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1.

Empirical Distributions: We Expect Them to
Be Multi-Modal

e Continuous distributions are characterized by their prob-
ability density functions p(z).

e In principle, a probability density function can be any
non-negative function.

e The only condition is that the overall probability should
be equal to 1, i.e., that [ p(z)dz = 1.

e In such situations, it is natural to expect that:

— in general, we will observe generic functions with
this property,

— e.g., functions which are random with respect to
some reasonable measure on the set of all functions.

Empirical . . .




2.

Empirical Distributions (cont-d)
e The first such measure was Wiener measure, corre-
sponding to random walk.

e Later, many other random measures have been pro-
posed.

e In most of these random measures, almost all functions
are truly random, similar to random walk.

e They are very “wiggly”, they have infinitely many local
maxima and minima.

e In probabilistic terms, we expect the empirical proba-
bility density functions to be multi-modal.

Main Idea




3. Empirical Distributions Are Mostly Few-Modal

We Want Smoothness

e In reality, empirical distributions are mostly either uni-
modal, or bimodal, or — in rare cases — trimodal.

e In other words, they are usually few-modal.
e Why?

e In science and engineering, the few-modality is often
easy to explain.

e E.g. the distributions are normal or Gamma, or, in
general, follow some theoretically justified law.

e But few-modal distributions are ubiquitous also:

— in situations where we do not have exact equations,

— such as econometrics.
e Why?

e In this talk, we provide a theoretical explanation for
the few-modality of empirical distributions.




4.

Main Idea
e Of course, the space of all possible probability density
functions is infinite-dimensional.

e So to exactly describe each such function, we need to
describe the values of infinitely many parameters.

e In practice, at each moment of time, we can only use
finitely many parameters.

e So, we need to look into appropriate finite-dimensional
families of probability density functions.

e And we need explain why functions from this appro-
priate family are few-modal.

e To answer this question, let us describe natural prop-
erties of such families F of distributions p(c1, . . ., ¢,.7).

e How do we gain the information about the distribu-
tions?

Combinining Pieces of . . .




5. We Want Smoothness

e [t is reasonable to require that:

Knowledge Can Come. ..

— small changes in the values of the parameters c;
and/or small changes in z

— should lead to small changes in the probability den-
sity.

e In other words, we want the function p(cy, ..., ¢, x) to
be smooth.




6.

Combinining Pieces of Knowledge

e Suppose that:
— one piece of evidence is described by a probability
density function (pdf) p;(z), and
— another — independent — piece of evidence — leads
to pdf pa(z).

e If these were evidences about two different quantities
x1 and x9, then:
— due to independence, we would conclude that
— the distribution of the pair (x1, z5) follows a prod-
uct distribution p;(x1) - pa(x2).

e In our case, however, we know that this is the same
quantity, i.e., that 1 = x».

e Thus, to get the resulting distribution, we need to re-
strict the product distribution to the case x; = x».

Scale- and Shift-. ..




7.

Combinining Pieces of Knowledge (cont-d)

e In precise terms, we need to consider conditional dis-
tribution under the condition that x; = x».

e This means that we need to consider the distribution
p(r) = c- pi(x) - pa().

e Here c is a normalizing constant — which can be deter-
mined by the condition that [ p(z)dx = 1.

e Thus, it is reasonable to require that:

— for every two distribution p;(z) and po(z) from the
desired family F',

— their normalized product c- p1(x) - p2(x) should also
belongs to this family.

Definitions
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8. Knowledge Can Come In Parts

e Sometimes, we gain the knowledge right away:.
e In many other cases, knowledge comes in small steps.

e Suppose that:

Main Result

R

— the resulting knowledge is described by a probabil-
ity density function p(z), and

— it comes via several (n) independent similar pieces

of knowledge,

— each step characterized by some probability density
function py(z).

e Then, based on the previous subsection, we can con-
clude that p(z) = ¢ - (p1(z))" for some constant c.

e So, p1(x) = ¢1-(p(x))"/™ for an appropriate normalizing
coefficient ¢;.




