - b, we have
(A-a)-(A-b) =A% (a-b), so the scale-invariance property holds for u(\) = \2.

3.3 But Why Should We Require Scale-Invariance: Scale-Invariance
Follow from Optimality

But why should an optimal operation be scale-invariant? To make the above
heuristic idea more convincing, let us recall what we mean by saying that some
alternative is optimal. It usually means that we have a way to compare two
different alternatives A and B and conclude that:

— either A is better than or equivalent to B (with respect to the chosen opti-
mality criterion); we will denote this case by A > B;
— or B is better than or equivalent to A: B = A.
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In particular, it is possible that, with respect to the chosen optimality criterion,
the alternatives A and B are equally good, i.e., that A = B and B = A. We will
denote this by A ~ B.

For example, we can say that an algorithm A is better than or equivalent to B
if its average computation time is smaller or the same as the average computation
time of the algorithm B.

Of course, these preferences should be transitive:

— if A is better than or of the same quality as B,
— and B is better than or of the same quality as C,

then A should be better than or of the same quality as C. In mathematical
terms, such transitive relations are known as pre-orders. Their difference from
the more traditional order relations is that for pre-orders, we can have two
different alternatives A and B for which A ~ B.

In these terms, the statement that the alternative A,y is optimal means that
for every other alternative A, we have A, = A.

It may happen that with respect to the chosen optimality criterion, several
different alternatives are optimal. In this case, we can use the resulting non-
uniqueness to optimize something else. For example, among all algorithms with
the fastest average computation time, we can select the one with the fastest
worst-case computation time. This means, in effect, that we are modifying our
definition of which alternative is better: in the new definition, A is better than
B if:

— either A is better than B according to the original criterion.
— or A and B are equivalent with respect to the original criterion but A is
better than B in some new sense.

If with respect to this new optimality criterion, we still have several different op-
timal alternative, then we can again use this non-uniqueness to optimize some-
thing else. If needed, we can similarly modify the optimality criterion again and
again. This modification process stops when we reach the final optimality cri-
terion, i.e., a criterion for which there is only one optimal alternative. Let us
describe all this in precise terms.

Definition 1. Let S be a set. Its elements will be called alternatives.

— By an optimality criterion, we mean a transitive relation > on the set A for
which for every A and B, eiether A = B or B = A or both.

— We say that an alternative Aoy is optimal with respect to = of Aopty = A
forall A€ S.

— We say that the optimality criterion is final if there exists exactly one optimal
alternative.

Suppose now that we have some transformation 7" that does not change the
physical situation — like scaling in our case. In this case, it make sense to assume
that the relative quality of two alternatives should not change if we apply this
transformation. For example:
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— if an algorithm A for processing lengths of different objects is better than
a different algorithm B on examples when we measure all the lengths in
meters,

— then it is reasonable to expect that A will still be better than B if we process
data measured in centimeters.

It would be strange to find out that, e.g., one sorting algorithm works better for
meters while a different one is better for centimeters.
In such situations, we get the following result.

Definition 2. Let T : S — S be a I-1-transformation. We say that the op-
timality criterion is T-invariant if for every A and B, A = B if and only if
T(A) = T(B).

Proposition 1. [10] For every final T-invariant optimality criterion, the opti-
mal alternative Aopy is also T-invariant, i.e., T(Aopt) = Aopt-

Proof. Let Agpq be the optimal alternative. By definition, this means that Ape >
A for all A € S. In particular, for each A, we have Aoy = T71(A), where
T~1(A) denotes the inverse transformation. Since the optimality criterion is 7~
invariant, we conclude that for every A, we have T'(Aopt) = T(T71(A)) = A.
So, T(Aopt) = A for A € S. By definition of an optimal alternative, this means
that the alternative T(Aqpt) is also optimal. But since the optimality criterion
is final, we can have only one optimal alternative. So, T'(Aopt) = Aops.

Let us apply this result to scaling. In general, an algorithm ¢ = F(a,b) =
a @ b may transform numerical values a and b into a numerical value of some
quantity c.

— This resulting quantity ¢ may be expressed in the same units — as in the case
of addition.

