Lecture 2: Defuzzification

1 Formulation of the Problem: Reminder

In the previous lecture, we showed how, for each possible value u of control, we
can generate the degree p(u) to which this value is reasonable. As a result, we
get what we called a membership function (or a fuzzy set) p(u).

If we are designing an automatic system, then we need to generate a single
control value u that the system will apply. The process of transforming a fuzzy
set into an exact value is known as defuzzification.

2 Main Idea and the Resulting Formula

In practice, we can only apply finite many values u. From the purely
mathematical viewpoint, there are infinite many real numbers, so in principle,
we have infinitely many control recommendations. However, in practice, we can
only apply control with some accuracy Au: we can turn the knob by 5 degrees,
maybe by 5.2 degrees, but an instruction to turn the knob by 5.234 degrees
makes no sense — the mechanism for turning will not have such an accuracy.

Let us denote the smallest possible value v by w;. Then, the next distin-
guishable value is us = u; + Au, then us = uy + Au, etc., until we reach the
largest possible value u,. For each of these values u; we know the degree p(u;)
to which this value is possible. Based on this information, we must generate
some value .

Idea. We want to make sure that the value @ is close to all possible values u;.
We will denote this closeness by @ & u;.
How can we describe this idea in precise terms?

Towards describing this idea in precise terms. As we have mentioned,
one of the ways to find the value p(z) of each membership function is to have
a poll. If out of N experts, M believe that = satisfies the given property, then
we take u(x) = M/N.

From this viewpoint, each degree u(u;) means that p(u;) = M; /N, where by
M;, we denoted the number of experts who believe that u; is a reasonable control
value. Thus, once we know the degree u(u;), we can conclude that M; = N-pu(u;)
experts believe that u; is a reasonable control value. By bringing together all the
opinions of all the experts, we conclude that we have the following information
about the desired value u:



~ w1 describing the opinion of

gl

e we have the statements ©w ~ uq, ...,
My = N - p(uq) experts;

~ uo describing the opinion of

gl

e we have the statements uw ~ uo, ...,
My = N - pu(ug) experts;

ey

e we have the statements u ~ u,, ..., ¥ &~ u, describing the opinion of
M, = N - pu(uy) experts.

In other words, the tuple
(W, .o U Uy ey Uy ey Uy, W)
should be close to the tuple

(Upy ey U, Uy e ey Uy e ey Uy e e ey Uy )y

in which reach value w; is repeated M; = N - pu(u;) times.

A reasonable idea is to select the value u for which these two tuples are
the closest, i.e., for which the distance between the two tuples is the smallest
possible.

So, how do we defined the distance D(a,b) between the two tuples a =
(al,...,ad) and b = (bl,...,bd)?

How to define the distance between the two tuples: 1-D and 2-D case.
In the 1-D case, when a tuple consists of just one number, the distance d(a, b)
between the two numbers is simply the absolute value of their difference:

D(a,b) = |a — b.

In the 2-D case, when we have a = (a1, a2) and b = (by, ba), we can interpret
these tuples are points in the 2-D space. The distance between these two points
can be determined based on the Pythagoras theorem, according to which in a
right triangle, the square C? of the hypothenuse C is equal to the su A? + B?
of the squares of its sides:

A

This theorem can be used to find the distance D(a,b) between the points
(al,ag) and (bl7 bg):



By the Pythagoras Theorem this distance is equal to

D(CL, b) = \/(bl — a1)2 + (bg — a2)2.

For example, the distance between the points a = (0,1) and b = (3,5) is equal

to
VB2 +(B-1)2=132+42=0+16 =25 =5.

How to define the distance between the two tuples: general case. In
the general multi-dimensional case, we have a similar formula for the distance
between the points a = (a1, ...,aq) and b= (by,...,bg):

D(a,b) = /(a1 — b1)2 + (a2 — b2)2 + ... + (ag — ba)2,

ie.,

DQ(a, b) = (a1 — b1)2 + (CLQ - b2)2 + ...+ (ad — bd)Q.

Let us apply this formula to our problem. We want to find the value u
for which the distance D(a,b) between the tuples

a=(T,...,0T,...,Uy...,Uy..., Q)
and
b= (Ul ey UL, Uy ey Uy ey Upyy e ey Up)

is the smallest possible. Minimizing the distance is equivalent to minimizing its
square D?(a,b), which, according to the above general formula, is equal to

D?*(a,b) = (G —uy)? + ...+ (T —uy)? (repeated N - p(uy) times)+
(T@—uz)* + ...+ (T —uz)? (repeated N - p(usy) times)+

ot
(@ —up)?> + ...+ (T —uy)? (repeated N - pu(uy,) times).



