
Citation: Kreinovich, V.; Valera, L.;

Atamanyuk, I.: Kondratenko, Yu. Why

Exp-Minus-Log (EML): an explanation

based on optimization and symmetry.

Mathematics 2026, 1, 0.

https://doi.org/

Received:

Revised:

Accepted:

Published:

Copyright: © 2026 by the authors.

Submitted to Mathematics for

possible open access publication

under the terms and conditions

of the Creative Commons Attri-

bution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

Article

Why Exp-Minus-Log (EML): an explanation based on
optimization and symmetry
Vladik Kreinovich1,‡ , Leobardo Valera2,‡, Igor Atamanyuk3,4,‡*, and Yuriy Kondratenko5,‡

1 Department of Computer Science, University of Texas at El Paso, 500 W. University, El Paso, Texas 79968,
USA; vladik@utep.edu

2 Computer Science and Information Technology Systems Department, El Paso Community College, 919
Hunter, El Paso, TX 79915, USA; leobardovalera@gmail.com

3 Department of Applied Mathematics, Warsaw University of Life Sciences, Warsaw, Poland;
ihor_atamaniuk@sggw.edu.pl

4 Mykolaiv National Agrarian University, Mykolaiv, Ukraine
5 Intelligent Information Systems Department, Petro Mohyla Black Sea National University, 10, 68th

Desantnykiv Str., Mykolaiv 54003 Ukraine; y_kondrat2002@yahoo.com
* Correspondence: ihor_atamaniuk@sggw.edu.pl (I.A.)
‡ These authors contributed equally to this work.

Abstract: It has been recently shown that, similarly to the fact that every Boolean operation can be 1

performed if we only have gates of a single type – NAND or NOR – many elementary functions can 2

be obtained by using a constant 1 and a single function eml(x, y) = exp(x)− ln(y). This function 3

is known as exp-minus-log, eml, for short. Just like the use of NAND gates led to computation 4

speed up, this new discover has a potential for a similar speed-up. There are several other functions 5

with the same property, but among them, eml is the simplest. In this paper, we show that, in some 6

reasonable sense, eml is optimal. To prove this, we use symmetry-based approach and its relation to 7

optimization. 8

Keywords: eml function, exp-minus-log, optimization, symmetry, invariance 9

1. Formulation of the problem 10

In many practical situations, a universal tool is better than specialized ones. In general, 11

when we repeatedly have to perform the same task, it is beneficial to design a specialized 12

tool for this particular task. However, when we face a large variety of tasks, it is too 13

complicated to design specialized tools for each of these tasks – especially in situations 14

when new similar tasks appear all the time. In such situations, it is desirable to have a 15

single universal tool that can handle all these tasks. 16

In particular, the use of universal tools is beneficial for computing. This is true in 17

engineering, this is also true in computing. For example, Charles Babbage, one of the 18

computing pioneers, first started with designing a specialized computational device – 19

called Difference Engine – and then realized that it is beneficial to come up with a universal 20

computational device – that he called Analytical Engine. Similarly, in the 20 century, first 21

appeared specialized computational devices, and then it was realized that it is beneficial to 22

come up with a universal device – a computer. 23

In designing a computer, researchers realized that it is often beneficial to minimize the 24

number of supported operations – and these operations must be as simple as possible. Let 25

us give some well-known examples about modern computers. 26

• We do not have a separately supported subtraction operation. Instead, we use have 27

addition a + b and unary minus −a, so that a − b is computed as a + (−b). 28

• Instead of supporting division a/b, we use multiplication a · b and inverse 1/a, so that 29

a/b is computed as a · (1/b). 30
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• Instead of supporting all possible Boolean operations, computers only support a few of 31

them, and all other operations are computed as a combination of supported ones. For 32

example, it is known that we can compute any Boolean expression if we have only one 33

operation – this can be either NAND(x, y) def
= ¬(x & y) or NOR(x, y) def

= ¬(x ∨ y). This 34

result is also used in the design of computer chips, where NAND gates are actively 35

used. 36

We can come up with even more universal tools: a recent result. In spite of all the 37

above reductions, modern computers still perform a large number of different operations – 38

operations that are all supported either on the hardware level, or on the microprogramming 39

level. Specifically, we have support for addition, for unary minus, for multiplication, for 40

inverse, and for many special functions such as ln(x), exp(x), sin(x), etc. 41

A recent beakthrough result [9] has shown that all arithmetic operations (addition, 42

subtraction, multiplication, division), several basic elementary functions (exp(x), ln(x), 43

xy, trigonometric functions, etc.), and several constants such as i =
√
−1 and e can be 44

obtained if we only have a single function eml(x, y) = exp(x)− ln(y) (and a constant 1). 45

