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e Suppose that we have two independent events F; and FE5, and we
know the probabilities p; and po of both events.

e Then the probability that both events occurs is equal to the product
p1 - po of these probabilities.

e The corresponding operation f(p1,p2) = p1 - p2 is:
— commutative, i.e., f(p1,p2) = f(p2,p1), and

— associative, i.e., f(f(p1,p2),p3) = f(p1, f(p2,p3))).

e Similarly, for two independent events, the probability that at least
one of them will occur is equal to p; + p2 — p1 - po.

e The operation f(p1,p2) = p1 + p2 — p1 - p2 is also commutative and
associative.

e Both operations are also polynomial, in the sense that both functions
are polynomials of the two inputs p; and p-.



e We have listed two examples of commutative associative polynomial
operations.

e A natural question is to enumerate all such operations.
e In particular, a natural question is:

— whether the product is the only possible operation corresponding
to “and”

— or there are other operations of this type that describe the prob-
ability of both events happening,

— e.g., in situations when there is some dependence between the
events.

e A similar question can be raised about “or”.



e Commutativity makes sense.
e For example, for “and”, E; & E5 means the same as Fy & Fj.
e So it makes sense to require:

— that our estimate for the probability of F; & E» is the same as our
estimate for the probability of Es & Ei,

— i.e., that the corresponding operation is commutative.

e Similarly, since F1 & (Es & F3) and (Ey & Es) & E5 mean the same
thing, it is reasonable to require associativity.

e Limitation to polynomial operations is motivated by two things.
e First, there is a known mathematical fact that:

— every continuous function on a bounded domain

— can be approximation, with any given accuracy, by a polynomial.



e Second, there is a known computational fact that:
— in a computer, the only directly hardware supported arithmetic
operations are addition, subtraction, and multiplication;
— even division is implemented as a sequence of such operations;
— to be more precise, the inverse 1/b is implemented iteratively, and
then a/b is usually implemented as the product a - (1/b).

e So, in effect:

— whatever we want to compute, be it exp(z) or sin(z),

— what the computer really does is performs a sequence of addition,
subtraction, and multiplication operations,

— i.e., computes a polynomial.



e We provide a full description of all possible commutative associative
polynomial operations.

e We also show that:

— the only operation of this type that is consistent with the meaning
of E1& Ey is f(p1,p2) = p1 - p2, and

— the only operation of this type that is consistent with the meaning
of By V Eyis f(p1,p2) = p1+p2 — p1 - pa.



e By an operation, we means a function f(a,b) from pairs of real num-
bers to real numbers.

e We say that an operation f(a,b) is commutative if f(a,b) = f(b,a)
for all a and b.

o We say that an operation f(a,b) is associative if f(f(a,b),c) =
f(a, f(b,c)) for all a, b, and c.

e We say that an operation f(a,b) is polynomial if the function f(a,b)
18 a polynomial.

e Proposition 1. For every operation f(a,b), the following two con-
ditions are equivalent to each other:

— the operation f(a,b) is commutative, associative, and polynomial;

— fla,b) =co+c1-(a+b) +ca-a-b, where 3 =y + ¢y - ca.



e We are interested in probabilities.

e So, we may want to limit ourselves to operations for which the value
f(a,b) is always in the interval [0, 1].

e Such operations are described by the following inequalities.



e For every commutative associative polynomial operation f(a,b) = co+
c1-(a+b)+co-a-b, the following two conditions are equivalent:

— the value f(a,b) is always located in the interval [0, 1];

— the following inequalities are satisfied:

0<c <1 0<c+c1 <1 0<¢c+2+c <1



o We say that an operation f(a,b) represents “and” if:

— for every two values py,ps € [0, 1]

— there exists a probability distribution and two events Ei and Eo
for which Prob(E7) = p1, Prob(Ey) = pe, and

Prob(E) & E») = f(p1,p2).

e Proposition 3. The only commutative associative polynomial oper-
ations that represents “and” is f(a,b) = a - b.



o We say that an operation f(a,b) represents “or” if:

— for every two values py,ps € [0, 1]

— there exists a probability distribution and two events Ei and Eo
for which Prob(E7) = p1, Prob(Ey) = pe, and

Prob(E; V Ey) = f(p1,p2).

e Proposition 4. The only commutative associative polynomaial oper-
ations that represents “or” is f(a,b) =a+b—a-b.

e Of course, not all commutative associative polynomial operations rep-
resent “and” or “or”.

e Another example of such an operation is f(a,b) =a+b— 2a - b.

e This operation represents “exclusive or”, i.e., the probability that
exactly one of these events will happen.



e [t is easy to check that:

— every operation of the type f(a,b) = co+c1-(a+b)+co-a-b,
where c% =c1+ ¢ - Co,

— is commutative, associative, and polynomial.

e Vice versa, let f(a,b) be a commutative and associative polynomial
operation.

e Let us prove that this operation has the desired type.
e Let us first prove that:
— in each monomial ¢ - a" - b™ of the polynomial f(a,b),
— the powers n and m cannot exceed 1,
— i.e., the expression f(a,b) must be linear in each of its variables.

e Indeed, let us take a monomial with the highest possible degree n of
the variable a.



e This means that:
— in the polynomial f(a,b), there is a term k(b) - a" proportional
to a”",
— for some coefficient of proportionality k(b) depending on b.
e Similarly, in the expression f(f(a,b),c):
— there is a term equal to k(c) - (f(a,b))",
— i.e., the term equal to k(c) - (k(b) -a" +...)".

