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1. Outline

• In recent papers, a new plausibility-based forecasting
method was proposed.

• This method has been empirically successful.

• One of the steps – selecting a uniform probability dis-
tribution for the plausibility level – is heuristic.

• Is this selection optimal or a modified selection would
like to a more accurate forecast?

• In this talk, we show that the uniform distribution does
not always lead to (asymptotically) optimal estimates.

• We show how to modify this step so that the resulting
estimates become asymptotically optimal.
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2. Need for Prediction

• One of the main objectives of science is:

– given the available data x1, . . . , xn,

– to predict future values of different quantities y.

• The usual approach to solving this problem consists of
two stages:

– first, we find a model that describes the observed
data; and

– then, we use this model to predict the future value
of each of the quantities y.

• Often, it is sufficient to have a deterministic model:
xi = fi(p) and y = f(p) for some parameters p.

• We use the observed values to estimate p; then, we use
these estimates to predict the desired future values y.
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3. Deterministic Prediction and Beyond

• This is how, e.g., solar eclipses can be predicted for
centuries ahead; here:

– parameters p includes initial locations, initial ve-
locities, and masses of all the celestial bodies;

– observations xi are visible locations of celestial bod-
ies at different moments of time.
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4. Need for Statistical Prediction

• In most practical problems, a fully deterministic pre-
diction is not possible:

– in addition to the parameters p,

– both the observed values xi and the future value y
are affected by parameters zj beyond our control,

– parameters that can be viewed as random.

• Thus, we have a probabilistic model:

xi = f(p, z1, . . . , zm) and y = f(p, z1, . . . , zm),

where zj are random variables.

• Usually:

– we do not know the exact probability distribution
for the variables zi, but

– we know a finite-parametric family of distributions
that contains the actual (unknown) distribution.
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5. Need for Statistical Prediction

• For example, we may know that the distribution is
Gaussian, or that it is uniform.

• Let q denote the parameter(s) that describe this dis-
tribution.

• In this case, both xi and y are random variables whose
distribution depends on all the parameters θ = (p, q):

xi ∼ fi,θ and y ∼ fθ.

• In this case, to identify the model:

– we first estimate the parameters θ based on the
observations x1, . . . , xn, and then

– we use the distribution fθ corresponding to these
parameter values to predict the values y

– or, to be more precise, to predict the probability of
different values of y.
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6. Need for a Confidence Interval

• In the statistical case, we cannot predict the exact value
of y.

• So, it is desirable to predict the range of possible values
of y.

• For many distributions (e.g., for normal), it is possible
to have arbitrarily small and arbitrarily large values.

• In such situations, there is no guaranteed range of val-
ues of y.

• However, we can still try to estimate a confidence in-
terval, i.e.,

– for a given small value α > 0,

– an interval [y
α
, yα] that contains the actual value y

with confidence 1− α.
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7. Confidence Interval (cont-d)

• In other words, we would like to find an interval for
which Prob(y ∈ [y

α
, yα]) ≥ α.

• When we know the cdf F (y)
def
= Prob(Y ≤ y), we can

take [y
α
, yα] =

[
F−1

(α
2

)
, F−1

(
1− α

2

)]
.

• In general, a statistical estimate based on a finite sam-
ple is only approximate.

• Thus, based on a finite sample, we can predict the value
of the parameters θ only approximately.

• Therefore, we only have an approximate estimate of
the probabilities of different values of y.

• So, instead of the actual cdf F (y), we only know the
bounds on the cdf: F (y) ≤ F (y) ≤ F (y).

• We want to select [y
α
, yα] so that the probability of

being outside this interval is guaranteed not be ≤ α.
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8. Confidence Interval (cont-d)

• We can take F (y
α
) ≤ α

2
for all possible F (x).

• This can be achieved for y
α

= (F )−1
(α

2

)
.

• Similarly, we can take yα = (F )−1
(

1− α

2

)
.

• Plausibility-based forecasting: we start by forming a
likelihood function.

• We assume that the probability density function corre-
sponding to each observation xi has the form fi,θ(xi).

• We assume that xi are independent, so

Lx(θ) =
n∏
i=1

fi,θ(xi).

