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1.

Outline

e One of the main problems of interval computations is
computing the range of a given f-n over given intervals.

e There is a general algorithm for computing the range
of computable functions over computable intervals.

e However, in practice, not all possible combinations of
the inputs are possible, i.e., there are constraints.

e Under constraints, it becomes impossible to have an
algorithm which would always compute this range.

e In this talk, we explain that the main reason why range
estimation under constraints is not always computable:

— constraints may introduce discontinuity, while

— all computable functions are continuous.

e We show that under computably continuous constraints,
the problem of range estimation remains computable.

Need for Data Processing




2.

Need for Data Processing

e We often need to make a decision, e.g., to select an
engineering design and/or control strategy.

e For this, we need to know the effects of selecting dif-
ferent alternatives.

e In most engineering problems, we know:

— how different quantities depend on each other and

— how they change with time.
e In particular, we usually know the dependence

— of the quantity y describing the effect

— on the values of the quantities x4, ..., x,, describing
the decision and the surrounding environment:

y=f(x1,...,2,).

e The resulting computations are known as data process-
ng.

Need to Take. ..




3.

Need to Take Uncertainty into Account

e In the ideal situation, we know the exact values
x1, ..., Ty of the corresponding parameters.

e Then, we can simply substitute these values into a
known function f, and get the desired value y.

e In practice, the values x4, ..., x, come from measure-
ments, which are never absolutely accurate.

e The measurement results zy, ..., z, are, in general,

somewhat different from the actual (unknown) values z;.

e Thus, the estimate ¥y = f(Z1,...,T,) is, in general,
different from the desired value y = f(x1,...,z,).

e To make an appropriate decision, it is important to
know how big can be the difference y — y.

Need to Take. ..




4.

Need for Range Estimation

e Often, our only information about the measurement
error Ax; dof T; — x; is the upper bound A;: |Az;| < A.

e In this case, based on the measurement result x;, we

OIﬂy know that x; € [@i, fl] déf [fz — Ai, 53/1 + Al]

e Another case of such an interval uncertainty is when
the parameter x; characterizes a manufactured part.

e In this case, we know that the corresponding value
must lie within the tolerance interval [z;, T;].

e Different values z; € [x; — A;, T; + 4] lead, in general,
to different values of y = f(z1,...,x,).

e It is therefore important to estimate the range of all
such values {f(z1,...,2,) : x; € [x;,7;] for all i}.

What Is Computable: . . .




5.

Interval Computations
e In the usual case of continuous f-ns f, this range is an
interval [y, 7] o {f(z1,...,2n) s x; € [z;, 7] for all i}.

e Estimation of this range interval is known as interval
computations.

e For computable functions f on computable intervals

[x;,%;], there is an algorithm which computes this range.

e In general, the corresponding computational problem
is NP-hard (i.e., it may take a very long time).

e However, there are many situations where feasible al-
gorithms are possible for exact computations.

e There are also many feasible algorithms for providing
enclosures for the desired ranges.

Range Estimation . ..




6.

Need to Take Constraints into Account

e The above formulation of range estimation problem as-
sumes that the quantities x1, ..., x, are independent:

Known Negative Result

— the set of possible values of, e.g., 1,

— does not depend on the actual values of all other
quantities.

e In practice, we often have additional constraints which
limit possible combinations of values (z1,...,z,).

e For example, if x1 and x5 represent the control values
at two consequent moments of time, then

|x1 — 23] < 6 for some small value 6 > 0.

e We are interested in the range of the values f(xy, ..., x,)
corr. to (z1,...,x,) satisfying all the constraints.

e Adding constraints makes the general problem not com-
putable.




7. What Is Computable: Reminder
e A real number z is computable if there exists an algo-
rithm that, given k£ € N, returns a rational r; s.t.

ry — 2| <27%,

e An interval [z,7] is called computable if both its end-
points are computable.

e A function f(x1,...,x,) from real numbers to real num-
bers is called computable if there exist two algorithms:

— an algorithm that, given rational numbers ry,...,r,,
and an integer k, returns a rational number r s.t.

r— f(re,...,m)| < 2_k;

— an algorithm that, given a rational number € > 0,
returns a rational number § > 0 such that

if |z;—x}| <6 for all ¢, then |f(z1,...,2,)—f(x],..., 7)) <e.

n J—
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8.

Known Positive Result

e The following algorithm,

— given a computable function f(x1, ..., x,) and com-
putable intervals x; = [z, 7;] (1 <7 <n),

— returns the range [y, 7] = {f(z1,...,zn) : 75 € x4}
e We want to compute y with accuracy ¢ > 0.

e We find 0 > 0 s.t. [x; — zj| < § implies that the values
of f are (¢/2)-close to each other.

e On each interval [z;, T;], we then select finitely many
points z;, x; + 9, z; + 20, ...

e For each combination of selected points, we produce a
rational r which is (£/2)-close to f(s1,. .., ).

e The largest 7 of these rational numbers is the desired
g-approximation to .

e The smallest r of these r’s is e-close to Y.

