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e In general, machine learning is about:

— earning a dependence y = f(x1,...,z,) based on known examples

<:1;(1k), e ,x%k), y(k)> of tuples that satisfy this dependence,

— i.e., tuples for which y® = f (xik), . ,:C,(f))
e In the traditional approach to machine learning:

— we directly train the machine learning tool — e.g., a deep neural
network,

— to predict y based on z;’s.



e A recent paper uses a different approach.
e First, we use a machine learning tool to learn:

— some embeddings of the inputs x; into values X; = f;(z;) and
— some function F'(X,...,X,) for which

F(fi(z1), . folen)) = F(fi(z), ., fula)) <
flxy, ... ,x,) = fx,...,2)).

e Then, we use machine learning to come up with a decoder d(z) for
which, for all x;, we have:

d(F(fl(xl)a ! fn(xn)» - f(xlv S 75671)'

e On several examples, this two-stage approach is more efficient that
the traditional approach to machine learning.



e A natural question: why is this two-stage approach more efficient?

e In this talk, we explain the efficiency of the two-stage approach.



e In order to explain the efficiency of the two-stage approach, let us
reformulate it in a simpler form.

e We will ignore details that — as we will show — are not critical from
the viewpoint of our explanation.

e Specifically:

— instead of considering separately the functions that are solicited
on the first stage of the two-stage process — i.e., functions

fi(z), ..., fulzn), and f(Xy,...,X,),
— let us consider a single function
def
G(x1,...,xn) = F(fi(z1),. .., fulzn)).

e In these simplified terms, the two-stage process takes the following
form.



e First, we look for a function G(xy,...,x,) for which
G(xy, ..., xn) =G, ... x) & floy,...,x,) = f(2, ..., 2)).

e This is equivalent to looking for a function G(xy,...,z,) for which
flxy, ..., z,) =d(G(xq,...,x,)) for some 1-1 function d(z).

e Then, we look for the function d(z).
e On each stage, we have, in effect, a search problem:

— out of all possible alternatives (this time, alternatives are func-
tions),
— we need to find a function that satisfies the desired property.

e So, the question becomes: why is the two-stage search more efficient
than the usual one-stage search?

e To answer this question, let us analyze how to estimate the time
complexity of a search problem.



e In general, if we have N alternatives, and the list of possible alterna-
tives is not sorted in any way, then:

— the exhaustive search takes, in the worst case, N computational
steps, and

— on average, N/2 steps.

e For exhaustive search, the computation time 7' is therefore propor-
tional to V.

e Of course, neural networks do not provide an exhaustive search of all
possible functions.

e Sometimes, they cannot find the function, and sometimes, they only
provide an approximate function.

e Because of this, the actual computation time ¢ — be it worst-case or
average-case — is usually smaller than 7.

e The actual value of ¢ depends on the specifics of an algorithm.



e We do not know these specifics, so let us come up with estimates of
the computation time ¢ based on our knowledge of the time 7T

e In other words, we need to find an algorithm a(7") that would provide:

— for each exhaustive search algorithm requiring time 7,
— a reasonable estimate a(7') for the time ¢ needed for a practical

(non-exhaustive) search algorithm.

e The numerical values of both times ¢t and 17" depend on our choice of
the measuring unit.

e E.g., we can measure computation time in second, in milliseconds, in
minutes, etc.

e When we replace the original measuring unit by a new unit which is
¢ times smaller, than all numerical values multiply by c.



e For example, if we replace minutes with seconds — which is ¢ = 60
times smaller unit — then 2 minutes becomes 60 - 2 = 120 seconds.

e In general, under this change, instead of ¢t and T', we get
t=c-tand T ' =c¢-T.
e There is no reason to believe that one unit of time is better than the
other.

e So, it makes sense to require that the function ¢ = a(7") should not
change is we simply change the unit of time.

e In other words, if we have ¢t = a(7T), then for every ¢ > 0, we should
have t' = a(T"), where t' =c-tand 7" =c¢-T.

e Let us describe this property in precise terms.



e Definition. We say that a function a from positive real numbers to
positive real numbers is unit-invariant if:

— for all possible t > 0, T" > 0, and ¢ > 0,
— when t = a(T), then we have ' = a(T"), where we denoted t’ et

and T" & ¢ T

e Proposition. A function a(7T') is unit-invariant if and only if it has the
form a(T) = ap - T for some constant ag > 0.

e Proof. It is easy to see that a linear function a(7T) = ag - T is unit-
invariant.

e Vice versa, let us assume that we have a unit-invariant function.

e Substituting the expressions for ¢’ and 7" into the formula ¢’ = a(7”),
we conclude that ¢-t =a(c-T).

e Here, t = a(T), so this formula takes the form c-a(T) = a(c-T).



e This equality should be true for all possible values ¢ > 0 and ¢ > 0.

e In particular, for T = 1, we get a(c) = ap - ¢, where we denoted

ap & a(l).

e The proposition is proven.



e So, our reasonable estimate for the computation time of the actual
algorithm takes the form ¢t = ag - T.

e Now, we are ready to provide a comparative analysis of the compu-
tation time of both 1-stage and 2-stage searches.



e Theoretically, we may have an infinite number of possible inputs.

e However, in a computer, whatever input we consider, it is represented
by a finite number of Os and 1s.

e Rhe number of such bits (0s and 1s) is limited by the size B bits of
the corresponding areas.