Taking into account that
a+...4+a (btimes) =a-b,
we conclude that
D%*(a,b) = N - p(uy) - (@ —up)? 4+ ...+ N - p(un) - (@ — up)?.

How can we find the value @ that minimizes this expression?

Let us minimize this expression. A convenient way to minimize a function
is to take into account that, according to calculus, when a function attains its
smallest or larger value, its derivative is equal to 0. So, to find the minimum of
the above expression, we can differentiate it with respect to uw and equate the
derivative to 0.

To find the derivative, we need to recall a few rules.

e First, the derivative of the sum is equal to the sum of the derivatives:
(f +9) = f' +¢'. Because of this rule, to find the derivative of the
expression, we can:

— find the derivative of each term N - u(u;) - (W — u;)?, and then
— add up the corresponding derivatives.

e The coefficient N - u(u;) does not depend on the unknown @. So, to
compute the derivative of this term, we can use the fact that (c- f) = ¢- f’.
In this case, ¢ = N - u(u;). Thus, to compute the derivative of each term,
we can:

— compute the derivative of the expression (7 — u;)?, and then
— multiply it by ¢ = N - p(u;).

e How do we compute the derivative of the expression (u—wu;)?? To compute

this expression, we:
— first compute the difference y = g(u) = w — u;, and
— then square this difference, i.e., compute the value f(y) = y=.

In other words, the expression (7 — u;)? is a composition of these two
elementary functions:

Flg@) = f(@ - wi) = (@— u;)*.

To compute the derivative of this expression, we can therefore use the
chain rule — the formula for describing the derivative of the composition:

(flg(x))" = f'(g(x)) - g'(x)-

e To compute the derivative of the expression (u — u;)?, we thus need to
know:



— the derivative f’ of the functions f(y) = y? — which is f'(y) = 2y,
and

— the derivative g’ of the function g(@) = u — u;, which is 1.

Thus,
(flg(x)) =29(@) - 1 =2(7 - us).

Multiplying this derivative by ¢ = N - u(u;), we conclude that the derivative of
each term N - u(u;) - (W — u;)? is equal to

N - p(ug) -2 (w— uy).

Adding up all these derivatives, we conclusion that the derivative of the
square-of-the-distance function D?(a,b) — the derivative which should be equal
to 0 — is equal to

N-p(ur)-2(@—ur)+ ...+ N - pup) - 2(T — uyp) =0.

To simplify this expression, we can divide both sides of this equality by 2V, and
get
plur) - (@ — 1) + .o A plun) - (U —un) =0,
i.e.,
p(ur) @ —uy - plur) + .o+ p(un) T — up - p(un) = 0.
This is a linear equation with unknown . To solve it, we keep all the terms

proportional to @ in one side, and move all the other terms to the other side.
This way, we get the following equation:

(:u(ul) .t M(un)) U= Up - /J’(ul) Tt U M(un)'
By dividing both sides by the coefficient at @, we get the final formula

wy - p(ug) + oo ()
plur) +.oo 4 plun)

This formula is known as centroid defuzzification.

u =

How can we program this formula. Now, we can write a program imple-
menting fuzzy control. Indeed, suppose that we know the value w1, Au, and n,
and we have already written a program that compute the value p(u) for a given
u. Then, we can easily compute the resulting control. For example, in Java, we
can use the following code for this computation:

double num = 0.0;

double den = 0.0;

double u = uil;

for(int i = 1; i <= n; i++)
{oum += u * mu(w;
den += mu(u);
u += delta_u;}

double bar_u = num/den;



The corresponding membership functions can be also computed easily, e.g.,

public static double mu_N(double x)
{if (0 <= x && x <= B){return 1 - x/5;}
elseif (-5 <= x && x <= 0) {return 1 + x/5;%}
else{return 0;}

}

the values corresponding to each rule can be computed as

double r1l = f_and(mu_N(delta_T), mu_N(u));
double r2 = f_and(mu_SP(delta_T), mu_SN(u));
double r3 = f_and(mu_SN(delta_T), mu_SP(u));

and the value u(u) as

return f_or(rl,f_or(r2,r3));

How do we select Au? In the previous text, Au was the accuracy with which
we can implement the control. But what if we do not know this accuracy?

In this case, we can use the fact — that we will explain in the next section —
that the resulting control value remains the same, no matter what small value
Au we select.