— The quantity ¢ may also be expressed in terms of other units. For exam-
ple, for multiplication, the product is described in square meters or square
centimeters.

In general, when we re-scale a and b into A-a and - b, we will have ¢ — p(\) - ¢
for some p depending on A\. We do not want to impose any prior restrictions on
the function p(A) — that describes how this new unit changes. So, instead of the
functions F'(a,b) themselves, we will consider families of function {C'- F'(a,b)}c
where the function F'(a,b) is fixed, and C' can take any value.

For such families, it makes sense to require that, once we change the measur-
ing unit, the relative quality of the corresponding KAN-type network will not
change, i.e., that the optimality criterion on the set of all such families should
be invariant with respect to scaling. By the above Proposition, it means that
the optimal family should also be invariant with respect to scaling:

(C-F(\-a b} ={C- Fa,b)}c.
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In particular, the function F/(\-a, A -b) from the left-hand set must belong to
the right-hand set, so we must have F(\-a,X-b) = C(\) - F(a,b) for some
C(). This is exactly the invariance condition (13), with u(A) = C'(X\) — but now
we provided arguments why this condition should be satisfied for the optimal
combination operation.

3.4 Definitions and the Main Result of This Section
Now we are ready to formulate (and prove) the main result of this section.

Definition 3. Let f(x) be an invertible differentiable function. Then, we denote

def

a®b= fH(f(a) + £(b)). (12)

Definition 4. We say that the operation a @y b is scale-invariant if for every
A > 0 there exists a u(A) > 0 for which, for all a and b, we have

(A-a) @y (A-b) = (N - (a @y b). (13)
Proposition 2. The only scale-invariant differentiable operations ©y are:

— addition a ®fb=a+b and

— multiplication a ©y b ©oab for some constant C.

Remark 2. This result may help to explain why only addition and multiplication

lead to effective results.

Proof. 1°. Let us first use scale-invariance to derive an equality in terms of the
derivative of the desired function f(a).
Scale-invariance implies that if

a®rb=(a+ Aa)®f (b+ AD), (24)

then
A-a)@r (A-0) =((A-(a+ Aa)) &5 (A (b+ Ab)). (15)

By definition of the operation @y, this means that if
fla) + f(b) = fla+ Aa) + f(b+ Ab), (16)

then
f-a)+ f(A-b) = f(A-(a+ Aa)) + f(A- (b+ Ab)). (17)

By moving all the a-terms to one side of (16) and all the b-terms to the other
side, we conclude that

—(fla+ Aa) = f(a)) = f(b+ Ab) — f(b). (18)
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For small Aa and Ab, we get f(a + Aa) = f(a) + f'(a) - Aa + o(Aa), so (18)
takes the form

—f/(a) - Aa = f'(b) - Ab+ o( Aa), (19)
hence, to get the desired equality (14), we need to select Ab and Aa for which
the following equality holds:

Ab  f(b)
Aa " fla)

+ o(1). (20)

For these same Aa and Ab, the equality (15) similarly leads to
—(fA-a+X-Aa)— f(A-a))=f(A-b+X-Ab) — f(A-D), (21)

and thus, to
AAbAb f((N-D)
Ma  Aa f'(A-a) +o(l)- (22)

When Aa — 0, then from (20) and (22), we can conclude that

f'(0) _ f'(A-b)

o)~ Foa) (23)

for all a, b, and A.
2°. Let us now derive a functional equation for f’(a).

For this purpose, let us separate the variables in the formula (23). We can
do it if we multiply both sides by f'(A-a) and divide both sides by f/(b). Then,
we get the following equality:

fl()‘a):f/(/\b) (24)

f'(a) f'(b)
The fact that this equality holds for all ¢ and b means that the ratio on each

side of the equality does not depend on a, it depends only on A; let us denote
this ratio by r(\):

det f'(A-a)
r(A) = 25
e (25)
Multiplying both sides by f’(a), we conclude that for all @ and A > 0, we have:
F'h-a)=r(\) - £(a). (26)

3°. Let us now solve the resulting functional equation for f’(a) and find possible
functions f(a).

