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Abstract Many traditional statistical methods implicitly assume that we know the
actual probability distributions. However, based on a finite sample, we can only pro-
vide approximate values of the actual probabilities – and, with a certain confidence
level, bounds of these probabilities. In particular, instead of the actual cumulative
distribution function, we only have bounds on its values. This is known as a p-box.
Another important case when p-boxes appear is the case of chaotic dynamics, when
we cannot exactly predict the probabilities of different future states, we can only
predict ranges of these probabilities. In this paper, we show how to propagate such
p-box uncertainty throught data processing algorithms.

1 What are p-boxes, and why we need to study them

How to make decisions: decision theory recommendations. According to deci-
sion theory, decisions of a rational decision agent should be determined by a special
utility function u(x) that describes the decision maker’s preferences. Specifically,
out of all possible actions, the rational decision maker should select the alternative
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for which the expected value of E[u(x)] of the utility is the largest possible; see, e.g.,
[2, 3, 5, 6, 8, 9, 11].

What information about the probability distribution is needed to make a deci-
sion. To estimate the expected value of utility, we need to have some information
about the corresponding probability distribution.

In many cases, the utility u(x) smoothly depends on the variable x. In this case,
we can expand the dependence of utility on x in Taylor series and keep only a few
first terms in this expansion. In other words, for some typical value x0, we replace
the original utility function with a linear combination of the terms (x − x0)

k for
integer k ≥ 0. In such case, the expected value of utility function becomes a lin-
ear combination of the expected values E[(x− x0)

k] of these terms, i.e., as a linear
combination of the moments of the probability distribution. So, to make reasonable
decisions, there is no need to know the exact form of the probability distribution –
it is sufficient to know its first few moments.

In such situations, if we use a value x which is slightly larger or slightly smaller
than the optimal value x0, the result will be slightly suboptimal, but it will be usually
not a big deal.

There are, however, another decision situations where there is a critical threshold.
For example, chemical plants, no matter how good they are, emit a small amount of
potentially dangerous substances into the atmosphere. In allowed very small con-
centrations, these substances are harmless, but if their concentration exceeded the
allowed threshold, this is somewhat bad new for the environment, but a really bad
news for the company – it will face a huge fine and maybe a closure of the offend-
ing plant – that would cause even bigger losses. In such situations, as the quantity
x increases, the utility u(x) first changes slightly until we reach the threshold value
x0, and then changes abruptly from a positive to a zero (or even negative) value –
and changes very slightly after that.

In such situations, the utility function can be well approximated by a piecewise-
constant function that takes the value u0 > 0 fo x≤ x0 and the value 0 for x> x0. The
expected value of this utility function is equal to u0 times the probability Prob(x ≤
x0). A function that assigns, to each threshold x0, the probability Prob(x ≤ x0), is
known as the cumulative distribution function, or cdf, for short; see, e.g., [12].

Summarizing: to make decisions, we need to know the moments and the cdf of
the probability distribution. Out of these two characteristics, knowing the cdf is the
most critical part of information.

From cdf to a p-box. All probabilities come from observations. In general, how can
we empirically determine probabilitiea? A usual way is to consider several repeti-
tions of the situation and compute the frequency of the desired outcome – e.g., the
frequency with which the coin falls heads. When the sample size increases, this fre-
quency becomes closer and closer to the actual probability. For large sample sizes,
the distribution of the difference f − p between the frequency f and the probability
p is close to Gaussian, with mean 0 and a known standard deviation. Based on this
information, we can find the interval that contain the actual value of the probability
p with a desired confidence; e.g.:
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• the 3σ interval [ f −3σ , f +3σ ] contain p with confidence 99.9%,
• the 6σ interval [ f −6σ , f +3σ ] contain p with confidence 1−10−8, etc.

So, at each moment of time, we only know the frequency – which is only approxi-
mately equal to the probability. We do not know the exact values of the probability,
we know the interval [p, p] = [ f − k0 ·σ , f + k0 ·σ ] (for some k0) containing p.

