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Abstract A significant amount of computations process data. Most of this data
comes either from measurements, or from the results of some previous processing
of measurement results. Measurement are not absolutely accurate: the measurement
results are, in general, different from the actual (unknown) values of the correspond-
ing quantities. It is therefore important to analyze how this difference affects the
results of data processing. In particular, since a large number of data processing is
currently performed by neural networks, it is important for provide this analysis for
neural-based data processing — and techniques are known for this analysis. These
techniques have been designed for deep neural networks, in which the activation
function is fixed — and training means adjusting the weights which with inputs enter
into a neuron. Experiments has shown that in many situations, it is advantageous to
use different activation functions for different neuron — and to use training to select
an appropriate activation function for each neuron. Such neural networks are known
as Kolmogorov-Arnold networks. In this paper, we provide uncertainty propagation
techniques for such networks.

1 Formulation of the problem

Traditional neural networks: a brief reminder. Neural networks are currently
used to process data, i.e., to transform the input values xj ...,x, into the desired
outputy = f(x1,...,x,). A general neural network if formed by neurons, i.e., devices
that transform values zj,.. .,z into the new value z=s(wo+wj 21 + ... +Wi - 2Zm)
for some numbers wg, w1, ..., wy,. Here, s(z) is a nonlinear function known as the
activation function. Some neurons take, as inputs, the original inputs xy, ..., x,, other
neurons take, as inputs, the values generated by some other neurons. One of the
neuron produces the value y.

In a traditional neural network, usually all the neurons use the same activation
function. Sometimes, several neurons use different activation functions — but still,
for each neuron, the activation function is fixed. In this case, the only thing that we
can change to compute different functions y = f(x1,...,x,) are the weights w; corre-
sponding to different neurons. To find the proper weights, neural networks use a spe-
cial iterative backpropagation algorithm that implements gradient descent. Namely,
on each iteration, each weight wy is updated by using the following gradient descent

formula:
next __ . previous aJ

Wk k “owe
where o > 0 is some appropriate constant — that changes from iteration to iteration
—and J is the objective function that describes how close the result yyy of applying
a neural network is to the desired value y. The simplest such objective function is
J = (ynv—y)%

From traditional neural networks to Kolmogorov-Arnold networks (KAN).
The efficiency of a neural network strongly depends on the selection of the ac-
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tivation function. Empirically, in general, the so-called ReLLU activation function
s(z) = max(0,z) works the best, but for some specific classes of problems, other
activation functions work better.

As of now, researchers and practitioners use trial-and-error to find the best activa-
tion function for their class of problems. A natural idea is to automate this process,
i.e., to consider a whole family of activation functions, e.g., the family consisting of
the functions

s(z) =ci-e1(2)+...+cpep(a), (1)

where the basis functions e;(z) are fixed, and the coefficient c; are selected based
on a similar gradient descent approach; see, e.g., [1, 2, 3]. Such neural networks are
known as Kolmogorov-Arnold networks (KAN, for short), in honor of two mathe-
maticians who proved that every continuous function can be represented as a super-
position of addition and functions of one variable — exactly what neural networks
are doing.

The same back-propagation version of gradient descent can be used to find the
values of the coefficients c; x:

cnext_ previous aJ
Jk Jjik TCj,k.

For KAN networks, it is possible to simplify computations. At first glance, train-
ing a KAN network is more complicated than training a traditional neural networks.
Indeed, now, in addition to the weights wy, we also need to find the coefficients
c;k. However, it is possible to simplify the corresponding computations by using
the following alternative representation of the computations performed by KAN.

Indeed, the transformation performed by each neuron can be viewed as a com-
position of two transformations:

* first, we compute a linear combination zo = wo +wy - 21 + ...+ Wy, - Zm, and
* then, we apply the activation function s(.) to this linear combination, resulting in
z=s(20).

From this viewpoint, we can view the neural network as consisting of inter-changing
layers: a linear (L) layer (that computes a linear combination is followed by a non-
linear (NL) layer that applies a nonlinear function of one variable. Each L layer is
followed by a NL layer, and each NL later is followed by a L layer — until we come
to the layer that produces the computation results.

In the traditional neural networks, usually, we combine each L later with the
following NL layer. This combined pair of layers computes first the expression zg =
wo+ w21 + ...+ Wy - Zm, and then the value z=s(wo+wi-z1 + ... +Wp - 2m) —
which is exactly what is usually understood by a neuron. This combination is just a
matter of convenience, both L and NL computations are computed anyway.