This function is known as exp-minus-log, or eml, for short. 46

For example, ex = eml(x, 1), ln(x) = eml(1, eml(eml(1, x), 1)), etc. 47

Comment. The paper [9] lists several other functions with the same universality property. 48

Out of all these functions. 49

This result can potentially speed up computations. Similar to how the result about NAND 50

and NOR gates is used in computing Boolean expressions, this new result can be potentially 51

useful in computing functions of several variables – and thus, in solving many practical 52

problems. 53

Remaining questions. From the practical viewpoint, an important question is which 54

universal function should be implement. Among the universal functions listed in [9] the 55

eml function looks the simplest – and thus, most appropriate for speeding up computations, 56

However, maybe there are some other universal functions which are even simpler? 57

To analyze this question, we first need to better understand the situation. In particular, 58

we need it to make it more natural to understand how an why the desire to have a universal 59

function leads to elm. This why-question is the second natural question. 60

Natural question. A natural question is: how can we explain the effectiveness of eml? 61

What we do in this paper. In this paper, we provide answers to both natural questions. 62

Fist, we show that the eml function is indeed optimal in some reasonable sense; namely, 63

we show that it is optimal based on some natural symmetry (= invariance) properties. This 64

makes the elm function the most promising for future applications. 65

In the course of this explanation, we also answer the second (why) question: namely, 66

we explain how the desire to have a universal function naturally leads to elm. 67

The structure of this paper. We start the paper by recalling, in Section 2, why we need data 68

processing in the first place. Based on this analysis, in Section 3, we explain why symme- 69

tries naturally appear in such situations. In Section 4, we consider the two most natural 70

transformations with respect to which data processing techniques should be invariant. We 71

also emphasize that, depending on the practical situations, we need to distinguish between 72

two types of invariances: invariance proper and covariance; this is done in Section 5. In 73

Section 6, we explain the general relation between invariance and optimality. This relation 74

leads to a description of optimal data processing functions of one variable in Section 7. In 75

Sections 8, we use invariances to find the optimal binary operations for combining functions 76

of one variable – which leads us, in Section 9, to a class containing the eml function. A brief 77

conclusion forms Section 10. 78



Version September 30, 2026 submitted to Mathematics 3 of 11

2. Why we need data processing in the first place 79

The main purpose of elementary functions and their combinations is to process data, 80

i.e., to process values of different physical quantities. So, to describe which functions are 81

more adequate, it is important to recall why we need data processing in the first place. 82

What do we humans want? We want to know the current state of the world, we want 83

to know the future state of the world, and we want to know what we can do to make the 84

future state as beneficial for us as possible. The state of the world is characterized by the 85

values of physical quantities. Some of these values we can measure directly: e.g., we can 86

simply measure the distance between the two city locations. However, for many quantities 87

y, it is difficult to measure them directly. For example, it is difficult to directly measure the 88

distance from the Earth to a farway star. Since we cannot directly measure the value y, we 89

need to measure it indirectly: 90

• we find some easier-to-measure quantities x1, . . . , xn that are related to y by a known 91

dependence y = f (x1, . . . , xn); 92

• we measure these quantities and use the measurement results x̃1, . . . , x̃n to provide
the following estimate for y:

ỹ = f (x̃1, . . . , x̃n). (1)

Computing this estimate is one of the cases of data processing. 93

Future values we cannot measure directly at all – we want to know these values now, 94

before they can be measured. For these values, the only way to estimate a future value y is: 95

• to find some current (and past) values x1, . . . , xn that are related to y by a known 96

dependence y = f (x1, . . . , xn), 97

• to measure these quantities, and then 98

• use the measurement results x̃i to estimate the desired future value y. 99

Similarly, to determine the parameters yk of the best control or of the design strategy, we 100

need to know how each of these parameters depends on the values xi that describe the 101

current state of the world – and then use data processing yk = fk(x1, . . . , xn) to estimate y. 102

