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e A general neural network consist of neurons, devices that transform
input signals 1, ..., x, into a signal y = s(wo+wy-T1+. ..+ w, - T,).

e Here w; are appropriate numerical coefficients known as weights, and
s(z) is a non-linear function known as the activation function.

e When we want to process some values vy, ..., Up:

— some neurons take some (or all) of these values as inputs; these
neurons form the first layer of the neural network;

— other neurons process the output signals of these neurons; these
neurons form the second layer, etc.

e At the end, the output signals of some neurons are returned as the
results of data processing.

e These neurons form the last layer of the neural network.

e Neurons in each layer can also take inputs not only from the previous
layer, but also from the pre-previous layer, etc.



e Usually, in the neural networks:

— the function s(z) is fixed, and

— the weights are adjusted so that in situations for which we know
the desired output, the final output of the neural network is close
to the desired one.



e The main idea of a neural network came from human reasoning and
data processing.

e This is performed by a network of interconnecting brain cells called
Neurons.

e In the first approximation, biological neurons can be described as
performing the transformation

L1y ey Ty — S(wWo+wy - x4 F Wy - Ty).

e This idea was solidified by the following universal approximation re-
sult — that:
— any continuous function on a bounded domain
— can be approximated, with any given accuracy, by a neural net-

work.

e This universal approximation results holds for any non-linear activa-
tion function s(z).



e In the 1950s, the famous Russian mathematician Andrei Kolmogorov
and his then student Vladimir Arnold proved:

— that neural networks not only can approximate continuous func-
tions,

— they can represent these functions exactly.

e Specifically, they proved that every continuous function f(vy,...,vy,)
on a bounded domain can be represented in the following form:

f(Uh s 7vm> - ij (Z fi,j(%‘)) .

e Here, for each f, we need to find some continuous functions f;(2)

and fl’](Z)



e This result solved one the 23 Hilbert’s problems:
— problems that in 1900, David Hilbert, the most renowned mathe-
matician of his time,
— formulated as the most important challenges for the 20th century

mathematics.

e In terms of neural networks, this result means that every continuous
function can be computed by the following multi-layer neural network:

— first, neurons from the first layer input the original values v; and
return the values z; ; = fi ;(vi);

— then, neurons from the second layer input the signals z; ; and
return the signals z; = fi(z1; + ... + 2mj);

— finally, a linear neuron from the last layer uses the signals z; to
compute the final result z; + 29 + ...



e The main difference between this universal representation result and
the usual universal approximation result is that:

— the approximation result considers neural networks in which all
(or at least almost all) neurons have the same activation function,

— while the universal representation result is only valid when we
allow different activation functions for different neurons,

— and different activations functions to represent different depen-
dencies f(vy,...,vn).

e [t can be proven that we cannot have the universal representation
result if we consider only one fixed activation function.

e Indeed:

— the set of all such functions can be described by finitely many
parameters, i.e., has finite dimension, while

— the set of all possible continuous functions is infinite-dimensional.



e The relation between the Kolmogorov-Arnold result and neurak net-
works was noticed in many papers.

e Recently, this relation became practical.

e Specifically, the Kolmogorov-Arnold result motivated computer sci-
entists to consider neural networks in which:

— instead of a fixed activation function s(z),

— we use a finite-parametric family of activation functions
s(z,c1,...,¢0);
— here, the values ¢; can differ from one neuron to another.

e For example, we can use splines from a certain family:.



e During training:

— not only the corresponding weights are adjusted,
— but also the parameters cq, ..., ¢, corresponding to different neu-
rons.

e Because of the motivation, these networks were called Kolmogorov-
Arnold networks (KAN, for short).



e The main objective of machine learning is to provide a good approx-
imation to the desired dependency.

e In general, the more parameters we have, the more accurately we can
approximate a given function; so:

— a natural way to compare the quality of different approximation
schemes is
— to compare the approximation accuracy that these schemes pro-

vide when they use the same number of parameters.

In these terms, Kolmogorov-Arnold networks turned out to be very
efficient.

e For the same number of parameters:

— they provide much better accuracy than the usual neural net-
works.