So, any small value Au will work.

How do we select u; and n? We want to cover all possible control values,
S0:

e u1, as we mentioned earlier, should be the smallest possible control value;
and

e we should select n so that u, is equal to the largest possible control value.

3 Integral Form

The above formula is used to compute the defuzzification, but in textbooks, a
somewhat different formula is presented, a formula that includes yet another
concept from calculus — integrals. Let us explain where this comes from.

What is an integral and how can we compute integrals. An integral
is an area under the curve. To compute the integral f: f(x)dz, a natural idea
— dating back to the ancient Greeks — is to approximate the region under the
curve by many narrow vertical rectangles:



In precise terms, we divide the interval [a, b] into many intervals

[T1,22], .-, [Tny Trg1)
of the same narrow width Az, where
1 =a,r9 =21+ Ax,x3 =29 + Az, ..., and 2,41 = x, + Az = 0.
For each narrow interval the area of the corresponding rectangle is equal to

f(z;) - Az. Thus, the overall area [ f(z)dx is approximately equal to the sum
of these areas, i.e., to

[ r@)de = j@) - B+t ) A

This sum is known as the integral sum.
All the terms in this sum have a common factor Az, so we get

/f(x)dx ~(f(x)+ ...+ f(zn)) - Az,

thus )
Fan) 4ot fan) = 5 [ f)do.

In particular, this means that
1
() ot ) 5 [ ) do

and )
u1~u(u1)+...+un~u(un)mA—uo/irp(u)du.

Thus, the value @ can be described as
1 (u)
7’& u-plu),du

ﬁ . /,u(u) du

u =



If we multiply both the numerator and the denominator by Awu, we get the
simplified expression:
Ju-p(u)du

[ () du

This is the expression used in textbooks on fuzzy.

u =

How to compute an integral. If we want to use the above formula to actually
compute the value u, then we need to compute the two integrals and then divide
the resulting values. How can we compute an integral?

For some simple functions f(z) — e.g., for f(z) = 2% or f(x) =z
the explicit expression for their integrals. However, for more complex function,
such an expression is rarely available, and the only way to compute an integral
is to compute the corresponding integral sum.

Suppose that we want to compute the integral f; f(z) dx. We then select a
small step Az and compute the corresponding integral sum

3 — we know

/f(x) dr ~ (f(x1) + ...+ f(zn)) - Az,

For example, in Java, we can use the following code:

double sum = 0.0;

double x = a;

while(x <= b)
{sum += delta_x * f(x);
x += delta_x;}

Comment. Strictly speaking, the resulting expression is slightly different for
different steps Az. However, as we will explain, in our case, it does not matter.

We are integrating the expert’s degrees of confidence. If these estimates
correspond to the scale from 0 to 10, then the corresponding degrees are 0, 0.1,
..., 0.9, 1.0. Since the values p(x) are thus only know with the accuracy of 1
decimal digit, it makes no sense to compute the integral with higher accuracy.
So, to find the value @, we can use any small step Ax.

4 Important Comment: Centroid Defuzzifica-
tion Is Not a Panacea

Example. While centroid defuzzification is widely used, it does not always lead
to good results, and here is an example why. Suppose that a car is driving on an
empty road, and there is a hole right in front. To avoid this hole, the car must
turn either to the left or to the right, to drive around this hole. In this case,
selecting the control means selecting an angle by which the car should turn.

Since the road is empty, it does not matter in which direction you turn. If
we denote:



e tuning to the right by a positive angle u > 0, and
e turning to the left by a negative angle u < 0,
then:
e not turning at all is not reasonable: 1(0) = 0, while

e turning by an angle u or by an angle —u are equally reasonable:

An example of such a membership function describing reasonableness is shown
here.

p(u)

What will centroid defuzzification do in this case? To find the resulting value
Uc, we need to compute the sum > wu; - p(u;). In this sum:
i

e for each term w; - u(u;) corresponding to a positive angle u;,
e there is a term (—u;) - u(—wu;) corresponding to the negative angle —u;.

Since p(u) = p(—u), these two terms cancel each other:
i () 4 (—wi) - p(=us) = wg - plui) + (=) - (i) = (us + (—us)) - plus) = 0.

Thus, all the terms in the sum cancel each other, and the sum is 0:
Zui - p(u;) = 0.

Thus, the value T¢ is 0 — i.e., we go straight into the hole. In this case, centroid
defuzzification leads to a disaster.