e The number of such binary sequences is this limited by 2” — the
overall number of binary sequences of length B.

e So, in practice, we have a finite number of possible inputs and a finite
number of possible outputs.

e Let X denote the overall number of possible inputs (z1,...,z,), and
let Y denote the overall number of all possible outputs y.



e Thus, if we do not impose any restrictions on the possible functions
f(xy, ..., z,), then:

— the number of possible functions is equal to

— the number of possible functions from the set of X elements to
the set of Y elements.

e For each of X elements, we can have Y possible values, so each func-
tion can be described as listing all X such values.

e The number of such tuples of y-valuesis Y -...-Y (X times), i.e., Y.

e Thus, exhaustive search would require time proportional to YX:

T =c¢y- Y™, for some coefficient ¢.

e So, the actual time is equal to: ag-T = ag - co - Y.



e On the first stage, we look:

— not for a function,

— but for an equivalence class of functions — modulo 1-1 transfor-
mation, i.e., modulo permutations of the set of y’s.

e It is known that for a set of Y elements, there are exactly

Vi .y permutations.

e So, each equivalence class contains Y'! elements.
e To be more precise, some classes will have fewer elements.

e E.g., a constant is not changing under permutation, so it forms a
whole equivalence class.

e However, such cases are rarely and can be, in the first approximation
safely ignored.



e In this first approximation:

— to estimate the number N; of such equivalence classes,

— we need to divide the overall number YX of functions by the num-

ber Y! of elements in each class.
X

Yyl

e So, the computation time for the first stage in the exhaustive case
would be equal to: T} = ¢y - Y?)'(

e Thus, the computation time of a realistic search algorithm implement-
ing the first stage will be equal to t1 = ag-T1 = ag - ¢ - YTJ'(

e As a result, we get Ny =

e In the second stage, we select one of the permutations.

e As we have mentioned, the number of permutations is equal to

Ny =Y



e So the exhaustive-case computation time for the second case would
beTQZCO'NQZCO'Y!.

e And the real computation time of the second stage will be

tQICLO'TQ:a/O‘CO‘Y!.

e Thus, the overall computation time ¢ of the two-stage process is equal
to the sum of computation times of the two stages:

yX yX
t:tl—l—tQIQO'CQ'W—I—ao'CO'Y!:ao-CO-<W+Y!>.



e For both approaches, the computation time is equal to ag - ¢y times
some expression:

— the expression Y for the 1-stage case, and
X

— the expression T + Y! for the 2-stage case.

e One can easily check that:

— while the 2-stage case expression is the sum of two terms,

— the 1-stage case expression is the product of the same two terms:
— .Yl =Y"¥,

e In general, the product of any two sufficiently large numbers a and b
is always larger than their sum.

e Indeed, the difference between the product and the sum has the form:

a-b—(a+b)=a-b-1)—-b-1)—-1=(a—=1)-(b—1)—1.



e So,ifa >2and b > 2, we have a—1 > 1 and b — 1 > 1, thus
(a—1)-(b—1) > 1.

e Therefore, (a—1)-(b—1)—1>0,ie., a-b—(a+0b) >0 and indeed
a-b>a+b.

e In our case, both Y! and Y*/Y! are huge numbers — clearly larger
than 2.

e So the expression for the 1-stage case if larger than the expression for
the 2-stage case.

e Thus, the computation time needed for the 1-stage approach is larger
than what is needed for the 2-stage approach.

e This explains why the 2-stage approach is empirically more efficient.



e J. Liu, O. Kitouni, N. Nolte, E. J. Michaud, M. Tegmark, and
M. Williams, “Towards understanding grokking: an effective the-
ory of representation learning”, Proceedings of the 36th Conference
on Neural Information Processing Systems NeurlPS 2022, New Or-
leans, Louisiana, USA, November 28 — December 9, 2022, Article
2511, pp. 34651-34663.

e A. Power, Y. Burda, H. Edwards, 1. Babuschkin, and
V. Misra,Grokking: Generalization Beyond Qverfitting on Small
Algorithmic Datasets, arXiv preprint arXiv:2201.02177, 2022.



This work was supported in part by:

e Deutsche Forschungsgemeinschaft Focus Program SPP 100+ 2388,
Grant Nr. 501624329;

e National Science Foundation grants 1623190, HRD-1834620, HRD-
2034030, and EAR-2225395;

o AT&T Fellowship in Information Technology;

e program of the development of the Scientific-Educational Mathemat-
ical Center of Volga Federal District No. 075-02-2020-1478, and

e a grant from the Hungarian National Research, Development and
Innovation Office (NRDI).



	What is machine learning: a very brief reminder
	Embedding-decoder arrangement: an alternative to the traditional approach
	A natural question
	First, let us simplify the formulation of the problem
	Let us simplify the formulation of the problem (cont-d)
	How to estimate the time complexity of a search problem?
	How to estimate the time complexity of a search problem (cont-d)
	How to estimate the time complexity of a search problem (cont-d)
	Definition and Proposition
	Definition and Proposition (cont-d)
	What we can conclude from this
	1-stage case
	1-stage case (cont-d)
	2-stage case
	2-stage case (cont-d)
	2-stage case (cont-d)
	Comparing the 1-stage and 2-stage computation times explains the empirical efficiency of the 2-stage approach
	Comparing the computation times explains the empirical efficiency of the 2-stage approach (cont-d)
	References
	Acknowledgments