Alternatively, we can combine the L and NL layers into pairs differently: namely,
we can combine each NL layer with the following L layer. In this case, first, the
NL layer computes the values 7; = s;(¢;), and then the L layer computes a linear
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combination of these results:
Z=wo+wi-H+...+Wy b =wo+wp -S1(Z1)—|—...+Wm 'Sm(Zm)-

If we take into account that each activation functions s;(¢;) is a linear combination
(1) of basic functions, then we get

m

)4
z=wo+ Y wi- Y cjk-ex(z)),
s =

ie.,

m p
z=wot+ Y, Y wjcjuelz).
j=lk=1

N . . . def def def
We can simplify this expression by denoting C; x =wj-c ik Cio = wo, and eg(z) =

1. With these notations, the transformation performed by the pair of NL and L layers
takes the following form:

= i Zp: Cix-ex(z))- (2)

j=1k=0
Thus, we only need to train the coefficients Cj .

Need to take uncertainty propagation into account. Once a neural network is
trained, it is used to process data, i.e., to compute the desired values y = f(x1,...,x,)
based on the inputs x1,...,x,. For example, in geophysical applications, data pro-
cessing may take the results x1,...,x, of different measurements — seismic, mag-
netic, gravitational, etc. — and return the estimate for the amount of oil in a given
area. Measurement are never absolute accurate: the measurement result X; is, in gen-
eral, somewhat different from the actual (unknown) value x; of the corresponding

. . def ~ . .
quantity. The difference Ax; = X; — x; is known as the measurement uncertainty

or, alternatively, measurement error. Because of the measurement errors, the result
~def

y = f(X1,...,X,) of applying the algorithm to the measurement results is, in general,
somewhat different from the value y = F(x1,...,x,) that we would get if we knew
the exact values xi,...,x,.

In practical application, it is important to know how big is the difference Ay def
y —y between these two numbers. For example, if our estimate for the amount of
oil is y = 100 million tons, and Ay is smaller than 20, this means that we have at
least 100 — 20 = 80 million tons — so the company can start exploration. However,
if the inaccuracy is 100 = 150 this means that maybe there is no oil at all — so it is
desirable to perform additional measurements before making serious investments.

How propagating uncertainty is usually done. From the definition of the mea-
surement errors Ax;, we can conclude that x; = X; — Ax;. Thus, y = f(x1,...,x,) =
f(fl — Ax1 yan ,fn — Axn), and
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Ay=y—y=f(X1,...,%) — f(X1 —Ax1,..., Xy — Axy). (3)

Measurements are usually reasonably accurate, thus the measurement errors are usu-
ally much smaller that the actual values: |Ax;| < |x;|. Since the values Ax; are small,
we can expand the expression (3) in Taylor series in terms of Ax; and keep only a
few terms in this expansion.

Actually, we can already safely ignore quadratic terms: even if the accuracy is
not so high, e.g., 10%, the square of 10% is 1% which is much much smaller. Thus,
we get the following simplifies expression:

Ay = idi'Axia
i=1

where we denoted
def Of
di= — .
OXi ¢, =51 ...t
This expression enables us to use information about the measurement errors Ax; to
get information about Ay.

Usually, the following two typical situations are considered. In the first situa-
tions, we assume that the mean value of each measurement error is 0 — this makes
sense, since if it is now zero, we can simply subtract this mean value from all the
measurement results and get it 0. We also assumed that all the measurement errors
are independent — which is also usually the case — and that we know the standard
deviation o; of each measurement error. In this case, the mean value of Ay is also 0,
and its standard deviation o takes the following form:

n
o’=Y d} o} (4)
i=1

Another case is when all we know about each measurement error Ax; is the upper
bound A; on its absolute value: |[Ax;| < A;. In this case, one can show that the only
conclusion we can make about Ay is that it is located somewhere on the interval
[—A,A], where

A=) |di|-A. (5)
i=

In both cases, we need to know the partial derivatives c;. In some cases, the
function f(xp,...,x,) is described by a simple expression. For example, if we use
Ohm’s law V =1 -R with x; =1, x, = R, and y =V, then we have f(x|,x;) =
x1-x2. In such cases, we can simply differentiate this expression, and get the desired
derivatives.