3. Why symmetries naturally appear 103

How do we get all the knowledge? For example, how did our ancestors know that 104

the Sun will rise in the evening? Because they observed it again and again. The seasons 105

changed, the behavior changed, the location may have changed, but the Sun continued to 106

rise. So, they concluded that whether the Sun will rise does not depend on the location 107

on the Earth, does not depend on the season, does not depend on their behavior. In 108

mathematical terms, they concluded that the Sun-rising event is invariant with respect to 109

changing the location, with respect to moving ahead in time, etc. This enabled them to 110

predict that the Sun will continue rising in the future, no matter where they are. 111

How do we know that if we drop a pen, it will start falling down with the acceleration 112

of 9.81 m/sec2? Because people tried this in different locations on Earth, at different 113

orientations, at different moments of time – and always got the same result. So, they 114

concluded that this phenomenon is invariant with respect to shifts in space and in time, 115

and this enabled them to predict that this will always happen anywehere on Earth. 116

How do we know that Ohm’s law V = I · R will be valid on Mars? Because people 117

had many experiments at different locations, at different moments of time – and it always 118

worked. So we can conclude that this law is valid everywhere. 119

This is the background of all our knowledge: we have some phenomenon that repeats 120

in somewhat different situations, so we conclude that this phenomenon is invariant with 121

respect to the corresponding changes – and thus, predict that it will remain the same 122

under new similar changes – e.g., after time shift, i.e., in the future moments of time. So, 123

invariances – that physicists call symmetries – indeed naturally appear as a foundation of all 124

our knowledge. 125
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4. What are natural transformations 126

A large part of data processed by computers are values of different physical quantities. 127

From this viewpoint, it is important to remember that the numerical value of a quantity 128

depends on the choice of a measuring unit – and, for some quantities, on the selecting of 129

the starting value. For different measuring units and for different starting values, the same 130

quantity is described by different numbers. 131

For example, the 2 meters length has a numerical value 2 · 100 = 200 when described 132

in centimeters. The temperature of 35◦C has a numerical value of 35 + 273.15 = 308.15 133

when described in Kelvins – a scale that has a different starting point. 134

In general, if we replace the original measuring unit by a different unit which is λ 135

times smaller, then each numerical value x is multiplied by λ: x → x′ = λ · x. In particular, 136

for a transition from meters to centimeters, λ = 100. 137

Similarly, if we replace the original starting point with a new starting point which is 138

c before the original one, then c is added to all the numerical values: x → x′ = x + c. In 139

particular, for a transition from Celsius to Kelvin temperature scales, c = 273.15. 140

5. Invariance vs. covariance 141

In the previous text, when we talked about the fact that some physical processes do not 142

change under appropriate transformations, we call such situations invariances. However, 143

strictly speaking, we need to distinguish between two types of such situations: 144

• There are invariances in the narrow sense of this word, meaning that the values of some 145

physical quantities do not change when we apply the corresponding transformation. 146

For example, the acceleration of the free falling object does not change if we move this 147

object to a nearby location on Earth. 148

• There are also what is called covariances, when the physical process remains the same, 149

but the values of the corresponding quantities need to be adjusted. For example, when 150

we test a scaled model of an airplane in a wind tunnel – to analyze how a proposed 151

airplane design will work – the airflows of the model and of the airplane are (largely) 152

similar, but the aerodynamic forces acting on the model need to be appropriately 153

re-scaled to get the forces acting on the actual airplane. 154

As of now, this difference may sound purely terminological, but it is actually useful: we 155

will use it in our explanation of the eml. 156

6. How are invariances related to optimality: a simple general result 157

What does “optimal" mean: discussion. In many cases, “optimal” means that we have 158

some objective function f (x) that we want to maximize (or minimize), and an alternative 159

aopt is optimal if f (aopt) ≥ f (a) for all other alternatives a (or, in case of minimization, 160

when f (aopt) ≤ f (a) for all other alternatives a). 161

However, this is not the only way to describe optimality. Sometimes, for a given 162

objective functions f (x), there are several different alternatives that are all optimal. For 163

example, if we are looking for the best sorting algorithm, and our objective function is 164

the average computation time, then several sorting algorithms are optimal: quicksort, 165

mergesort, heapsort, etc.; see, e.g., [2]. If we are looking for the best faculty candidate for a 166

position, we may have several candidates whose research records are equally good. 167