— i.e., than neural networks that use a fixed activation function.



e A natural question is: why are the Kolmogorov-Arnold networks more
efficient?

e In some cases, the dependence that we want to approximate is itself
a composition of functions of the type s;(wg + wy - x1 + ... +w, - z,)
for different s;.

e For example, a function f(vq,vy) = exp(sin(rm - v1) + v2) can be com-
puted as follows:

— first, we compute v = sin(7-x), which corresponds to wy = we = 0,
wy; = m, and s1(2) = sin(z); and
— then, we compute the desired value as exp(v + v9), with wy = 0,
w; = wy = 1, and s9(2) = exp(2).
e In this case, it is enough to use as many trained neurons as there are

corresponding functions s;(2).

e However, Kolmogorov-Arnold neurons are successful in many other
tasks as well.



e How can we explain this empirical fact?
e Some preliminary attempts to explain this efficiency were presented.
e However, these attempts rely on an unspecified way of:

— how the constant in the corresponding asymptotic expression

— depends on the problem’s dimension.
e Thus, these attempts do not yet form an explanation.

e In this talk, we use different ideas to explain why Kolmorogov-Arnold
networks are, in practice, more efficient.

e At this stage, our explanation is qualitative.

e We hope that similar ideas can lead to a quantitative explanations of
this difference.



e We want to explain why Kolmorogov-Arnold networks are efficient.
e For this purpose, let us first recall:

— why neural networks are efficient in the first place, and

— why deep networks — i.e., networks that consist of several layers —
are more efficient than “shallow” (few-layer) neural networks.



e Many important computations require a large amount of computa-
tional steps — and thus, take a lot of time.

e A natural way to speed up computations is to perform some compu-
tations in parallel; similarly:

— a natural way to speed up some human task such as cleaning the
offices
— is to have several people cleaning offices at the same time (“in

parallel”).

e First, some computational tasks are performed in parallel, the second
group of tasks are performed in parallel, etc.

e In this scheme, the overall time needed for computation can be ob-
tained by adding the computation times of different tasks.

e Thus, to make the resulting computation time as short as possible, it
is desirable to make the tasks as fast as possible.



e On each task, a computer performs some data processing.

e In a usual deterministic computer, the output signal of each compu-
tational step is uniquely determined by its inputs.

e In mathematical terms, this means that the output is a function of
the inputs.

e So, selecting the fastest tasks means selecting the fastest-to-compute
functions.

e In general, functions can be linear and non-linear.

e Linear functions are the easiest to compute, so it makes sense to
consider linear functions.



e However, we cannot only consider linear functions; indeed:

— if on each stage of data processing, we compute linear functions,
i.e., perform a linear transformation of inputs,

— then the overall data processing will be the composition of linear
transformations — which is known to be also linear

— while in real life, we often have nonlinear dependencies.
e S0, in addition to linear steps, we also need nonlinear steps.
e Which nonlinear functions are the easiest to compute?

e In general, the more inputs a function has, the more time it takes to
compute this function.

e Thus, the fastest-to-compute are functions that have the smallest
possible number of inputs — i.e., functions of one variable.



e So, we end up with a layered computational scheme in which:

— some layers compute linear combinations of inputs, while

— other layers apply a nonlinear function to each input.

e We have already mentioned that a composition of linear transforma-
tions is still a linear transformation.

e Thus, it makes no sense to place linear layers one after another.
e Such two layers can be replaced by a single linear layer.

e Similarly, a composition s1(s2(z)) of two functions of one variable is
still a function of a single variable.

e So, it makes no sense to place nonlinear layers one after another.

e Such two layers can be replaced by a single nonlinear layer.



e Thus, in the resulting computation scheme:

— each linear layer must be followed by a nonlinear layer, and

— each nonlinear layer must be followed by a linear layer.

e We can thus divide the whole computation scheme into pairs of layers
consisting of:

— a linear layer — that computes a linear combination z = wy + w; -
x1+...+w, - x, of the inputs

— followed by a nonlinear layer — that compute the value y = s(z).

e Substituting the expression for z into this formula, we conclude that
each pair of layers computes the expression y = s(wg+wy - x1+ ...+
Wy * Tpy)-

e This is exactly what is usually by a neuron.