o If we open parentheses, we will see that one of the resulting terms is
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equal to k(c) - (k(b) - a™)" = k(c) - (kD))" - a™.
e Thus, the expression f(f(a,b),c) has a term proportional to a.
e On the other hand, in the expression f(a, f(b,c)):
— the highest power of a is in the term k(f(b,c)) - a”,

— i.e., the highest power of a is n.



e Since the operation is associative, we must have
f(f(a,b),¢c) = f(a, f(b,c)).

e Thus, the term proportional to @ in the left-hand side of this equality
must be present in its right-hand side as well.

e But in the right-hand side, the highest degree of a is a".
e Thus, we must have n? < n.
e Dividing both sides of this inequality by n, we indeed get n < 1.

e For each of the two variables, we have two options: the degree of this
variable is either 0 or 1.

e By combining two possible options for each of the two variables a and
b, we have four possible combinations.



e So, the general polynomial of this type is a linear combination of four
terms corresponding to four possible combinations:

fla,b) =co+c1-a+cy-b+co-a-bfor some coefficients c;.
e Since the operation is commutative, we can conclude that ¢, = ¢;.
e So f(a,b)=co+c1-(a+b)+co-a-b.
e Let us now check when this operation is associative.
e For this operation, we have

f(f(a,b),c) =co+ci-(f(a,b) +c)+ca- fla,b)-c

e Substituting the expression for f(a,b) into this formula, we conclude
that

f(f(a,b),c)=co+c1-(co+ci-(a+b)+ca-a-b+c)+
co-(co+ecr-(a+b)+ca-a-b)-c



e If we open parentheses, we get
f(f(a,b),c)=co+cog-c1+ci-a+c-btci-cter-cot
Cl'CQ‘G'C+C1‘CQ'b'C"‘C%‘a'b‘C.
e By combining coefficients at the same monomial, we get
f(f(a,b),c)=(co+co-c1)+ct-a+ci-b+(ci+co- o) ct
01-02-a-b—|—cl-CQ-a-c—l—cl-cz-b-c—l—cg-a-b-c.
e Due to commutativity, we have f(a, f(b,¢)) = f(f(c,b),a).

e So, to get the expression for f(a, f(b,c)), it is sufficient to swap a and
¢ in the above formula.

e Thus:
f(apf(l%c)):(CO+CO'01)+(C1+CO'CQ)-CL+C%-b—|—C%-c+

C1'02-a-b+01-CQ-a-c+01-CQ-b-c+c§-a-b-c.



e Associativity means that these two expressions must be equal.

e The only coefficients that are different in these expressions are coef-
ficients at a and c.

e Thus, for the operation to be associative, it is necessary and sufficient:

— that these two coefficients be equal,

— i.e., that we have c% =c1+ ¢y co.

e The proposition is proven.



e The function f(a,b) is linear in terms of each of its variables.

e For a linear function, the smallest and the largest values on each
interval are obtained on the endpoints of the corresponding interval.

e Thus:
— to check that the smallest value of this function when a,b € [0, 1]
is at least 0 and the largest value is at most 1,

— it is sufficient to check these inequalities for the four possible com-
binations of the endpoints,

— i.e., for situations in which a is equal to 0 or 1 and b is equal to 0
or 1.

e For these values, the double inequality 0 < f(a,b) < 1 takes the
desired form.

e The proposition is proven.



e Since F & F, implies Ey and Es, we always have

Prob(E; & E5) < Prob(E)).

e In particular, when Prob(FE;) = 0, we should have Prob(F; & E») = 0.
e Thus, we must have f(0,p2) = 0 for all ps.

e Substituting the general expression f(a,b) =cy+c1-(a+b)+co-a-b
into this formula, we conclude that ¢y + ¢ - po = 0 for all ps.

e Thus, we must have ¢g = ¢; =0, and f(a,b) =c2-a-b.
e On the other hand:

— when the both events F/; and E5 occur with probability 1,

— this means that the event E; & Es should also occur with proba-
bility 1.

e So, we should have f(1,1) = 1.



e Substituting f(a,b) = ¢ - a - b into this formula, we conclude that
C1 = 1.

e So indeed f(a,b) =a-b.

e The proposition is proven.



e Since Fj implies E) V Fs, we always have Prob(FE;) < Prob(E; V Es).
e In particular, when Prob(E;) = 1, we should have Prob(E; V Ey) = 1.
e Thus, we must have f(1,ps) =1 for all ps.

e Substituting the general expression f(a,b) =cy+c1-(a+b)+co-a-b
into this formula, we conclude that

cotcr-(pe+1)4+co-p2r=(co+c1)+ (c1+¢2)-py =1 for all ps.
e Thus, we must have ¢co +c¢; =1 and ¢; + o = 0.
e S0, o = —cy and ¢g =1 — ¢y, so
fla,b)=(1—c1)+c1-(a+b)—ci-a-b.

e On the other hand, when the event F; has zero probability, then the
probabilities of Fy and E; V Es should be the same.

e So, we must have f(0,py) = py for all ps.



e Substituting f(a,b) = (1—c¢1)+c¢1-(a+0b) —c1-a-binto this formula,
we conclude that 1 — ¢; + ¢1 - po = po for all ps.

e Thus, we must have ¢; = 1, i.e., indeed f(a,b) =a+b—a-b.

e The proposition is proven.
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