In such situations, it is reasonable to use this non-uniqueness to optimize something 168

else. For example, we may want to select, among all pre-selected sorting algorithms, a one 169

with the smallest worst-case computation time. Among all pre-selected candidates, we 170

may want to select a one who is the best teacher, etc. In this case, the optimality criterion is 171

no longer described by a single objective function. In this case, an alternative a is better 172

than the alternative b is either f (a) > f (b) or ( f (a) = f (b) and g(a) > g(b)) for some other 173

function g(x). 174

If after this clarification, we still have several equally good alternatives, this means that 175

our optimality criterion is not final: we can use the remaining non-uniqueness to optimize 176
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something else. When only one optimal alternative is left, this means that we have reached 177

the final optimality criterion. 178

On all the stages, what is important is to have some way to compare two alternatives 179

a and b and decide whether a is better, or b is better, or that these alternatives are of equal 180

quality. Let us denote “a is better than b" by a ≻ b, and “a and b are of equal quality" by 181

a ∼ b. These two relations have to be consistent: e.g., if a is better than b and b is better 182

than c, then a should be better than c. 183

What does “optimal" mean: definitions. Thus, we arrive at the following definitions. 184

Definition 1. Let A be a set. Its elements will be called alternatives. By an optimality criterion, 185

we mean a pair of binary relations (≻,∼) that satisfy the following properties for all a, b, and c: 186

• if a ≻ b and b ≻ c, then a ≻ c; 187

• if a ≻ b and b ∼ c, then a ≻ c; 188

• if a ∼ b and b ≻ c, then a ≻ c; 189

• if a ∼ b and b ∼ c, then a ∼ c; 190

• if a ∼ b, then b ∼ a; 191

• if a ≻ b, then we cannot have a ∼ b; 192

• a ∼ a. 193

Definition 2. We say that an alternative aopt is optimal if for every a ∈ A, we have either aopt ≻ a 194

or aopt ∼ a. 195

Definition 3. We say that the optimality criterion is final if there is exactly one optimal alternative. 196

197

Invariances. In many practical situations, there are some transformations that do not 198

change which alternative is better. For example, when we are looking for investment 199

alternatives and we want to select the most profitable one, it does not matter whether 200

we measure the profit in US dollars, in Euros, on in Yen. Changing from one monetary 201

unit to another one means multiplying all numerical values by an appropriate constant λ: 202

x 7→ λ · x. In this case, these transformations are invariances. As we have mentioned, in 203

physics, such invariances are called symmetries; see, e.g., [3,11]. 204

If the comparison does not change when we apply a transformation g1, and does not 205

change when we apply another transformation g2, then, of course, it will not change if 206

we first apply g1 and then apply g2, i.e., equivalently, if we apply the composition g2(g1). 207

Similarly, the comparison will not change if we apply the inverse transformation g−1. Thus, 208

the class of such transformations must be closed under composition and under taking an 209

inverse. In mathematics, such classes are known as transformation groups. So, we arrive at 210

the following definition. 211

Definition 4. Let G be a transformation group on the set A. We say that an optimality criterion 212

(≻,∼) is G-invariant for all a, b ∈ A and for all g ∈ G, the following two properties are satisfied: 213

• if a ≻ b then g(a) ≻ g(b), and 214

• if a ∼ b then g(a) ∼ g(b). 215

How is invariance related to optimality. This relation is described by the following simple 216

result: 217

Proposition 1. [8] For every G-invariant final optimality criterion, the optimal alternative aopt is 218

also G-invariant, i.e., g(aopt) = aopt for all g ∈ G. 219

Proof. By definition of optimality, for every a ∈ A, we have aopt ≻ a or sopt ∼ a. In 220

particular, for every g ∈ G, we have aopt ≻ g−1(a) or sopt ∼ g−1(a). Since the optimality 221

criterion is G-invariant, this implies that g(aopt) ≻ a or g(aopt) ∼ a. By definition of an 222

optimal alternative, this means that g(aopt) is optimal. But since the optimality criterion is 223

final, there is only one optimal alternative. So indeed, g(aopt) = aopt. The proposition is 224

proven. 225
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Conclusion. For such criteria, to find an optimal alternative, it is sufficient to look for 226

invariant alternatives. This ideas has been used in many computer-related applications; 227

see, e.g., [1,7,8,10]. 228

7. Optimal functions of one variable 229

What we do in this section. In this section, we use the above-described invariance ideas to 230

come up with the optimal functions y = f (x) of one variable. 231

Analysis of the problem. In one of the previous sections, we mentioned two natural 232