In particular, for each x, instead of the actual value of the probability F(x), we
only know the interval [F(x),F(x)] that contains the actual (unknown) values of
F(x). A function that transforms a value x into such an interval is known as the
probabiliyt box, or p-box, for short; see, e.g., [1]. From this decision-making view-
point, p-boxes are ubiquitous in representing uncertainty.

Chaotic dynamics: another reason why p-boxes are ubiquitous. There is another
reason why p-boxes are ubiquitous. This is related to the fact that for many real-
life processes, even when we know the differential equations that determine their
dynamics, we still cannot accuratey predict neither the exact values of the future
quantities, nor even the probability of different future values. This happens because
in such equations, initial minuscule non-detectable deviations can lead to drastic
differences in the future state.

In such situations, even if we can safely ignore the measurement uncertainty in
measuring the original state, about the future state, we can only know the interval of
possible values – and for each value x from this interval, instead of the exact value
of the probability F(x), we only know the interval [F(x),F(x)], i.e., we know the
p-box.

2 Uncertainty propagation under p-box uncertainty: an
important task

Need for uncertainty propagation. We want to know the current and future values
of different quantities. Some of the current quantities we can directly measure. In
such cases, from the description of the corresponding measurement process, we get
the description of the uncertainty of the resulting estimate.

However, many quantities are difficult (or even impossible) to measure directly,
and it is definitely not possible to directly measure future values of different quanti-
ties. To estimate such not-easy-to-directly-measure quantities, we need:

• to find easier-to-measure quantities x1, . . . ,xn that are related to y by a known
dependence y = f (x1, . . . ,xn), and then

• to use the results x̃1, . . . , x̃n of measuring xi to compute the y-estimate

ỹ = f (x̃1, . . . , x̃n).

In such situations, based on the known uncertainty of the measurement results x̃i,
we need to determine the uncertainty of the estimate ỹ. Estimating this uncertainty
is known as uncertainty propagation.
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Uncertainty propagation under probabilistic uncertainty: a brief reminder. In
some cases, we have explicit analytical formulas formulas that describe the proba-
bilistic characteristics of ∆y def

= ỹ− y (such as mean, standard deviation, etc.) based
on the characteristics of ∆xi

def
= x̃i−xi; see, e.g., [10]. However, in many other cases,

there are no such analytical formulas. In such cases, we can use Monte-Carlo simu-
lations; see, e.g., [12]. Namely:

• for some large N, for each k = 1, . . . ,N, we simulate the values ∆x(k)i distributed
according to the known probability distribution for ∆xi;

• compute the modified values x(k)i = x̃i −∆x(k)i , then y(k) = f
(

x(k)1 , . . . ,x(k)n

)
, and

∆y(k) = ỹ− y(k);
• The resulting values ∆y(1), . . . ,∆y(N) form a sample distributed according to the

desired distrubution for ∆y. Based on this sample, we can estimate the desired
statistical characteristics of the probability distribution of ∆y.

Uncertainty propagation under p-box uncertainty: challenge and idea. When
we have p-box uncertainty about xi, we would like to find the p-box for ∆y. Similarly
to the probabilistic case, sometimes, we have explicit analytical expressions for the
resulting p-box; see, e.g., [1] and references therein. However, also similarly to the
probabilistic case, in many situations, we do not have such expressions.

In the p-box cases, for each quantity xi, we know the p-box [F i(xi),F i(xi)]. Here,
in contrast to the probabilistic case, we do not have a single probability distribution
for ∆xi, we have many possible probability distributions – namely, all distributions
Fi(xi) for which Fi(xi) ∈ [F i(xi),F i(xi)]. So, a natural idea (see, e g., [7]) is:

• to take several possible distributions from the p-box for xi,
• for each combination c of these distributions, to run Monte-Carlo simulations

and to estimate the resulting cdf Fyc(y).

Then, for each y, we can estimate the desired range [Fy(y),Fy(y)] as[
min

c
Fyc(y),max

c
Fyc(y)

]
.

Remaining question – and what we do in this paper. A natural remaining question
is: how to select possible distrbutions from the given p-box.

In this paper, we provide a natural way to do it.