Unfortunately, in many other situations, we do not have such an explicit expres-
sion — and this is exactly the case with data processing performed by neural net-
works. In such cases, one of the usual ways to estimate the partial derivatives is to
use the fact that each derivative is the limit of the corresponding ratios
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S X, X R X, X)) =Y
¢; = lim ,
h—0 h

and thus, for sufficiently small 4, can be approximated by such a ratio:

f(fh”'7-%}717-%}—"_}17-%}4»17"'7;")_y
h .

Ci =

Another usual way to compute o is to use Monte-Carlo simulations, i.e., to generate,
fork=1,...,K, the values xl(k) = X; + 1;, where each 7); is normally distributed with

mean 0 and standard deviation o;, compute y(k) =f (xﬁk), .. ,x5k>), and then estimate
o as
SRR DN R
ol=—-Y 0" -y
k=1

Why this does not work well for neural computations. The main limitation of
the usual approach is that it is very time-consuming. If we use numerical differen-
tiation, then we need to call the method for computing the value f(xi,...,x,) n+ 1
times: first, to compute the value y = f(xy,...,X,), and then n times to compute n
values f(X1,...,X—1,% +h,Xit1,...,%,) corresponding to i = 1,...,n. For large n,
this means increasing the overall computation time by a factor of n+ 1. For n = 20,
this would mean that estimating the uncertainty of the result y would take 20 times
longer than computing this result y; this is too much.

If we Monte-Carlo approach with K iteration, then we need to call the method f
as many as K + 1 times, where the value K is determined based on the fact that the
accuracy of this approach is 1/v/K; see, e.g., [6]. To get a reasonable accuracy 20%
in estimating the uncertainty, we need K = 25 — so we need to spend 25 times more
time to estimate the uncertainty of the result than to estimate the result itself.

So what can we do? For the usual deep neural networks, it turned out that we can
use the fact that when we train a neural network, we compute some derivatives.
These are not exactly the same derivatives that we need, but it turns out that we can
actually compute the desired derivatives based on the back-propagation ones; see,
e.g., [4, 5]. This means that we can compute all the values c¢; — and thus, the desired
values 0 and A — by simply adding a single backpropagation step to the original
computations, i.e., crudely speaking, by only doubling the computation time.

In this paper, we show that a similar idea can be applied for KAN networks as
well.

2 Analysis of the problem and the resulting solution

What we want and what we have. As we have mentioned in the previous section,
what we have after training are the partial derivatives of the training’s objective
function J over the coefficients:
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aJ
ICjx’
What we want are the derivatives of y with respect to the unknown x;:

dy
ax,' '

So, the question is how can we compute the desired derivatives based on the known
ones.

Similar to the case of usual neural networks, let us consider the first layer. The
very first layer is when the neuron directly process the inputs xi,...,x,. For each
neuron ¢ from this layer, the resulting signal takes the form

P
Z Lik* ek -xl

Due to the chain rule, the partial derivative of y with respect to x; has the form

HM:

dy dyy

v (¥ oo
axl Z aYZ . a-x[ B ;Tyk ' (kZOCAiTk'ek(XZ)> 7 (6)

where ¢’ (x;), as usual, means the derivative of the function. We know the coefficients
Cy ik, we can easily compute the values e}c (x;). Thus, to find the desired derivatives
of y with respect to x;, we need to compute the partial derivatives of y with respect
to yy.

To find these derivatives, let us recall that from the training, we know, for some
io and ko, the following derivative:

o] o] dy _ dJ

=5 = = - ep, (i, )-
Crivky OVe 9ICiigky  IVe o (%)

Thus,
a1 a7

Y - 7
Iy exy(¥i) 9Crivko )

So, we can compute the derivative of J with respect to y,. What we want is the
derivatives of y with respect to y,. To find this derivative, let us recall that the only
way J depends on y, is through the dependence of y on y,, and that the objective
function J depends on y the known way. Thus,

1105 ko

o _os oy
dy; dy dyi

n (@)
dyy dy Ay,

Therefore,
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Substituting (4) into this formula, we conclude that

8y_<8f>].1.8f ®)
Ay, dy ery (%ip) 9Crigk

Substituting the expression (8) into the formula (6), we get the expression for the
desired partial derivative of y with respect to x;:

dy <aJ ) - aJ L .
di=s-=\|5-] - D% : Crig-er(xi) | - 9
axl ay €k0 (xlo) X/: aC£7i07k0 = /, k ek('x ) ( )

Resulting algorithm. For each inputs x,...,x,, to find the uncertainty of the re-
sults of KAN computations, after the computation, we perform a part of a back-
propagation step — namely, we compute the partial derivatives without actually
changing the coefficients. Once we compute these derivatives, we then take the
derivative corresponding to the first layer, and compute the values (9), where the
sum is over all neurons / in this layer.

