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Abstract Reliable uncertainty estimation is essential for trustworthy artificial in-
telligence, particularly in safety-critical applications such as medical imaging and
clinical decision support. Interval neural networks provide mathematically guaran-
teed output bounds by propagating interval-valued inputs through neural network
layers. However, interval propagation often suffers from severe overestimation, es-
pecially when evaluating nonlinear activation functions, causing uncertainty bounds
to widen rapidly as information propagates through the network.
This work investigates certified polynomial approximations and partitioning as a
mechanism for reducing interval overestimation. Given an activation function over
a bounded domain, minimax polynomial approximations are generated using the
Sollya framework together with certified uniform error bounds. These approxi-
mations produce guaranteed interval enclosures while avoiding direct interval eval-
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uation of nonlinear activation functions.
To further improve enclosure tightness, the input domain is partitioned into local
subintervals and independent certified polynomial approximations are constructed
for each partition. Preliminary experiments on the tanh and sigmoid activation func-
tions demonstrate substantially tighter interval enclosures than global polynomial
approximations while preserving mathematical guarantees.
Although the present study focuses on activation functions, the proposed methodol-
ogy constitutes a fundamental building block toward reliable uncertainty propaga-
tion in interval neural networks for trustworthy clinical artificial intelligence.

1 Introduction

Artificial intelligence has become increasingly integrated into healthcare applica-
tions including medical image analysis, disease diagnosis, prognosis, and clinical
decision support. While modern deep learning models often achieve remarkable
predictive performance, they frequently provide overconfident prediction. This lim-
itation has motivated growing interest in trustworthy artificial intelligence methods
capable of quantifying predictive uncertainty alongside model predictions.

One mathematically rigorous framework for uncertainty representation is interval
analysis. Rather than propagating single numerical values, interval methods propa-
gate sets of possible values through every computational operation, producing guar-
anteed enclosures of all feasible outputs. Such guarantees are particularly attractive
for safety-critical domains, where understanding the range of plausible predictions
may be as important as the prediction itself.

Clinical decision-making naturally relies on reasoning under uncertainty. Physi-
cians rarely interpret laboratory values, imaging measurements, or physiological
variables as exact quantities; instead, they reason within acceptable ranges while ac-
counting for measurement variability, observer dependence, and biological hetero-
geneity. In medical imaging, for example, anatomical landmarks may vary between
operators, image quality may be suboptimal, and patient-specific factors introduce
additional uncertainty. Consequently, AI systems intended to support clinical deci-
sions should not only provide predictions but also communicate how reliable those
predictions are. Mathematical frameworks capable of propagating uncertainty while
preserving rigorous guarantees therefore represent an attractive direction for trust-
worthy clinical AI.

Interval neural networks extend this principle to deep learning by representing
neuron activations as intervals and propagating uncertainty throughout successive
network layers. Unfortunately, interval arithmetic is well known to suffer from
overestimation [10]. Dependency effects and repeated nonlinear operations progres-
sively enlarge interval widths, often producing uncertainty bounds that become too
conservative to remain practically informative.

Among the principal contributors to this phenomenon are nonlinear activation
functions. Smooth nonlinearities such as tanh and sigmoid introduce curvature that
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significantly amplifies interval widening. Even for moderate input domains, direct
interval evaluation can produce enclosures substantially wider than the true func-
tion range. Since activation functions are evaluated throughout every hidden layer,
these local overestimations accumulate and may eventually dominate the uncer-
tainty propagated by the entire network.

Several approaches have been proposed to approximate nonlinear functions while
preserving mathematical guarantees. Polynomial approximations are particularly at-
tractive because polynomial evaluation behaves considerably better under interval
arithmetic than direct evaluation of transcendental functions [9]. Moreover, mini-
max approximations computed in the supremum norm provide nearly optimal uni-
form approximations over bounded intervals.

In this work we investigate certified polynomial approximations generated with
the Sollya framework [4, 12]. For each activation function, Sollya computes
minimax polynomial approximations using the Remez algorithm [1] together with
certified uniform approximation errors obtained through the dirtyinfnorm al-
gorithm [3]. These certified error bounds guarantee that the true function remains
enclosed within the polynomial approximation expanded by a rigorously computed
error interval [5].

Beyond global polynomial approximation, we propose partitioning the approx-
imation domain into multiple subintervals and constructing independent certified
approximations over each partition. Because each local polynomial is optimized
over a smaller domain, approximation errors decrease substantially, yielding tighter
certified interval enclosures while preserving rigorous correctness guarantees.

