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Need to Combine. . .

1. Need to Combine Several Estimates

e In many practical situations, we have several estimates
x1,...,x, of the same quantity x.

e In such situations, it is often desirable to combine this
information into a single estimate .

e Sometimes, we know the probability distribution of the
corresponding estimation errors x; — x.

e Then, we can use known statistical techniques to find .
e E.g.. we can use the Maximum Likelihood Method.

e In many cases, however, we do not have any informa-
tion about the corresponding probability distribution.

e How can we then find 27




2.

Utility-Based Approach

e According to the decision theory, decisions of a rational
person are < maximizing utility value u.

e Let us thus find the estimate = for which the utility
u() is the largest.

e We use a single value 7 instead of all n values xz;; for
each 1:

— if the actual estimate is x; and we use a different
value T # z; instead,

— then we are not doing an optimal thing.
e For example:

— if the optimal speed at which the car needs the least
amount of fuel is z;,

— and we instead run it at a speed T # x;, we thus
waste some fuel.

Utility-Based Approach




3.

Utility-Based Approach (cont-d)

e For each 7, the disutility d comes from the fact that the
difference z — x; is different from 0.

e There is no disutility if we use the actual value, so
d = d(z — z;) for some function d(y).

e Here d(0) = 0 and d(y) > 0 for y # 0.

e The estimates are usually reasonably accurate, so the
difference z; — = is small.

e So, we can expand the function d(y) in Taylor series
and keep only the first few terms in this expansion:

dy) =do+dy-y+do-y*+...
e From d(0) = 0 we conclude that dy = 0.

e From d(y) > 0 for y # 0 we conclude that d; = 0 (else
we would have d(y) < 0 for small y) and dy > 0, so

dy) =do - y* = dy - (T — ;)%

Case of Interval . ..




4. Utility-Based Approach (final)

e The overall disutility d(z) of using ¥ instead of each of

Analysis of the Problem

the values z1, ..., z, can be computed as the sum:
Zdw—x2 ) =dy- Z(ax—xl) :
=1

o u(@) ¥ —d(T) - max < d(7) — min.

e Since dy > 0, minimizing disutility is equivalent to min-
imizing re-scaled disutility:

d@) _ <
D) Y = S @ )
2 i=1
e Equating the derivative to 0, we get the well-known
n

sample mean: T = — - g x;.




5. Case of Interval Uncertainty

e In many practical situations, we only know the inter-
vals [z;, T;] that contain the unknown values z;.

Towards an Algorithm

e For different x; € [x;,7;], we get, in general, different
values of utility

U, xy,...,x,) = =D(x,21,...,2,), where
n
D(E,x1,...,2,) = » (T — )",
i=1

e Thus, all we know is that the actual (unknown) value
of the utility belongs to the interval

U(2).U(7)] = [-D(%), —~D(%)], where
D(Z) = min D(Z, 21, ...,2,), D(T) =maxD(T,z1,...,7,).
e In such situations, decision theory recommends using

Hurwicz optimism-pessimism criterion, i.e., maximize:

UE Yo U@+ (1-a) U®@).




6. Case of Interval Uncertainty (cont-d)

e According to Hurwicz criterion, we maximize:

UE Lo -T@E) +(1-a) U®@).

Resulting Algorithm

e The parameter v € [0, 1] describes the decision maker’s
degree of optimism.

e For U = —D, this is equivalent to minimizing the ex-
pression

D(F) = -U(®) = a-D@) + (1 —a) - D).

—
—(—

e In this paper, we describe an efficient algorithm for
computing such z.