3 How to select distributions from a p-box: our idea and the
resulting algorithm

Need for discretization. Of course, in reality, we can only use finitely many values
F(x), i.e., only values f (v1), . . . ,F(vm) corresponding to a finite number of points
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v1 < v2 < .. . < vm. For example, we can take uniformly distributed values

v1, v2 = v1 +h,v3 = v1 +2h, . . . ,vt = v1 +(t −1) ·h, . . . ,vm = v1 +(m−1) ·h.

For each of these selected values, we know the interval [F(vi),F(vi)]. For these
intervals, we have F(vi)≤ F(vi+1) and F(vi)≤ F(vi+1) for all i.

We need to select the values Fi = F(vi) ∈ [0,1] for which Fi ∈ [F(vi),F(vi)] and
Fi ≤ Fi+1 for all i.

Comment. For simulation purposes, we may need to know the values F(x) for values
x ̸= vi. These values can be found, e.g., by linear interpolation: for each x ∈ [vi,vi+1,
we take

F(x) =
vi+1 − x
vi+1 − vi

·Fi +
x− vi

vi+1 − vi
·Fi+1.

Natural idea. We have the set S of all possible tuples (F1, . . . ,Fm) for which, for all
i, we have Fi ∈ [F(vi),F(vi)] and Fi ≤ Fi+1. A natural idea is to use Monte-Carlo
simulation to select each tuple. For this purpose, we need to find an appropriate
probability distribution on the set S.

A priori, we have to reason to believe that some tuples from the set S are more
probable than others. It is therefore reasonable to assume that all tuples from the
set S are equally probable, i.e., that we use a uniform distribution on this set. This
argument is known as the Laplace Indeterminacy Principle; it is a specific case of
a more general Maximum Entropy approach to selecting a probability distribution;
see, e.g., [4].

How to implement this idea. To find a single tuple, we select, for each i, values Fi
that are uniformly distributed on the interval [F i,F i]. For this purpose, we can select
values ri uniformly distributed on the interval [0,1] and take Fi = F i + ri · (F i −F i).
Then:

• If the resulting values satisfy the monotonicity condition F1 ≤ F2 . . . ≤ Fm, then
we return the resulting tuple.

• On the other hand, if some monotonicity conditions are not satisfied, we ignore
this tuple and repeat the above process – until we get the tuple that satisfies the
monotonicity condition.

How feasible is the proposed implementation? What is the probability that for two
randomly selected paitr (Fi,Fi+1), we get Fi ≤ Fi+1? For each pair, the worst case
– with probability 1/2 – is when the intervals [F(vi),F(vi]] and [F(vi+1),F(vi+1)]
coincide. In all other cases, as one can easily check, this probability is larger than
1/2. We need to satisfy m−1 such inequalities: from F1 ≤ F2 to Fm−1 ≤ Fm. So, the
probability that our process will lead to a tuple is larger than or equal to (1/2)m−1.

For a typical case m = 11, when we divide the range of xi into 10 subranges,
this probability is at least (1/2)10 = 1/1024. So, on average, after at most 1000
iterations of the above process, we will get the desired tuple. So, if we want to come
up with a 1000 tuples, we need to run this process million times. This may sound
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large, but for a computer, this is practically nothing – the most time in Monte-Carlo
simulations is usually spent not on generating random inputs, but on running the
algorithm y = f (x1, . . . ,xn) for different inputs. In this sense, the above procedure is
quite feasible.

Comment. This completes the main part of this paper. In the following section,
we answer an auxiliary question: can we have a faster algorithm for selecting tu-
ples? Specifically, in this section, we describe two seemingly reasonable faster ap-
proaches, and we explain that these approaches do not always lead to a uniform
distribution on the set S.

4 Can we do it faster – not with the following two seemingly
reasonable approaches

First seemingly reasonable approach: idea. We select F1 uniformly from the in-
terval [F(v1),F(v1)].

Once we have selected F1, we have two restrictions on F2: that F1 ≤ F2 and that
F(v2) ≤ F2 ≤ F(v2). These two restrictions can be combined into a single one:
max(F1,F(v2)≤ F2 ≤ F(v2). Thus, it seems reasonable to select F2 uniformly from
the interval [max(F1,F(v2),F(v2)].