transformations; scaling (that corresponds to changing the measuring unit) and shift (that 233

corresponds to changing the starting point). If we consider the possibility to change the 234

measuring unit, then the same dependence y = f (x) expressed in some y-units will take 235

the form C · f (x) if we use a different measuring unit – which is C times smaller. Since these 236

two functions describe the exact same physical dependence, it makes sense to consider not 237

individual functions f (x), but whole families {C · f (x)}C>0 in which the function f (x) is 238

fixed but the coefficient C can take any positive value. 239

Similarly, if we consider the possibility to change the starting point, then the same 240

dependence y = f (x) expressed in some starting point for y-measurements will take the 241

form f (x) + C if we use a different starting point – which is C units earlier. Since these 242

two functions describe the exact same physical dependence, it makes sense to consider not 243

individual functions f (x), but whole families { f (x) + C}C in which the function f (x) is 244

fixed but the coefficient C can take any real value. 245

For simplicity, let us assume that in both cases, the dependence f (x) is smooth, i.e., 246

differentiable. We can similarly consider scaling and shift of the quantity x. Thus, we arrive 247

at the following formulations – that we will list together with results. 248

Proposition 2. In the formulas below, we assume that the functions f (x) are differentiable. 249

• For every scale-invariant final optimality criterion on the set of all classes {C · f (x)}C>0, the 250

optimal class corresponds to f (x) = xα for some α. 251

• For every shift-invariant final optimality criterion on the set of all classes {C · f (x)}C>0, the 252

optimal class corresponds to f (x) = exp(a · x) for some a. 253

• For every scale-invariant final optimality criterion on the set of all classes { f (x) + C}C, the 254

optimal class corresponds to f (x) = a · ln(x) for some a. 255

• For every shift-invariant final optimality criterion on the set of all classes { f (x) + C}C, the 256

optimal class corresponds to f (x) = a · x for some a. 257

Comment. In the last three cases, the simplest classes correspond to a = 1, i.e., to the 258

functions exp(x), ln(x), and x. 259

Proof of Proposition 2. For all four results, Proposition 1 implies that the optimal family is 260

itself invariant. 261

1◦. For the first case, this means that {C · f (λ · x)}C>0 = {C · f (x)}C>0. In particular, this
implies that the function f (λ · x) from the first family belongs to the second family, i.e., that

f (λ · x) = C(λ) · f (x) (2)

for some C(λ). Both the expressions f (λ · x) and f (x) are differentiable, so their ratio C(λ)
is also differentiable. So, we can differentiate both side of the formula (2) with respect to
λ and get x · f ′(λ · x) = C′(λ) · f (x). In particular, for λ = 1, we get x · f ′(x) = α · f (x),

where we denoted α
def
= C′(1), i.e.:

x · d f
dx

= α · f .
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We can separate the variables if we divide both sides by x, by f , and multiply both
sides by dx. Then, we get

d f
f

= α · dx
x

.

Integrating both sides, we get ln( f ) = α · ln(x) + C1, where C1 is the integration constant.
Applying exp(x) to both sides, we get:

f (x) = eα·ln(x)+C1 = eα·ln(x) · eC1 =
(

eln(x)
)α

· eC1 = C · xα,

where we denoted C def
= eC1 . This part of the proposition is thus proven. 262

2◦. For the second case, this means that {C · f (x + c)}C>0 = {C · f (x)}C>0. In particular,
this implies that the function f (x + c) from the first family belongs to the second family,
i.e., that

f (x + c) = C(c) · f (x) (3)

for some C(c). Both the expressions f (x + c) and f (x) are differentiable, so their ratio C(c)
is also differentiable. So, we can differentiate both side of the formula (3) with respect to c
and get f ′(x + c) = C′(c) · f (x). In particular, for c = 0, we get f ′(x) = a · f (x), where we

denoted a def
= C′(0), i.e.,

d f
dx

= a · f .

We can separate the variables if we divide both sides by f and multiply both sides by
dx. Then, we get

d f
f

= a · dx.

