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Inverse Problem: A. ..

1. Inverse Problem: A Brief Reminder

e In science & engineering, we are interested in the state
of the world, i.e., in the values of different quantities.

e Some of these quantities we can directly measure, but
many quantities are difficult to measure directly.

e For example, in geophysics, we are interested in the
density at different depths and different locations.

e In principle, we can drill a borehole and directly mea-
sure these properties, but this is very expensive.
e To find the values of such difficult-to-measure quanti-
ties ¢ = (q1,- .-, qn), We:
— measure auxiliary quantities a = (ay,...,a,) re-
lated to ¢; by a known dependence a; = fi(q1, ..., qn),

— and then reconstruct the values ¢; from these mea-
surement results.




2.

Enter Soft Constraints

e Objective: describe the constraint that the values g;
are consistent with the observations a;.

e Assumption: measurement errors a; — f;(q1, ..., qn) are

indep. normal variables with 0 mean and same o?.

e Resulting constraint: s < sg, where
é Z fz ql,...,qn))z.

e Fuact: for each sy, there is a certain probability that
this constraint will be violated.

e Soft constraints: such constraints are called soft.

e For convenience: this constraint is sometimes described
. def
in a log scale, as z < xy, where z = In(s).

Enter Soft Constraints




3.

Regularization
e Methods for taking additional regularity constraints
into account are known as regularization methods.

e Fxample: In geophysics, the density values at nearby
locations are usually close to each other: ¢; — ¢ = 0.

o Assumption: differences ¢;—g; are indep. and normally
distributed with 0 mean and the same 03.

o Resulting constraint: t < to, where t & > (g5 — q50)*
(4:4")

e In log scale: y < 1y, where y dof In(t).

e How to combine constraints: e.g., we can use the Max-
imum Likelihood method.

e Result: we find the values ¢; that minimize the sum
s+ A -t, where A depends on the variances ¢ and 2.

Regularization




4. How to Determine the Parameter )\

e Fuct: for each A\, we can find ¢;(\), and, based on this How to Determine the ...
solution, compute x(A) and y(A).

e (Question: what value A shall we choose?

e Often: the curve (z(A),y(A)) has a turning point (is
L-shaped).

e [n this case: it is reasonable to select this turning point.

e How to describe it: it is a point where the absolute
value |C| of the curvature C is the largest:
Cdéf x//.y/_y//.a,;/
(@) + (y)?)%*

e Fuct: this approach often works well.

e Natural question: explain why curvature works well.

e What we do: we show that reasonable properties select
a class of functions that include curvature.




5.

Analysis of the Problem: Scale-Invariance

e The numerical values of each quantity depend on the
selection of a measuring unit a.

e If we change a to a new measuring unit ¢, times smaller,
then a; and a; — fi(q1, ..., q,) get multiplied by c,.

n

S0, s = Y (a;i — filq1,- -, qn))* get multiplied by ¢Z,
i=1
and z = In(s) changes to = + A,, where A, o In(c?).

e If we change a measuring unit ¢ by a new one ¢, times
smaller, then ¢; and ¢; — ¢; get multiplied by cZ.

e Alsot =5 (q; —qy)*, and y = In(¢) get multiplied by
¢z, and y = In(t) changes to y + A,

e Under these changes z(\) — xz(\) + A, and y(\) —
y(A) + A, and the curvature does not change.

Analysis of the. ..




6.

Additional Invariance and Our Main Idea

e Instead of the original parameter A, we can use a new
parameter  for which A = g(u).

e This re-scaling of a parameter does not change the
curve itself and thus, does not change its curvature.

e Our idea: to describe all the functions which are in-
variant with respect to both types of re-scalings.

e By a parameter selection criterion we mean a function
F(z,y, 2y, 2" y") of six variables.

o F' is scale-invariant if for all values A, and A,
F(r+ Ay + Ay 2y 2" y") = Fla,y, o'y, 2", y");

e F' is invariant w.r.t. parameter re-scaling if for every

~

function g(z), for 2(p) = z(g(n)), y(u) = y(g(p)),

F(~ ~ ~ ~ o~y ~4/>

z,9,2,9., 2", 9") = Fz,y, 2"y, 2", y").