Then, depending on whether know the standard deviations o; of the inputs or the
upper bounds A; on the inputs’ uncertainty, we:

e use the formula (4) to compute the standard deviation ¢ of the result of data
processing, or

¢ use the formula (5) to compute the strict upper bound A on the uncertainty of the
result of data processing.

3 What if we cannot add the backpropagation step

Possible problem with the proposed solution. The proposed solution requires that
for KAN-based computations, to estimate the uncertainty of the computation result,
we need to supplement the usual “forward” computational process, when we go
layer-by-layer from the inputs xi,...,x, to the final result y, with one iteration of
the “backward” process — back-propagation, when we go backwards layer by layer
to compute the corresponding derivatives.

If we use this method, then the computation time increases by (at least) a factor of
2. In some computations, on the edge of computer abilities, it may not be possible to
double computations time. For these situations, we need to come up with alternative
methods that would not increase the computation time. In this section, we describe
such methods.

Main idea. The reason why in the proposed method, we double the computation
time, is that we need to compute the values d; based on which we compute ¢ or
A (by using the formula (4) and (5)). These values are, in general, different for
different inputs.
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Since we do not have time to compute the exact values d;, a natural idea is to have
some bounds on these values — and thus, on the corresponding value A and o. For
this purpose, we can use a usual statistics approach; see, e.g., [6]: namely, we can
view d; as random variables varying depending on the inputs. It makes sense to as-
sume that, in general, these random variables are independent. From this viewpoint,
according to the formulas (4) and (5), the expressions for 62 and A are the sum of
a large number of relatively small independent variables. In this case, according to
the Central Limit Theorem (see, e.g., [6]), the resulting distributions for A and o2
are close to Gaussian. A Gaussian distribution is uniquely determined by its mean
m and standard deviation s, and, with some confidence, we can conclude that the
actual value of the resulting variable is bounded by m + kg - s, where:

» for ko, we get confidence 95%;
e for kp = 3, we get confidence 99.9%;
+ for ko = 6, we get confidence 1 — 1078.

The values m and s can be estimates based on the values d; computed during the
training of the neural network. Computing these values practically does not require
any additional computation time, since, by using the formula (9), we can easily
compute these values based on the partial derivatives that are actually computed
during the back-propagation step. Of course, for these computations, we need to
only consider the values corresponding to the last iteration of the training process,
when the KAN is already trained to compute the desired function y = f(x1,...,x,).

How to implement this idea: a general comment. In general, for the sum 1 =
N1+ ...+ M, of n independent random variables, its mean value E[n] is the sum of
the mean values E[n] = E[n1]+ ...+ E[n,], and its variance V[n] is equal to the
sum of variances. So, from the equations (4) and (5), we conclude that:

E[0? = Y Eld?) o7, V[e?] =Y VId] o}, (10)
i=1 i=1
E[A]= Y E[ld]- &, VIA]=Y V]di]-42. (1)

i=1 i=1
Thus, we arrive at the following algorithm.

How to implement this idea: case of random errors. During the last stages of
the training of KAN, we use the technique for the previous section to transform the
derivatives computed during back-propagation into the partial derivatives dy, ... ,d,.
As aresult, for each i, we get a sample of values d; corresponding to different inputs.
Based on this sample, we compute the sample mean E [dﬂ and sample variance
v[d?.

Then, when training is over, when we use KAN to process the inputs x; with
known uncertainties A;, we conclude that with the level of confidence depending on

our choice of ko, we have o < \/E[GQ] +ko-+/V[o?], where E[c?] and V[c?] are
computed by using the formula (10).
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How to implement this idea: case of interval uncertainty. During the last stages of
the training of KAN, we use the technique for the previous section to transform the
derivatives computed during back-propagation into the partial derivatives dy, ... ,d,.
As aresult, for each i, we get a sample of values d; corresponding to different inputs.
Based on this sample, we compute the sample mean E[|d;|] and sample variance
Vldil].

Then, when training is over, when we use KAN to process the inputs x; with
known uncertainties A;, we conclude that with the level of confidence depending
on our choice of ky, we have A < E[A]+ kg - /V[A], where E[A] and V[A] are
computed by using the formula (11).

Comment. What if the KAN is already trained, and the derivatives were not recorded
during training? In this case, we can perform a few additional training steps and thus,
get the desired sample of values d;.
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