Although this study focuses on activation functions rather than complete neural
network architectures, activation evaluation represents one of the primary sources
of interval overestimation during forward propagation. Consequently, improving
activation enclosures constitutes an important step toward scalable interval neural
networks capable of providing reliable uncertainty estimates for medical imaging,
computer-aided diagnosis, and other trustworthy clinical AI applications.

The main contributions of this work are:

• formulation of certified minimax polynomial approximations for interval evalu-
ation of smooth activation functions;

• a partitioning strategy that further tightens certified interval enclosures through
local polynomial approximation;

• experimental evaluation on tanh and sigmoid activation functions demonstrating
substantial reductions in interval overestimation;

• discussion of how these techniques can serve as building blocks for future inter-
val neural networks applied to trustworthy medical artificial intelligence.

2 Background & Related Work

Interval arithmetic provides mathematically rigorous enclosures for numerical com-
putations and has been extensively studied for reliable scientific computing and un-
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certainty propagation [10]. Although interval methods guarantee that the exact so-
lution remains enclosed, repeated interval operations often introduce dependency
effects that produce significant overestimation.

Several approaches have been proposed to reduce interval overestimation, in-
cluding affine arithmetic, Taylor models, constraint propagation, and polynomial
approximations. Among these alternatives, certified polynomial approximations are
interesting because polynomial evaluation is computationally efficient while main-
taining rigorous mathematical guarantees.

The Sollya framework provides a mature environment for constructing mini-
max polynomial approximations of elementary functions and has served as one of
the foundations for automatic mathematical function code generators such as Met-
alibm [4, 7]. Polynomial coefficients are computed using implementations of the
Remez algorithm [1], while certified approximation errors are estimated using the
dirtyinfnorm algorithm [3]. These capabilities have made Sollya an impor-
tant component in the development of correctly rounded mathematical libraries and
numerical software.

Domain splitting has previously been investigated for improving polynomial ap-
proximations by constructing independent approximations over smaller intervals
rather than using a single global polynomial [8]. Since local approximations are
computed over reduced domains, they typically achieve smaller approximation er-
rors than a single global polynomial of the same degree.

Although interval neural networks have received increasing attention for uncertainty-
aware machine learning, relatively little work has focused on reducing overestima-
tion introduced by nonlinear activation functions through certified approximation
techniques. The present work investigates this problem and studies how certified
local polynomial approximations may serve as building blocks for reliable interval
neural network propagation.

3 Theoretical Backbone

3.1 Baseline: Interval Overestimation

Let f : [a,b]→R be a function. If f is continuous for all x ∈ [a,b], where x ∈R, then
a standard result from interval analysis states that the exact range of f over [a,b] is
given by [10]

f ([a,b]) =

[
inf

x∈[a,b]
f (x), sup

x∈[a,b]
f (x)

]
.

In practice, interval arithmetic produces an enclosure that contains this range, but
may be wider due to dependency effects and nonlinearities. This gap is referred to
as overestimation.
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When interval computations are repeatedly applied throughout multiple neural-
network layers, this widening accumulates, producing uncertainty bounds that may
become substantially larger than the true output uncertainty.

3.2 Polynomial-Based Interval Enclosure

Let f : [a,b]→ R be a function and Pn(x) be a polynomial such that

| f (x)−Pn(x)| ≤ ε for all x ∈ [a,b].

By standard interval enclosure arguments [10], the range of f over [a,b] satisfies

f ([a,b])⊆ [minPn([a,b])− ε, maxPn([a,b])+ ε] .

Instead of directly evaluating the nonlinear activation function under interval
arithmetic, we evaluate its polynomial approximation and expand the resulting inter-
val by by a known error bound. The resulting interval remains guaranteed to contain
the true function values while often being substantially tighter than direct interval
evaluation.

3.3 Partitioned Approximation

This partitioning strategy follows the idea by Kupriianova and Lauter [8] of piece-
wise polynomial approximation, where dividing the domain into subintervals re-
duces approximation error compared to global polynomial approximations as pro-
posed by Burden and Faires [2].

We partition the interval [a,b] into smaller subintervals (e.g., [a1,b1], [a2,b2],
[a3,b3]).

For each subinterval, we compute a polynomial approximation pi(x) with an
associated error bound εi, such that

| f (x)− pi(x)| ≤ εi for all x ∈ [ai,bi].

This yields a guaranteed enclosure on each subinterval:

f ([ai,bi])⊆ [inf pi([ai,bi])− εi, sup pi([ai,bi])+ εi] .