Additional Invariance. ..




7. Main Result

Main Result. A parameter selection criterion is scale-
mvartant and tmvariant w.r.t. parameter re-scaling if and
only if it has the form

/ Main Result
Yy
F(Q:, Y, xla yla lﬂ? y”) = f (O(ﬂ?, Y, xla y,7 x”a y”)7 ;)

for some function f(C,z), where

dot 2" y/ _ y// -~
(@) + (y)?)**

Comment. Once a criterion is selected, for each problem,
we use the value X\ for which the value

F(z(A), y(A), 2" (A), 4'(A), 2"(A), 4" (N))
is the largest.
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9.

Proof

e For each tuple (z,y, 2",y 2" y"), by taking A, = —x
and A, = —y, we conclude that

F(r,y, 2y, 2", y") = F(0,0,2", ¢/, 2", y").
e Thus, we conclude that

F(x7 Y, LU,, yla xlla y”) - FO(‘,'U,7 yla ﬁU”, y”)a
where we denoted Fy(2',y/, 2", y") aof F(0,0,2" ¢/, 2" y").
e So, we conclude that the value of the parameter selec-
tion criterion does not depend on x and y at all.

e In terms of the function Fj, invariance w.r.t. parameter

re-scaling means that Fy(2', 7, 2", 7") = Fo(2, ¢/, 2", y").

e Re-scaling means that we go from the original function
x(A) to the new function z(u) = z(g(p)).




10. Proof (cont-d)

e In terms of the function Fj, invariance w.r.t. parameter
re-scaling means that Fy(z', ¢, 2", 9") = Fo(2', v/, 2", y").
e Re-scaling means that we go from the original function

x(A) to the new function z(u) = x(g(u)).

e The chain rule for differentiation leads to @’ = 2/ - ¢
and thus, 2" = 2" - (¢)2 + 2’ - ¢".

o Similarly, 7’ =4 - ¢ and ¥’ =" - (¢')* + v - ¢".

e In particular, at the point where ¢ = 1, we have 7’ = z,
=~

a,/,/ — xl/ +$/ . g//’ g/ — y/7 and g// — y// _|_ y/ . g//.

e Thus, invariance w.r.t. parameter re-scaling means
that Fo(x/’ y/’ x//_|_xl .g//7 y//_|_y/ .g//) — FO(.'E,, y/’ .,1/,//7 y//).

/!
e In particular, for g = —= we have y"+y'-g" = 0 and

Il
thus, Fo(z', ¢, 2", y") = Fy (x’,y’,x” — . %,O) )




11. Proof (cont-d)

i
o We pI'OVGd: F()(II?/, yla LU”, y”> - FO xla y,7 o = y_ O) .

" N2 1\213/2

e One can check that x”—x'-y—, =C- (@) +,(y) ) .
Yy Yy

e Thus, Fy(2', ¢, 2", y") = h(C,2',y), where

(=) + (v)»)*?

7 0.

e The curvature C'is invariant w.r.t. parameter re-scaling.

h(C7 33/7 y/) déf FO (xla y/7 C-

e So, for h(C,2',4y'), invariance means that h(C, 2", y') =
h(Ca xla yl)a Le., h(Ca xla y/) = h(Ca ' - gla yl ) g/)

e In particular, for ¢’ = —, we have 2" - ¢’ = 1 and thus,
x

x/

/
WO, 2 ) = h (C, 1,2 ) .




12. Proof (cont-d)

e We have proven:
— that F(z,y, 2"y, 2",y") = Fo(z', ¢/, 2", y"),
— that Fy(2', ', 2", y") = h(C,2',y'), and
/
— that h(C,2',y') = h (C,l, Y ) .

x/

/
e Thus, we conclude that F(z,y, 2,y , 2", y") = h (C’, 1, 2).

CU,

/
e In other words, we get F/(z,y, 2.y, 2",y") = f (C, %)
for f(C,2) o h(C, 1, z).

e The main result is thus proven.
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