Integrating both sides, we get ln( f ) = a · x + C1, where C1 is the integration constant.
Applying exp(x) to both sides, we get

f (x) = exp(a · x + C1) = C · exp(a · x),

where we denoted C def
= exp(C1). The second part of the proposition is also proven. 263

3◦. For the third case, this means that { f (λ · x) + C}C = { f (x) + C}C. In particular, this
implies that the function f (λ · x) from the first family belongs to the second family, i.e., that

f (λ · x) = f (x) + C(λ) (4)

for some C(λ). Both the expressions f (λ · x) and f (x) are differentiable, so their difference
C(λ) is also differentiable. So, we can differentiate both side of the formula (4) with respect
to λ and get x · f ′(λ · x) = C′(λ). In particular, for λ = 1, we get x · f ′(x) = c0, where we

denoted c0
def
= C′(1), i.e.,

x · d f
dx

= c0.

We can separate the variables if we divide both sides by x and multiply both sides by
dx. Then, we get

d f = c0 ·
dx
x

.

Integrating both sides, we get f (x) = a · ln(x) + C1, where we denoted a def
= c0 and C1 is 264

the integration constant. So, this part of the proposition is also proven. 265

4◦. For the fourth case, this means that { f (x + c) + C}C = { f (x) + C}C. In particular, this
implies that the function f (x + c) from the first family belongs to the second family, i.e.,
that

f (x + c) = f (x) + C(c) (5)
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for some C(c). Both the expressions f (x + c) and f (x) are differentiable, so their difference 266

C(c) is also differentiable. So, we can differentiate both side of the formula (5) with respect 267

to c and get f ′(x + c) = C′(c). In particular, for c = 0, we get f ′(x) = a, where we denoted 268

a def
= C′(0). 269

Integrating both sides, we get f (x) = a · x + C1, where C1 is the integration constant. 270

The last part of the proposition is thus proven, and so is the proposition. 271

8. Optimal binary operations 272

What we do in this section: a reminder. We would like to have a function of two variables 273

which is, in some reasonable sense, the best candidate for the desired universal property 274

– that many basic functions can be represented by superposition of such functions. This 275

property does not seem to depend on the choice of a measuring unit or on a choice of the 276

starting point. 277

To construct such a function, it is reasonable to apply an optimal binary operation 278

to optimal functions of one variable – the ones that we described in the previous section. 279

As planned, to find the optimal binary operations, we will use the above result relating 280

optimality and invariance. 281

Let us find invariant binary operations. To describe what we mean by invariant binary 282

operations, let us recall the difference between invariance proper and covariance. 283

Definition 5. By a binary operation (or simply operation, for short), we mean a differentiable 284

function of two variables f (y1, y2). 285

• We say that an operation f (y1, y2) is shift-invariant if for all C and for all y1 and y2, we have 286

f (y1 + C, y2 + C) = f (y1, y2). 287

• We say that an operation f (y1, y2) is shift-covariant if for all C and for all y1 and y2, we 288

have f (y1 + C, y2 + C) = f (y1, y2) + C. 289

• We say that an operation f (y1, y2) is scale-invariant if for all C > 0 and for all y1 and y2, 290

we have f (C · y1, C · y2) = f (y1, y2). 291

• We say that an operation f (y1, y2) is scale-covariant if for all C > 0 and for all y1 and y2, 292

we have f (C · y1, C · y2) = C · f (y1, y2). 293

Discussion. We want our binary operation f (y1, y2) to be both shift- and scale-invariant. 294

According to Definition 5, each of these two invariances can be interpreted in two different 295

ways. So, we get 2 · 2 = 4 possible interpretations of the need to have both invariances. The 296

following proposition describes what happens if we combine for all interpretations. 297

Proposition 3. 298

• The only shift-invariant and scale-invariant binary operations are constants f (y1, y2) = 299

const. 300

• The only shift-invariant and scale-covariant binary operations are

f (y1, y2) = C · (y1 − y2)

for some constant C. 301

• No binary operation is shift-covariant and scale-invariant. 302

• The only shift-covariant and scale-covariant binary operations are

f (y1, y2) = C · y1 + (1 − C) · y2,

for some constant C. 303

Comment. It is worth mentioning that for the values C between 0 and 1, the last binary 304

operation – known as Hurwicz combination after the Nobel prize winner who invented it – 305

is exactly what decision theory recommends to use as a utility of an alternative if all we 306

know is that the actual utility is locates somewhere between y1 and y2; see, e.g., [4–6]. 307
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Proof of Proposition 3. 308