Similarly, once we have selected the value Fi, then we have two restrictions on
Fi+1: that Fi ≤ Fi+1 and that F(vi+1) ≤ Fi+1 ≤ F(vi+1). These two restrictions can
be combined into a single one: max(Fi,F(vi+1)) ≤ Fi+1 ≤ F(vi+1). Thus, it seems
reasonable to select Fi+1 uniformly from the interval [max(Fi,F(vi+1)),F(vi+1)].
So, we arrive at the following algorithm.

First seemingly reasonable approach: resulting algorithm. First, we select F1
uniformly from the interval [F(v1),F(v1)]. Then, we sequentially select F2, F3, . . . ,
Fm as follows: once we have selected Fi, we select Fi+1 uniformly from the interval

[max(Fi,F(vi+1)),F(vi+1)].

First seemingly reasonable approach: an example where this approach does
not lead to the desired uniform distribution. To show that the above algorithm
does not lead to a uniform distribution, let us consider a simple case when m = 2
and [F(v1),F(v1)] = [F(v2),F(v2)] = [0,1]. According to the above algorithm, in
this case, F1 is selected uniformly from the interval [0,1], so its mean value is 1/2.

On the other hand, here, the set S is a subset of the unit square determined by the
inequality F1 ≤ F2, see below.
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In this case, the area of S is |S|= 1/2, and so, the mean value of F1 is

1
|S|

·
∫ 1

0
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1/2

·
∫ 1

0
(F1 −F2
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0
= 2 ·

(
1
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− 1

3

)
= 2 · 1

6
=

1
3
.

So, the mean value 1/2 produced by the first faster algorithm is different from the
mean value 1/3 corresponding to the uniform distribution. Thus, the first faster al-
gorithm does not always return tuples uniformly distributed on the set S.

Second seemingly reasonable approach: idea. In the above example, instead of
limiting F2 to the interval [F1,1], we could simply generate random values G1 and
G2 from the corresponding intervals, and then take the smallest as F1 and the largest
as F2. One can check that in this example, this idea indeed leads to a uniform distri-
bution on the set S. This leads to the following seemingly rational algorithm.

Second seemingly reasonable approach: resulting algorithm. For each i, we uni-
formly select some value Gi from the interval [F(vi),F(vi)]. Then, as F1, we select
the smallest of these values, as F2, the smallest of the remaining values, etc. In other
words, we:

• sort the values Gi into an increasing sequence G(1) ≤ G(2) ≤ . . .≤ G(m) and then
• take Fi = G(i) for all i.

Second seemingly reasonable approach: an example where this approach does
not lead to the desired uniform distribution. Let us consider an example with
m = 2, [F(v1),F(v1)] = [0,2/3], and [F(v2),F(v2)] = [1/3,1]. In this case, the set S
takes the following form:
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In this case, the set S consists of three equal-size small squares[
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3

]
×
[
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]
,
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]
×
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,1
]
, and

[
1
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]
×
[

2
3
,1
]
,

and a half of the fourth (central) square[
1
3
,

2
3

]
×
[

1
3
,

2
3

]
.

For the uniform distribution, the probability for a tuple to be in a subset s of the set
S is equal to the ratio of their areas. The are of the set S is equal to 3.5 times the area
of each small square, while the area of the subset s of all the tuples for which both
F1 and F2 are in the interval [

1
3
,

2
3

]
is equal to half of the small square. Thus, for the uniform distribution, the probability
to be in s is equal to 0.5/3.5 = 1/7.

On the other hand, in our second fast algorithm, the values Fi are simply sorted
Gi’s. Thus, both values Fi belongs to the interval [1/3,2/3] if and only if both Gi
belong to this interval. The probability of each Gi belonging to this interval is 1/2,
and the values Gi are independent. So, the probability that both Gi’s belong to this
interval is equal to (1/2) · (1/2) = 1/4.

So, the value 1/4 produced by the second faster algorithm is different from the
value 1/7 corresponding to the uniform distribution. Thus, the second faster algo-
rithm also does not always return tuples uniformly distributed on the set S.
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