7. Analysis of the Problem

e Bach term (Z—x;)? in the sum D(Z, 21, ..., x,) depends
only on its own variable x;. Thus, with respect to x;:
— the sum is the smallest when each term is min, and

— the sum is the largest when each term is the largest. What Is the...

e When z; € [z;,7;], the max of (T — z;)? is attained: e |

~ def T; + Ty

—at x; =z; when x > 7; = 5 and
—at x; = T; when 7 < 7;.
o Thus, DF) = 3 F-7+ ¥ (F—)

i:§<§i 25251

e Similarly, the minimum of the term (Z—x;)? is attained:
— for x; = T when z € [z;,T;] (in this case, min = 0);
— for z; = z; when = < z;; and

— for x; = 7; when x > 7;.




8. Analysis of the Problem (cont-d)

e Thus, D(7) = Z;_(E — 7)) + ; '(ZE— ;).
e So, for D(Z) =« - D(Z) + (1 — a) - D(T), we get
D@)=a- Y F-7)+a- Y (F—z)*
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LT>T; T<z;
(I=a) > @E-m)+1-a) > (F-z)
1T<T; 1T>T; o

—
—(—




9. Towards an Algorithm

e The terms depends on the relation between = and the
values
z;, %;, and x;.

e Let us sort these 3n values into a sequence
§1 < 82 < ... < Sy
e Then on each interval [sj, s;.1], the function D(7) is
simply a quadratic function of z.
e A quadratic function attains min on an interval:

— either at one of its midpoints,

— or at a point when the derivative is equal to 0 (if
this point is inside the given interval).




10. Towards an Algorithm (cont-d)

e Equating the derivative D(Z) to 0, we get:
(a-#{i:7Z <z 0r:1:>a:z}—|—1—oz) T =

Q- Z T;+a- Z z,+(1—a)- Z Zi+(l—a)- Z

1T>T; 1T<; 1:2<T; 1T>T
e s; is a listing of all thresholds values z;, 7;, and z;.
e So, for ¥ € (s5,541), T < x; & Sj+1 < ;.
e Similarly, the inequality > z, is equivalent to s; > @;.
e In general, for T € (sj,s;41), we get:

(a-#{i:T<zorT>Ti}+1—a) T =

aZaszoz Z z,+(1—a)- Z Zi+(1—a)- Z—i'

1:5;>T; 1:55 41 <2, 1185541 <T; 1:8;>1;
e We can thus find z at which the derivative is 0.

e Thus, we arrive at the following algorithm.




11. Resulting Algorithm

e We want to minimize the expression

D(Z)=-U(Z) =a-D(T) + (1 — «a) - D(Z), where
D@ =a Y @-%)+a- Y @—z)+

1T>T; T<x;
(1-a)- Y @-m) +(1-a)- ) (@-z)
1:T<T; LT>T;

e First, for each interval [z;, T;], we compute its midpoint
T =—.
2
e Then, we sort the 3n values z;, 7;, and x; into an in-

creasing sequence s; < S9 < ... < S3p,.

e To cover the whole real line, to these values, we add
sg = —oo and S3,41 = +00.




12. Algorithm (cont-d)

e We compute the value of the objective function on each
of the endpoints s1, ..., S3,.

e Then, for each interval (s;, s;4+1), we compute T as:
a Y Tita Y m+(l-a) Y Ti+(1-—a) Y z
1:5;>7; 1:5; 1157, 1:541<; 115, >;

a-#i:x<zorT>Ti +1—a

e If 7 is within (s;, sj11), we compute D(Z).
e After that:

— out of all the values z for which we computed D(z),

— we return = for which D(Z) is the smallest.




13. What Is the Computational Complexity of
This Algorithm
e Sorting 3n = O(n) values z;, T;, and Z; takes time
O(n - In(n)).
e Computing each value D(x) of the objective function
requires O(n) computational steps.
e We compute D(Z):

— for 3n endpoints and

— for < 3n + 1 values at which the derivative is 0 at
each of the intervals (s;, sj+1).

e Overall, we compute D(7) at O(n) values.

e Thus, overall, we need O(n-In(n))+0(n)-O(n) = O(n?)
computation steps.

e Hence, our algorithm runs in quadratic time.
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