1◦. Let us first consider the case of shift-invaraince and scale-invarience. It is easy to check 309

that constants are both shift-invariant and scale-invariant. So, to prove this part of the 310

proposition, we need to prove that every shift-invariant and scale-invariance operation is a 311

constant. 312

Indeed, shift-invariance means that we always have f (y1 + C, y2 + C) = f (y1, y2). In 313

particular, for C = −y2, we conclude that f (y1, y2) = f (y1 − y2, 0), i.e., that f (y1, y2) = 314

F(y1 − y2), where we denoted F(y) def
= f (y, 0). Now, for y2 = 0, scale-invariance means 315

that f (C · y1, 0) = f (y1, 0), i.e., that F(C · y1) = F(y1). Now: 316

• for y1 > 0, we can take C = 1/y1 and thus conclude that F(y1) = F(1); 317

• for y1 < 0, we can take C = −1/y1 and thus conclude that F(y1) = F(−1). 318

The function F(y1) is differentiable hence continuous. So: 319

• when we take y1 > 0 and y1 → 0, we conclude that, in the limit, that F(0) = F(1); 320

• when we take y1 < 0 and y1 → 0, we conclude that, in the limit, that F(0) = F(−1). 321

Since both F(1) and F(−1) are equal to the same number F(0), they are thus equal, so 322

F(y1) = F(1) for all y1. So, the value f (y1, y2) = F(y1 − y2) is also always equal to the 323

constant F(1). The first part of Proposition 3 is proven. 324

2◦. Let us now consider the case of shift-invaraince and scale-covarience. It is easy to check 325

that each operation C · (y1 − y2) is both shift-invariant and scale-covariant. So, to prove 326

this part of the proposition, we need to prove that every shift-invariant and scale-covariant 327

operation has this form. 328

Similarly to Part 1 of this proof, from shift-invariance, we conclude that f (y1, y2) = 329

F(y1 − y2), where F(y) def
= f (y, 0). For y2 = 0, scale-covariance means that f (C · y1, 0) = 330

C · f (y1, 0), i.e., that F(C · y1) = C · F(y1). Now: 331

• for y1 > 0, we can take C = 1/y1 and thus conclude that F(1) = (1/y1) · F(y1), hence 332

F(y1) = F(1) · y1; 333

• for y1 < 0, we can take C = −1/y1 and thus conclude that F(−1) = (−1/y1) · F(−1), 334

hence F(y1) = −F(−1) · y1. 335

The function F(y1) is differentiable hence continuous, so in the limit, we get F(0) = 0. 336

In particular, the function F(y1) is differentiable for y1 = 0, i.e., we have a limit

F′(0) = lim
y1→0

F(y1)− F(0)
y1

.

• when we take y1 > 0 and y1 → 0, we conclude that, in the limit, that F′(0) = F(1); 337

• when we take y1 < 0 and y1 → 0, we conclude that, in the limit, that F′(0) = −F(−1). 338

Since both F(1) and −F(−1) are equal to the same number F′(0), they are thus equal, so 339

F(y1) = F(1) · y1 for all y1. So, the value f (y1, y2) = F(y1 − y2) = F(1) · (y − y2) has the 340

desired form for C = F(1). The second part of Proposition 3 is proven. 341

3◦. Let us prove, by contradiction, that no operation can be both shift-covariant and scale- 342

invariant. 343

Indeed, let f (y1, y2) be such an operation. For C = −y2, shift-covariance implies 344

that f (y1 − y2, 0) = f (y1, y2)− y2, i.e., that f (y1, y2) = f (y1 − y2, 0) + y2. In particular, 345

f (C · y1, C · y2) = f (C · (y1 − y2), 0) + C · y2. Thus, scale-invariance means that f (C · (y1 − 346

y2), 0) + C · y2 = f (y1 − y2, 0) + y2. In particular, for y1 = y2 + 1, we get y1 − y2 = 1, 347

so f (C, 0) + C · y2 = f (1, 0) + y2, i.e., equivalently, f (C, 0)− f (1, 0) = (1 − C) · y2. For 348

C = 0.5, this implies that f (0.5, 0)− f (1, 0) = 0.5 · y2, i.e., y2 = 2 · ( f (0.5, 0)− f (1, 0)). This 349

must be true fo all y2, but if we take a value y2 which is different from the right-hand side, 350

this equality is no longer true. So, the assumption that such an operation is possible leads 351

to a contradiction. The third part of the proposition is also proven. 352
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4◦. Finally, let us consider the case of shift-covaraince and scale-covarience. It is easy to 353

check that all the operations C · y1 + (1−C) · y2 are both shift-covariant and scale-covariant. 354

So, to prove this part of the proposition, we need to prove that every shift-covariant and 355

scale-covariant operation has this form. 356

Indeed, similarly to Part 3 of this proof, shift-covariance implies that

f (y1, y2) = f (y1 − y2, 0) + y2.