The overall bound over [a,b] is obtained by taking the smallest interval that con-
tains all subinterval bounds. In practice, this corresponds to taking the minimum of
all lower bounds and the maximum of all upper bounds:

f ([a,b])⊆
[

min
i
(inf pi([ai,bi])− εi) , max

i
(sup pi([ai,bi])+ εi)

]
.
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Each subinterval provides a tight local bound, and the final enclosure is obtained
by covering all these local bounds with a single interval.

4 Proposed Methodology

The goal of the proposed methodology is to reduce interval overestimation produced
during the evaluation of nonlinear activation functions while preserving mathemat-
ically certified bounds. Rather than evaluating transcendental activation functions
directly through interval arithmetic, we replace each activation evaluation with a
certified polynomial enclosure. The proposed workflow consists of the following
steps:

1. Select an activation function f (x) and an input interval [a,b].
2. Compute a global degree-5 minimax polynomial approximation using the remez

algorithm.
3. Compute the certified uniform approximation error using the dirtyinfnorm

routine.
4. Evaluate the polynomial over the interval and enlarge the resulting enclosure by

the certified error.
5. Partition the input domain into three subintervals.
6. Repeat the polynomial approximation and error certification independently on

each subinterval.
7. Merge the local certified enclosures into the final interval enclosure.
8. Compare the resulting interval width against the global polynomial enclosure and

the true function range.

Although the present work evaluates activation functions independently, the pro-
posed procedure is intended as a modular component of interval neural-network in-
ference. During forward propagation, each nonlinear activation could be replaced by
its corresponding certified polynomial enclosure, allowing uncertainty to propagate
through the network with substantially reduced interval overestimation. This capa-
bility is particularly relevant for trustworthy medical AI, where reliable uncertainty
estimates are desirable for clinical decision support and medical image analysis.

5 Results

We evaluate the proposed interval tightening approach on the tanh and sigmoid ac-
tivation functions over the domain [−2,2] with polynomials of degree 5. Degree-5
polynomials were selected as a compromise between approximation accuracy and
polynomial complexity. Lower-degree approximations produced noticeably larger
approximation errors, while higher-degree approximations did not significantly im-
prove enclosure tightness for the considered intervals. Then, three subintervals were
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selected to capture the main curvature variations of the activation functions over
[−2,2] while maintaining low partition complexity.

For tanh, a global degree-5 minimax polynomial approximation produces a
highly conservative enclosure of approximately [−4.306, 4.306], while the actual
function range is [−0.964, 0.964]. By partitioning the domain into three subinter-
vals and constructing local minimax polynomial approximations using Sollya, we
obtain a significantly tighter certified enclosure of approximately [−1.378, 1.378].
The absolute approximation error remains below 4× 10−4 across all subintervals
and reaches values as low as 10−6 in flatter regions.

Additionally, we evaluate the sigmoid activation function. A global degree-5 ap-
proximation produces an enclosure of approximately [−0.189, 1.189], while the
actual function range is [0.119, 0.881]. Using the same partitioning strategy yields
a substantially tighter enclosure of approximately [0.066, 0.934].

These experiments show that local certified polynomial approximations signifi-
cantly reduce interval overestimation for activation functions.

Table 1 Comparison of global and partitioned polynomial enclosures.

Function Method Enclosure True Range
tanh Global deg-5 [−4.306, 4.306] [−0.964, 0.964]

Partitioned [−1.378, 1.378]
Sigmoid Global deg-5 [−0.189, 1.189] [0.119, 0.881]

Partitioned [0.066, 0.934]

6 Discussion

The experiments demonstrate that certified polynomial approximations substantially
reduce interval overestimation while preserving guaranteed bounds. Local approx-
imations over subintervals improve enclosure tightness by adapting to variations in
function curvature.

Approximation quality varies across the domain. Regions near the origin, where
tanh exhibits stronger curvature, require larger error bounds than flatter outer re-
gions, suggesting that adaptive partitioning strategies may further improve perfor-
mance.

Preliminary experiments with non-smooth activations such as ReLU and ELU re-
vealed limitations of direct minimax approximation using Sollya. Because these
activations are piecewise-defined and not globally smooth, polynomial approxima-
tions become less stable near transition points.

Floating-point rounding is also important in reliable numerical computation. Re-
cent efforts such as the CORE-MATH project further illustrate the continuing im-
portance of correctly rounded elementary functions for reliable scientific software
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[11], although detailed rounding-error propagation analysis is outside the scope of
the present work.

Overall, the proposed framework provides a theoretically grounded approach for
reliable uncertainty propagation in interval neural networks.
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