• Lx(θ) is normally used to find the maximum likelihood

estimate θ̂: Lx

(
θ̂
)

= max
θ
Lx(θ).
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9. Plausibility Approach (cont-d)

• Instead, we use Lx(θ) to define the plausibility function

plx(θ) =
Lx(θ)

sup
θ′
Lx(θ′)

=
Lx(θ)

Lx

(
θ̂
) .

• Based on plx(θ), we define, for each ω ∈ [0, 1], a plau-
sibility region Γx(ω) = {θ : plx(θ) ≥ ω}.
• We represent y as g(θ, z), where z is uniform on [0, 1]

and g(θ, z) = F−1θ (z).

• We compute the belief and plausibility of each set A of
possible values of θ: Bel(A) = Prob(g(Γx(ω), z) ⊆ A),

Pl(A) = Prob(g(Γx(ω), z) ∩ A 6= ∅).

• Here, ω, z are uniformly distributed on [0, 1].

• Then, we compute F (y) = Bel((−∞, y]), F (y) =
Pl((−∞, y]), and the confidence intervals.
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10. Remaining Problem

• The new approach has led to interesting applications.

• However, it is not clear why we select a uniform distri-
bution for ω.

• Yes, this ω-distribution sounds like a reasonable idea:

– we know that ω is located on the interval [0, 1],

– we do not know which values ω are more probable
and which are less probable,

– so we select a uniform distribution.

• However, we are not just making reasonable estimates.

• We want to make predictions with confidence.

• Maybe the above interval is only an approximation.
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11. Remaining Problem

• Maybe the above interval is only an approximation; in
this case:

– by selecting a different probability distribution
for ω,

– we can make the resulting forecasting more accu-
rate.

• This is the problem that we will be analyzing in this
talk.
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12. Let Us Consider the Simplest Possible Case

• Let us consider the simplest case when:

– we have only one parameter θ = θ1,

– the predicted value y simply coincides with the
value of this parameter: g(θ, z) = θ, and

– the likelihood Lx(θ) is continuous and decreasing
as we move away from the ML estimate θ̂:

∗ Lx(θ) strictly increases for θ ≤ θ̂;

∗ Lx(θ) strictly decreases for θ ≥ θ̂.

• The first two conditions are really restrictive.

• However, monotonicity holds in the overwhelming ma-
jority of practical situations.
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13. Let Us Analyze the Simplest Possible Case

• In this case, we want bounds containing θ with a given
confidence α, i.e., we want a confidence interval.

• In this case, the set {θ : plx(θ) ≥ ω} is an interval
[θ−, θ+], where plx(θ

±) = ω.

• In these terms, the condition {θ : plx(θ) ≥ ω} =
[θ−, θ+] ⊆ (−∞, y] means θ+ ≤ y.

• Due to monotonicity, θ+ ≤ y ⇔ ω = pl(θ+) ≥ pl(y).

• When ω is uniformly distributed on [0, 1], then, for
all z, we have Prob(ω ≥ z) = 1− z.

• In particular, for z = plx(y), we have F (y) = 1−plx(y).

• Thus, the upper endpoint θα of the confidence interval

is the value for which plx(θα) =
α

2
.

• Similarly, for θα, we have plx(θα) =
α

2
.
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14. The Simplest Possible Case (cont-d)

• So, [θα, θα] =
{
θ : plx(θ) ≥

α

2

}
.

• In terms of Lx(θ), plx(θ) ≥
α

2
⇔ Lx(θ)

Lx

(
θ̂
) ≥ α

2
⇔

ln (Lx(θ)) ≥ ln
(
Lx

(
θ̂
))
− (ln(2) + | ln(α)|).

• On the other hand, according to Wilks’s theorem, the
confidence interval is the set of all θ for which

ln (Lx(θ)) ≥ ln
(
Lx

(
θ̂
))
− 1

2
· χ2

1,1−α.

• χ2
1,1−α is defined in terms of the χ2

1-distribution, the
square of n ∼ N(0, 1): Prob(n2 ≤ χ2

1,1−α) = 1− α.

• This is different from the above estimate, so we need
to modify the plausibility-based method.
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15. How to Modify Plausibility-Based Forecast-
ing: Analysis

• The problem comes since we use a (heuristically se-
lected) unform distribution for ω.

• We thus need to find an alternative distribution, for

which F (y) = Prob(ω ≤ px(y)) =
α

2
.