For this expression, scale-covariance leads to f (C · (y1 − y2), 0) +C · y2 = C · f (y1 − y2, 0) +
C · y2. Subtracting C · y2 from both sides, we conclude that F(C · (y1 − y2)) = C · F(y1 − y2),

where we denoted F(y) def
= f (y, 0). From Part 2 of this proof, we know that this implies that

F(y) = C · y for some constant C. Thus,

f (y1 − y2) = F(y1 − y2) + y2 = C · (y1 − y2) + y2 = C · y1 + (1 − C) · y2.

This part is also proven, and so is the proposition. 357

9. Let us apply optimal binary operations to optimal functions of one variable: this 358

explains the success of Exp-Minus-Log 359

We want to get an optimal function of two variables by applying an optimal binary 360

operation f (y1, y2) to two optimal functions f1(x1) and f2(x2), resulting in g(x1, x2) = 361

f ( f1(x1), f2(x2)). Which operation should we apply and to which functions of one variable? 362

Applying a constant operation does not make any sense: we just get a constant 363

function g(x1, x2) = const based on which we cannot compute anything. So, we are left 364

with subtraction and Hurwicz combination. Maybe Hurwicz combination will also work, 365

but clearly, subtraction is, from the computational viewpoint, the simplest of the two. 366

To which of the optimal functions of one variables should we apply our binary opera- 367

tion? In line with the above result relating optimality with invariance, optimality implies 368

that we want a function that is both scale- and shift-invariant. In this requirement both 369

scale- and shift-invariances appear in a similar way, so it makes sense to select a pair of 370

optimal functions of one variable in such a way that this pair will be invariant with respect 371

to swapping scale- and shift-invariance. One can see that there are only two such pairs: 372

• if we pick one of the functions to be shift-invariant under shifts of the input, the second 373

function should be scale-invariant with respect to scaling of the input; for this pair, we 374

need to combine x and xα; 375

• similarly, if we pick one of the functions to be scale-invariant under shift of the input, 376

the second function should be shift-invariant with respect to scaling of the input; for 377

this pair, we need to combine exp(x) and ln(x). 378

From the commonsense viewpoint, the second options looks more promising, since: 379

• in the first pair, one of the function is the identity f1(x1) = x1 (or a simple linear 380

function), while 381

• in the second pair, both functions are non-trivial. 382

We can apply each of the two optimal binary operations – difference and Hurwicz 383

combination – to each of these two pairs. We thus get 2 · 2 = 4 possible functions of two 384

variables. Out of these four, if we apply the simplest optimal binary operation to the most 385

promising pair of optimal functions of one variable, we get exactly the desired function 386

exp(x)− ln(y). So, we have indeed provided some explanation of this function’s success. 387

10. Conclusions 388

In many practical situations, having a universal tool is more efficient that having 389

many specialized tools. This is true in many application areas, in particular, this is true in 390

computing. For example, the fact that all possible Boolean operations can be performed 391

if we only have a single type of gates – NAND gates – made computer design much 392

more efficient. In contrast to hardware, for software we still have a lot of independently 393
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supported operations: arithmetic operations, special functions like sin(x) and exp(x), and 394

different special constants like e and π. A recent breakthrough paper has shown that, in 395

principle, all these operations can be performed if we implement only one binary operation – 396

the function exp(x)− ln(y) known as eml. This results can potentially lead to more efficient 397

computations – and thus, to a drastic speed up of many computations. Faster computations 398

will, in their turn, enable us to solve more complex problems – problems that now require 399

too much computation time to be practically solvable. 400

The function elm(x, y) = exp(x) − ln(y) elm is not the only one with the above 401

universal property, several others have been proposed. Of the ones that have been proposed, 402

elm is the simplest (and thus, the fastest). However, without a theoretical analysis we 403

cannot be sure that some other – yet untested – universal function will work even better. 404

In this paper, we use the symmetry technique – common in physics and in many other 405

applications – to show that, in some reasonable sense, eml is indeed the optimal function. 406

This results provides an additional encouragement for plans of designing promising elm- 407

based computational devices. 408
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