9. Knowledge Can Come In Parts (cont-d)

e Thus, it is reasonable to require that:

— for every distribution p;(x) from the desired family
F and

— for every natural number n > 1,

— the normalized distribution ¢; - (p(x))"/" should also Proof of the Man Result

belong to the family.

—
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10. Scale- and Shift-Invariance

e The numerical value of a quantity depends:

— on the starting point for measuring this quantity

— and on the measuring unit.

e When we change numerical values, the expression for
the probability distribution also changes.

e [t is reasonable to require that:

— if we simply change the starting point and/or the
measuring unit in a distribution from the family F,
— then we should still get a distribution from the same
family.
e What if we change the starting point, i.e.,

— we replace the original starting point

— with a new one which is a units larger.




11. Scale- and Shift-Invariance (cont-d)

e Then in the new units y = x — a, the distribution:

— described by pdf p(z)
— will now be described by p1(y) = p(y + a).

e Similarly, we can change the measuring unit, i.e.:

— replace the original measuring unit

— with a new one which is A\ times larger.
e Then in the new units y = x/\, the distribution

— described by the pdf p(x)
— will now be described by p1(y) = X - p(A - y).




12. Definitions

e [Let n be a natural number.

e By an n-parametric family of distributions, we mean a
family F' = {f(c1,...,¢n, @) }e,. ., of pdfs, where:
— the values (c1, ..., ¢,) go over some set U, and
— the function f(cq,..., ¢y, ) is continuously differ-
entiable over the closure of this set.

e We say that a family F' allows combining knowledge if:

— for every two functions pi(x), po(z) € F,

— there exists a real number ¢ > 0 for which the prod-
uct ¢ p1(x) - po(x) also belongs to F.




13. Definitions (cont-d)

e We say that a family F' allows partial knowledge if:
— for every function p(z) from this family and for
every natural number n,
— there exists a real number ¢ > 0 for which the func-
tion ¢ - (p(z))"/" also belongs to F.
e We say that a family F is shift-invariant if:
— for every function p(z) from this family and for
every real number a,

— the function p(x + a) also belongs to F.
e We say that a family F'is scale-invariant if:

— for every function p(z) from this family and for
every real number A > 0,

— the function A - p(A - x) also belongs to F'.




14. Main Result

e Proposition.

— Let F be a shift- and scale-invariant n-parametric
family that allows combining and partial knowledge.

— Then, every function p € F has the form p(x) =
exp(P(x)) for some polynomial of degree < n.

e Corollary.

— Let F be a shift- and scale-invariant n-parametric
family that allows combining and partial knowledge.

— Then, every function p € F' has no more than n—1

local maxima and local minima.

e This explain why empirical distributions are few-modal.




15. Proof of the Corollary

e Indeed, at local maxima and minima, the derivative
p'(z) = exp(P(z)) - P'(x) is equal to 0.

e This is equivalent to P'(x) = 0.
e The derivative P'(z) is a polynomial of degree < n—1.

e Such polynomials can have no more than n — 1 zeros.




16. Proof of the Main Result

e Let F' be a family that satisfies all the given properties.

e To simplify the problem, let’s consider a family G of
all the functions ¢ - p(z), where ¢ > 0 and p(z) € F.

e By definition, every function from the family F'is also
an element of G.

e To show this, it is sufficient to take ¢ = 1.

e We will prove the desired form for all the function from
the class G.

e This will automatically imply that all the functions
from the family F' also have this property.

e What is the dimension of the family G?

e [.e., how many parameters do we need to specify each
function from this family?




17. Proof (cont-d)

e To describe a function from G, we need to specity:

— the value ¢ (1 parameter), and
— the function p(x) € F — which requires n parame-
ters.

e Thus, n + 1 parameters are sufficient, and the dimen-
sion of the family G is < n + 1.

e For the family G, allowing combining knowledge leads
to a simpler property: that
— for every two functions fi(x), fo(z) € G
— their product fi(z) - f2(x) also belong to G.

e Indeed, fi(z) € G means that f;(z) = ¢;-p;(x) for some
¢; > 0 and p;(x) € F.

e Thus, the product f(z) = fi(z) - fo(x) of these func-
tions has the from f(z) = ¢1 - co- p1(x) - pa().




