Solution to Homework 6

Task. Prove that the family of all cubic polynomials

Co+C1'l‘+Cg'l‘2+63~$3

is invariant with respect to shifts  — = + z¢ and scalings = — X - x, i.e., that
if we substitute 2’ = x + x¢ or x’\ - z,into this expression, we still get a cubic
polynomial — with different coefficients 7.

Solution. Let us first show shift-invariance. Here,
coter-a' +ea- () ez (2) = coter-(dmo)Fea-(x+m0)  Fez-(x+20) =

cotcr-xter-moten- (2?22 -zo+ad) Fes- (2P +32% w0+ 3z af +d) =
co+01~x+cl-xo—l—C2~x2+02-2x-x0—|—02~x%+03-x3+63-3x2-xo—|—(:3~3ac-m(2)+03-xg,

i.e., the form

/ / / 2 / 3
Cgt+ci-r+cy-x”+c3-a”,

where we denoted
cy=co+cr a0+ ca-aitcyeal
¢y =c1+cy-2r-x0+Cp - 2m0 + 3 - 323,
ch = co - x® 4 c3 - 3z,

and
CS = C3.

Let us now show scale-invariance. Here,
coter-2 Fea- (@) Hes- (@) =coter-(Nx)dea-(A-x)? ez (M)
We can now use the fact that (A- B)® = A°- B° to get
coter-Axtea- At aites Nad =co4 (e N) 24 (e A 2?4 (323 - 2?,

i.e., we get
ch+cxddy x4yt

where ¢ = cg, ¢} =1\, ch =ca- A% and ¢ = c3 - A3.