e So, we indeed explained why we should use neural networks.



e Whatever approximation scheme we use, in a computer, parameters
are represented as a sequence of bits, i.e., of Os and 1s.

e Let N denoted the overall number of bits that we use to store all
these parameters.

e Then, we can have 2V possible combinations of these parameters.

e So, in principle, we can represent 2%V different approximating func-
tions.

e The more approximating functions we have, the more accurately we
can approximate any function.

e For example, suppose that we are approximating numbers from the
interval [0, 1].

e If we use only one approximating value, then the best we can do is to
use the value 0.5.

e This enables us to approximate any number with accuracy 0.5.



o If we are allowed to use two approximating values, then we can select
the values 0.25 and 0.75.

e This will enable us to approximate any number with accuracy 0.25,
etc.

e In principle:

— if we have P real-valued parameters and each of them consists of
B bits,

— then to store all these parameters, we need to use P - B bits.

e However, this does not necessarily mean that we can have 277 dif-
ferent functions.

e For example, suppose that to process m inputs, we use a shallow
neural network,

e So, we have K neurons followed by a linear combination of their
output signals.



e Then:

— describing each neuron requires m + 1 parameters wy, ..., Wy, to
the total of K - (m + 1), and

— describing the linear neuron is the last layer requires K + 1 pa-
rameters Wy, Wy, ..., Wg.

e So overall we need P = K - (m+ 1) + K + 1 parameters.

e This means that we have N = P - B bits, so we have 2"V possible
combinations of these bits.



e However, some of these combinations lead to the same function.

e Indeed, if we permute the neurons, the resulting data processing will
lead to the same result, but the bit sequences will be different.

e These are K!=1-2-...- K different permutations of K neurons.

e So, for each bit sequence, K! different bits sequences lead to the same
approximating function.

e Thus, the number of different approximating functions produced by
a shallow network can be obtained by dividing 2V by K!.

e For large K, the factorial K! is huge, so the ratio 2% /K! is much
smaller than the ideal value 2%,

e A natural way to limit this decrease is to place the neurons in several
layers.



e If we have L layers with K/L neurons in each layer, then we can still

K : :
perform T I permutations in each layer.

e The resulting number of possible combinations of L permutations

()

e Let us show that this indeed reduces the number of bit combinations
leading to the same function — and thus, increases the number of
approximating functions.

e Indeed, it is known that factorial is well approximated by a formula

n n
n! ~ (—> )
e



e In this approximation, for the shallow neural network, we get

() ~(()7) -(E) - (%)

e By comparing these two values, we see that

() oo

e So, for deep L-layered neural networks:

— the number of duplicate bit combinations is indeed much smaller

— than for the shallow neural network with the same number of
parameters.



e Thus, with the same number of parameters, by using a deep network,
we can represent much more functions.

e So, we can approximate any given function much more accurately.



e Now, we are ready to analyze the difference between:
— the usual deep neural networks — in which the activation function
for each neuron is fixed from the very beginning — and
— a Kolmogorov-Arnold neural network in which for each neuron,
the activation function is adjusted based on the training results.
e In the latter case, to described each neuron:
— in addition to specifying n + 1 weights w;,
— we also need to specify ¢ values of the parameters c;.

defn‘f‘l‘f‘g

e S0, to specify each neuron, we need to use o = ) more pa-
n

rameters than in the usual deep learning.

o If we keep the same number of neurons in each layer, then the overall
number of parameters is proportional to the number of layers.

e Now each neuron requires « times more parameters to describe.



e So, for the same overall number of parameters, we can use « times

K
fewer layers L’ aof —: thus:
o

K\ O\ L
— instead of the original amount D = <<f) !> of duplicate bit
strings,

K L/«
— we now have D' = ((f) !) duplicate strings.

e One can easily see that D' = DY@ for o > 1.
e For example, for a = 2, we get D' = v/D.

e This is much smaller than the original number of duplicate binary
strings.



e Thus, with the same number of parameters:

— by using a Kolmorogov-Arnold network,
— we can represent much more functions and thus,

— approximate any given function much more accurately.

e So, we have indeed explained the effectiveness of such networks.
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