18. Proof (cont-d)

e By the property of allowing combining knowledge, for
some ¢ > 0, we have pg(z) = ¢ p1(x) - pa(z) € F.
C1 - Co

e Thus, f(x) =
def €1 - 02
co =
c

e So indeed, f(z) € G

(c-p1(@) - pa(x)) = co-po(x), where

e Similarly, from the other properties of the family F|,
we can make the following conclusions:

— that for every function f(x) € G and for every nat-
ural number n, we have (f(x))"/" € G;

— that for every function f(x) € G and for every real

(x
)
number a, we have f(x +a) €
)
A

— that for every function f(x
number A > 0, we have f(

eG and for every real

z) €G.




19. Proof (cont-d)

e We can simplify the problem even more if:

— instead of the family G,

— we consider the family g of all the functions of the
type F'(xz) = In(f(x)), where f(x) € G.

e To such functions, we also add the limit functions.

e Adding limit cases does not increase the dimension, so
the dimension of the family ¢ is still < n + 1.

e In terms of this new family, we need to prove that all
the functions from ¢ are polynomials of order < n.

e The fact that the family G is closed under multiplica-
tion means that the family ¢ is closed under addition.




20. Proof (cont-d)

e The fact that the family G is closed under taking the
n-th root means that:

— the family ¢ is closed

— under multiplication by 1/n for each natural num-
ber n.

e Together with closing under addition, this means that:
— for every two natural numbers m and n,
— the function %F(x) = %F(x)Jr : +%F(m) (m times)
also belongs to the family g.

e In other words, for every F(z) € g and for every ratio-
nal number r, we have r - F(z) € g.

e Every real number is a limit of rational numbers.

e E.g. it is a limit of numbers obtained if we only keep
the first IV digits in the decimal or binary expansion.




21. Proof (cont-d)

e Since we added all limit cases, we can conclude that
r-F(x) € g for all non-negative real numbers r as well.

e One can easily show that shift- and scale-invariance
properties are also satisfied for the new family:

— that for every function F'(x) € g and for every real
number a, we have F'(z + a) € g;

— that for every function F'(x) € g and for every real
number A > 0, we have F'(A-z) € g.

e As a final simplification, we consider the family h of all
the differences d(z) = Fy(x) — Fy(x) between F(x) € g.

e To describe each of the functions Fi(x) and Fy(z), we
need n + 1 parameters.

e So the dimension of the new family does not exceed
2-(n+1).




22. Proof (cont-d)
e For every function F(z) € g, the function 2F(z) also
belongs to the family g.

e So, we can conclude that the difference F'(z) = (2F (z))—
F(x) also belongs to the family h. Thus, g C h.

e The family A is also closed under addition.

® Indeed, if dl(a:) = Fn(x)—Flg(JI) and dg(SU) = FQl(SU)—
Fy(x) for some Fj;(x) € g, then

di(7) +da(r) = (Fi1(x) — Fia(z)) + (Fu(z) — Faa(z)) =
(Fi(z) + Fa () — (Frz(x) + Faa(z)).

e Since ¢ is closed under addition, the sums Fy;(x) +
Fy1(z) and Fio(x) + Fye(x) also belong to g.

e Thus, indeed, the sum d;(z) + do(z) is a difference be-
tween two functions from ¢ and is, thus, in h.




23. Proof (cont-d)

e We can also prove that the family A is closed under
multiplication by any real number c.

e Indeed, let d(z) = Fi(z) — Fy(x).

e If ¢ >0, then ¢-d(x) = (¢ Fi(x)) — (¢ Fy(x)), where
both ¢ Fi(x) and ¢ - Fy(x) belong to the family g.

o If ¢ <0, then ¢ F(z) = |c|- Fa(z) — |c| - Fi(x), where
also |c| - F5(x) and |c| - Fi(x) belong to the family g.

e So, the family h is closed under addition and under
multiplication by any real number.

e Thus, h is a linear space.

o Let d < 2n + 2 denote the dimension of this linear
space.

e Let us select a basis e1(x), ..., eq(z).