• For the Wilks’s bound,

px(y) =
Lx(θ)

Lx

(
θ̂
) = exp

(
−1

2
· χ2

1,1−α

)
, so

Prob

(
ω ≤ exp

(
−1

2
· χ2

1,1−α

))
=
α

2
.

• By definition of χ2
1,1−α, Prob

(
n2 ≤ χ2

1,1−α
)

= 1− α, so

Prob
(
n2 ≥ χ2

1,1−α
)

= (1− (1− α)) = α.
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16. Analysis (cont-d)

• The inequality n2 ≥ χ2
1,1−α occurs in two equally prob-

able situations:

– when n is positive and n ≥
√
χ2
1,1−α and

– when n is negative and n ≤ −
√
χ2
1,1−α.

• Thus, the probability of each of these two situations is

equal to
α

2
; in particular, we have:

Prob
(
n ≤ −

√
χ2
1,1−α

)
=
α

2
.

• Let us transform the desired inequality to this form.

• The inequality ω ≤ exp

(
−1

2
· χ2

1,1−α

)
is equivalent to

−
√
−2 ln(ω) ≤ −

√
χ2
1,1−α.
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17. Analysis (cont-d)

• The inequality ω ≤ exp

(
−1

2
· χ2

1,1−α

)
is equivalent to

−
√
−2 ln(ω) ≤ −

√
χ2
1,1−α.

• Thus, the desired inequality is equivalent to

Prob
(
−
√
−2 ln(ω) ≤ −

√
χ2
1,1−α

)
=
α

2
.

• By definition of χ2, this equality is attained if we have
n = −

√
−2 ln(ω).

• In this case, −2 ln(ω) = n2, hence ω = exp

(
−n

2

2

)
.

• This is the distribution for ω that we should use.
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18. What Is the Probability Density Function
(pdf) of This Distribution?

• If X ∼ ρX(x), then Prob(f(x) ≤ Y ≤ f(x+ dx)) =

Prob(x ≤ X ≤ x+ dx) = ρX(x) · dx.

• Here, f(x+ dx) = f(x) + f ′(x) · dx = y+ f ′(x) · dx, so

Prob(f(x) ≤ Y ≤ f(x+dx)) = Prob(y ≤ Y ≤ y+f ′(x)·dx) =

ρY (y) · |f ′(x)| · dx, so ρY (y) =
ρX(x)

|f ′(x)|
.

• In our case, f(x) = exp

(
−x

2

2

)
, hence

ρ(ω) =
1√

2π ·
√

2 · | ln(ω)|
=

1

2 ·
√
π ·
√
| ln(ω)|

.

• The value ln(ω) is changing very slowly, so ω ≈ U(0, 1).



Need for Prediction

Deterministic . . .

Need for Statistical . . .

Plausibility Approach . . .

Remaining Problem

Let Us Consider the . . .

How to Modify . . .

What Is the . . .

Resulting . . .

Home Page

Title Page

JJ II

J I

Page 20 of 22

Go Back

Full Screen

Close

Quit

19. Resulting Recommendations

• First, we define the likelihood function Lx(θ) and then

find its largest possible value Lx

(
θ̂
)

= max
θ
Lx(θ).

• Then, we define the plausibility function as

plx(θ) =
Lx(θ)

sup
θ′
Lx(θ′)

=
Lx(θ)

Lx

(
θ̂
) .

• Based on this plausibility function, we define, for each
real number ω ∈ [0, 1], a plausibility region

Γx(ω) = {θ : plx(θ) ≥ ω}.

• We then represent a probability distribution for y as
y = g(θ, z) for an auxiliary variable z ∼ U(0, 1).
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20. Resulting Recommendations (cont-d)

• Based on these regions, we can compute, for each set A:

Bel(A) = Prob(g(Γx(ω), z) ⊆ A),

Pl(A) = Prob(g(Γx(ω), z) ∩ A 6= ∅).

• Here, z ∼ U(0, 1) and ω = exp

(
−n

2

2

)
, where

n ∼ N(0, 1).

• After that, we compute F (y) = Bel((−∞, y]) and
F (y) = Pl((−∞, y]).

• Then, for any α > 0, we predict that, with confidence
1− α > 0,

y ∈
[
(F )−1

(α
2

)
, (F )−1

(
1− α

2

)]
.
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