The function f(a) is differentiable, its derivative f’(a) is measurable. Thus the
ratio r()) is also measurable. It is known — see, e.g., [1] — that every measurable
solution to the functional equation (26) has the form f’(a) = ¢ -z? for some real
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numbers ¢; and d. Here, ¢; # 0 — since otherwise we would have f’(a) = 0, the
function f(a) will be constant, but we assumed that this function is invertible.

Integrating both sides of the formula that describes the derivative f’(a), we
conclude that:

— for d # —1, we have

fla) =ca-a” + ¢, (27)
where co = c¢1/(d+ 1), a =d+ 1, and ¢ is an integration constant;
— for d = —1, we have
f(a) = ¢ -In(a) + co, (28)

where ¢( is an integration constant.

After some preliminary analysis, let us consider these two cases one by one.

4°. Let us first perform some preliminary analysis of the scale-invariance condi-
tion.

By definition (12), the condition a®¢b = ¢ means that f~'(f(a)+ f(b)) = c.
If we apply the function f(z) to both sides of this equality, we conclude that

fla) + f(b) = f(o). (29)
Similarly, the condition (13) means that
fA-a)+ f(A-0) = f(A- o). (30)

Thus, scale-invariance means that for all a, b, and A > 0, (29) implies (30).

5°. Let us now consider the case when d # —1 and f(a) is described by the
formula (27).

In this case, (29) means that:
co-a“+co+ca b +cg=cyc*+co, (31)
i.e., equivalently, that:
ca-a®+cy 0% —cy-c® = —cp, (32)
and (30) takes the form:
ca-(N-a)*+eot+cea-(Ab)*+eo=ca- (A )+ co, (33)
i.e., equivalently, that:
Co A a® + e AV bDY — gAY = —¢p. (34)
Multiplying both sides of (32) by A%, we conclude that

Ca AT a% gAY — g AY Y = =AY . (35)
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The left-hand sides of (34) and (35) are the same, so the right-hand sides must
be equal, and we must have —¢y = —A“ - ¢g. For X\ # 1, this implies that ¢q = 0.
So, the formula (31) takes the form

ca-a¥+co b =cy-c. (36)
If we divide both sides by co # 0, then we get ¢® = a® + b°, i.e.,
a®sb=(a®+ b/ (37)

Let us now take into account that the function a @y b must be differentiable.
If we use the chain rule to differentiate the expression (37) with respect to a, we
conclude that

3} 1
%0 (a* + ba)l/a} = (a® + b))Vt gL, (38)

Let us simplify this formula. We can represent a® + b as

B =g <1+ (2)) (39)

Thus,
ay 1/a—1
a— b
(a® Jrbo¢)1/a71 _ (aa)l/ 1. (1 + <a> > . (40)
Here,
(aa)l/a—l _ aa.(l/a—l) _ alfoz’ (41)
SO

(a® 4+ b) /a1t = gl (1 + (Z)a) e . (42)

Substituting (42) into the formula (38) and taking into account that the factors
1/« and « cancel each other, we conclude that

2 [la +ayre] =t (14 (b))/ a1, (43)

a

e’ [eY

Here, a a* =1, s0

% [(ao‘ + ba)l/“} = (1 + (Z)a)l/a_l. (44)

When a and b are close to 0, we should get close to the derivative of the function
a®ybfor a = b= 0. However, when a # 1, we have 1/a — 1 # 0 and thus, we
will gave different expressions for different ratios b/a. So, the only case when the
operation a @y b is differentiable everywhere — in particular, for a = b = 0 - is
when « = 1. In this case, the formula (37) turns into ¢ = a + b.
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6°. Finally, let us consider the case when d = —1, and the function f(a) is
described by the formula (28).

In this case, (29) means that for ¢ = a & b, we have
c1-In(a) + co + ¢1 - In(b) = ¢1 - In(c) + cp. (45)

If we divide both sides by ¢; # 0 and move the term cq/c; into the left-hand
side, we conclude that
¢ =1n(a) + In(b) + cp/ca. (46)

Applying exp(z) to both sides, we conclude that ¢ = C' - a - b, where we denoted

C < exp(co/c1).
The proposition is proven.
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