24. Proof (cont-d)

e This means that all functions from the space g have
the form ¢; - e1(x) + ... + ¢4 - eq(z).

e We know that the family g is shift- and scale-invariant.

e Thus, we can conclude that the family A is also shift-
and scale-invariant.

e Shift-invariance means that for each d(z) € h and for
each real number a, we have d(z + a) € h.

e In particular, this is true for the basis functions
ei(z), ..., ea(z).

e Thus, for each 7 and a, there exist coefficients c;;(a)
depending on a for which

eilz+a)=cqla) er(x)+ ...+ cqla) - eq(x).




25. Proof (cont-d)

e In particular, for each 7, we can select d different values

T1y.-.,2¢-

e Then we get the following system of d linear equations
for determining the coefficients ¢;;(a):

ei(x1+a) =cala)-el(xy) + ...+ cula) - eq(xy),

ei(rqg+a)=cq(a)-er(zq) + ...+ cala) - eq(zyq).
e Here, the coefficients e;(x)) are constants.

e So the values ¢;;(a) are linear combinations of the right-
hand sides e;(z; + a).

e Since the functions e;(x) are differentiable, the values
c;j(a) are also differentiable functions of a.




26. Proof (cont-d)

e So, both sides of the following equality are differen-
tiable: e;(x +a) = ¢i(a) - er(x) + ... + ciala) - eq(x).

e Thus, we can differentiate them with respect to a and
then plug in a = 0.

e As a result, we get the following system of differential
equations, where Cj; &of c;;(0):

e1(x) =Chr-er(x) +...4 Ca - eq(x),

ey(x) =Ca -er(x) + ...+ Cuq - eq(x),

e In other words, for e;(x), we get a system of linear
differential equations with constant coefficients.




27. Proof (cont-d)

e It is known that each solution of such system is a linear
coefficient of the functions a” - exp(«a - x), where:

— the value p is a natural number and

— « is a — possible complex — eigenvalue of the ma-
trix C”

e Similarly, scale-invariance means that for each function
d(x) € h and for each positive real number \ > 0, we
have d(\ - x) € h.

e In particular, this is true for the basis functions e;(z).
e Tor an auxiliary variable X & In(x):

— replacing z with A - z corresponds to

— replacing X with X + a, where a o In(\).




28. Proof (cont-d)

e So, for the correspondingly re-scaled functions

Ei(X) & ei(exp(X)), we conclude that:

— for each such function and for each real number a,
— the function E;(X + a) is a linear combination of
functions F1(X), ..., Eq(X).

e We already know, from the previous parts of this proof,
that this implies that:

— each function F;(X)

— is a linear combination of the functions X? -exp(a -
X).

e Thus, each function e;(z) = E;(In(x)) is a linear com-
bination of expressions

(In(z))? - exp(a - In(z)) = (In(z))? - 2.




29. Proof (cont-d)

e One can see that:

— the only possibility for a function to be represented
in both forms

—is to avoid logarithms and exponential functions
altogether.

e So, ¢;(x) is a linear combination of the terms z? for
natural p, i.e., a polynomial.

e Thus, each function from the class g is a polynomial,
as a linear combination of d polynomials e;(x).

e Since g C h, all functions from the class g are also
polynomials.

e What is the order of these polynomials?
e Let D be the order of a polynomial F(z) from the g.




30. Proof (cont-d)
e For a polynomial of order D, in general, F'(x), F(z+h),
F(x+2h), ..., F(x+ D - h) are linearly independent.

e Indeed, for A — 0, this is equivalent to linear indepen-
dence of P, zP~1, ... 1.

e Thus, in the generic case, the corresponding determi-
nant is different from 0.

e Since we have D + 1 independent functions, thus, the
family ¢g has dimension D + 1.

e But we know that the dimension of this family is
<n-+1.

e From D + 1 < n+ 1, we conclude that D < n.

e Thus, all functions F(x) = In(f(z)) from the class ¢
are polynomials of order < n.




31. Proof (cont-d)

e Thus, all functions F(x) = In(f(z)) from the class g
are polynomials of order < n.

e Hence, each function f(x) = exp(F(x)) from the class
F has the desired form.

e The proposition is proven.
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