Main Result
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9. Proof that the Above Algorithm Is Correct

e Each rational r is bounded by f(s1,...,s,) + %

e Thus, f(s1,...,8,) <7 implies r <7+

DO ™

£
e In particular, 7 <y + 5 <y-+e.

e Let us consider the values x; s.t. f(z1,...,2,) =7. Audtien Reut

e Each z; is d-close to some s;, so:

£
(51, 8n)—f(@1, . z0)| < 3 and f(s1,...,8,) > J—

O ™M DN M

e For the corresponding r, we have r > f(s1,...,s,) —
and hence, r >y —¢.

e Thus, 7>r >y —e¢.
e We have proved that 7 <7y + ¢, so T is e-close to .

e Similarly, r is e-close to y.




10. Range Estimation Under Constraints:
A Problem

e Let g;j(x1,...,2,) be a computable function and ¢;, ¢;,
and ¢; be computable numbers.

e By a computable constraint, we mean a constraint of
one of the following types:

o gi(z1,...,2,) = cj,
o gi(x1,...,2,) <cj,
o c; <gi(zy,...,x,), Or
oc; < gj(z1,...,20) <.
e Given: a computable f-n f(zq,...,x,), computable in-

tervals [z;,Z;], and a list C' of computable constraints.

e Compute: § = max{f(xy,...,x,) : x; satisfy C'} and
y =min{ f(z1,...,2,) : x; satisfy C}.




11. Known Negative Result
e Result: no algorithm is possible which solves all the
problems of range estimation under constraints.
e Indeed, take n = 1, f(x1) = w1, and a constraint
g(x1) = ¢1, where g(z1) = min(zy, max(0,z; — 1)).

e For x1 <0, we get g(x1) = x1; for 0 < z1 < 1, we get
g(x1) =0, and for 1 > 1, we get g(z1) = 21 — 1.

e For ¢; < 0, the constraint is only satisfied for the value
T1 = c1, SO we get y = ;.

e For ¢; = 0, the constraint g(z1) = ¢; = 0 is satisfied
for all 21 € [0, 1], so we get § = 1.

e So, the dependence of § on ¢; is discontinuous at ¢; = 0.
e However, all computable functions are continuous; Q.E.D.

o We will prove that discontinuity is the only obstacles
to computing § and y.




12. Computably Continuous Constraints:
Definitions

e Gliven: computable f-s g;(z1,...,2,), computable in-
tervals x;, and constraint types (=, <, >, <. <).

e For each tuple ¢ of values c;, ¢;, ¢;, we denote

S(c) o {(z1,...,2,) : x; € x; and z; satisfy the constraints}.

e The set of constraints is computably continuous if there
is an algorithm that:

— given a rational € > 0,

— returns a rational § > 0 s.t. when ¢ and ¢ are o-
close, then dgy(S(c), S(c')) < e, where

dr(A, B) < max (sup d(a, B),sup d(b, A)) , and

acA beB

d(a, B) & 1nf d(a,b).




13. Main Result

e The following algorithm solves the range estimation
problem for all computably continuous constraints.

e We want to estimate y and § with accuracy e.

e First, we find 0 > 0 for which |z; — 2| < § implies that
the f-values are e-close.

e One can then show that if dy (S, S") < 9§, then max f(x)
re

and max f(x) are e-close.
zes’

e For this 6 > 0, we can find 5 > 0 for which if ¢ and ¢
are 3-close, then dy(S(c), S()) < 6.

e We can now replace each equality g; = c¢; with inequal-
ities ¢ < g; <G

e Aslong as |c; — ¢;| < B and [¢; — ¢;| < 3, we still have
a 0-close set S(c).




14. Main Result (cont-d)

e The box [z,,7;] X ... is a computable compact set.

e Due to the known property of such sets, there are (-
close values ¢ for which S(¢’) is a computable compact.

e Thus, the maximum 7’ and the minimum ' of the com-
putable function f(x) over S(c’) are computable.

e By choice of 3, the fact that ¢ and ¢ are S-close implies
that S(c) is d-close to S(c).

e Hence, for max and min over these sets, we have
7' =yl <ecand |y —y|l <e

/

e Thus, the computed values y’ and 7’ are indeed e-

approximations to y and .




15. Auxiliary Result
e Let us consider the case when there are no equality
constraints, and for two-sided inequalities, ¢; < ;.

e In this case, we can solve all problems of range estima-
tion for which the dependence S(c) is continuous.

e Note: S(c) is not necessarily computably continuous.
e For =27% k=0,1,..., estimate the ranges of f:

e [y, 7] over an inner S-approximation S(¢’) and

o [é” ,7"] over the outer S-approximations S(c).
o Then ' <y <y andy <7y <7".

e Due to continuity, S(¢’) and S(c”) will eventually be-
come é-close; then, y" and 3" will be e-close.

e When this happens, we return, e.g., y’ and 7’ as the
desired e-approximations to y and ¥.
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