What can we do: idea. How can we avoid such a disaster? To answer this
question, let us recall how we came up with the formula for defuzzification.

We were looking for the value u for which the squared distance D?(a,b)
between the tuples a = (@, @, ...,u) and the tuple b = (uy,uq,...,u,) is the
smallest possible. In this analysis, we did not impose any a priori restrictions
on possible values .

According to calculus, at a point where a function attains its minimum, its
derivative is 0. In our analysis, we:



e differentiated the function that describes how the squared distance D?(a, b)
depends on @, and

e equated the derivative to 0.

We concluded that the derivative is equal to 0 for only one value @ — the value
e = 0 corresponding to centroid defuzzification.

Usually, such a control value is reasonable, but in this example, the degree
p(te) to which this value is reasonable is equal to 0 — which means that the
value @ = u¢ is not reasonable at all.

To avoid such situations, a natural idea is to restrict our search to values u
for which the degree of reasonableness p(@) is not smaller than some pre-defined
threshold a (pronounced alpha), i.e., for which u(w) > « :

In other words, we restrict the values @ to the set of all the values for which
(@) > a. Out of all possible values from this set, we select a value for which
the squared distance D?(a,b) between the two tuples is the smallest possible.

Comments.

e In general, a set of all elements = that satisfy some property P(z) is
denoted by {z : P(z)}. In these terms, the above set is denoted as

{@: u(@) > a}.

e In general, for every fuzzy set u(x) and for every value a € (0,1], the
corresponding set {z : u(x) > «} is known as the a-cut (pronounced
alpha-cut) of the original fuzzy set.

How to actually compute the corresponding value w. In our case, the
set of all possible values of @ is the union of two intervals: [u1,Uz] and [us, Uy]:
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The resulting optimization problem is somewhat different from the problems
that we solved earlier in this lecture:

e instead of finding the minimum of a function the whole real line,

e we need to find the smallest value of the function on the union of two
intervals — intervals formed by those values x for which u(z) > .

So now, we need to select a value @ from one of the intervals at which the
function D?(a,b) attains its smallest possible value. In general, a function can
attain its smallest value on an interval:

e cither inside this interval — in which case, according to calculus, its deriva-
tive at this point is 0,

e or at one of the endpoints of this interval.

We know that the function D?(a,b) has only one point where the derivative is
0 — the point we = 0, for which p(ue) = 0 < « and which is, therefore, not
in any of the two intervals. Thus, we can conclude that the smallest possible
value of the squared distance D?(a, b) is attained at one of the endpoints of the
intervals that form the a-cut, i.e., in this case, at one of the points u;.

For which of the four endpoints is the value D?(a,b) the smallest? We know
that the value u_u¢ is the only value where the derivative is equal to 0. Thus,
for all other values @, the derivative cannot be equal to 0 — it has to be either
positive or negative.

What are the values of this derivative for @ > ug?

e We cannot have some of these derivative values positive and some negative
— since then:

— in between the points where the derivative is positive and negative,

— the derivative should cross the 0 line and thus, be equal to 0 for some
u>uc.

However, we know that for values w > ¢, the derivative is not equal to
0. Thus, the corresponding derivative values are either all positive, or all
negative.

e If the derivative values were all negative, the function would decrease
with © — and we would not have a minimum at @ = uc. Thus, all the
corresponding derivative values should be positive.

According to calculus, positive derivative means that the function is increasing.
Since Uz < Ty, the value at the function D?(a,b) at the point U3 is smaller than
its value at w4 — so among the values u© > u¢, the desired minimum can only be
attained at the point us.

Similarly, for T < u¢:
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e We cannot have some of these derivative values positive and some negative
— since then:

— in between the points where the derivative is positive and negative,

— the derivative should cross the 0 line and thus, be equal to 0 for some
u<uc.

However, we know that for values @ < u¢, the derivative is not equal to
0. Thus, the corresponding derivative values are either all positive, or all
negative.

e If the derivative values were all positive, the function would increase with
u — and we would not have a minimum at w = we. Thus, all the corre-
sponding derivative values should be negative.

According to calculus, negative derivative means that the function is decreasing.
Since W; < s, the value at the function D?(a,b) at the point Uy is smaller than
its value at ©; — so the desired minimum can only be attained at the point us.

So, in situations like this, if the global minimum of the function D?(a,b) —
as in this case — is attained at a value W for which u(tic) < «, the desired
conditional minimum is attained at one of the endpoints %y or @3 which are the
closest to the centroid value ¢c.

In our case, this means selecting either u = us or w = us.

12



