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e Prediction is one of the main objective of science.
e Economic predictions are one of the main objectives of econometrics.

e We want to predict what will happen to economy if we do not inter-
fere.

e If we do not like this prediction, we need to decide what action to
take to improve the economy.

e For that, we need to be able to predict what will happen if we under-
take different actions.



e In some cases, we are able to predict exactly what will happen at
different future moments of time.

e For example, what will be the GDP next year.
e In other cases, there are too many factors affecting the situation.

e For example, in agriculture, a lot depends on current weather pat-
terns.

e In many such situations, it is possible to predict the trend — but not
the timing.
e For example, we may predict that under an appropriate fiscal policy,

the economy will improve.

e That at some future moment of time, the GDP will grow by 20% and
the unemployment will decrease to half of the current value.

e But we cannot predict whether this will happen in 3 years or in 6
years.



e In such situations, what is important for prediction is also:
— not when exactly different events happen in the past — the exact
timing is too much affected by random events to be useful —
— but rather what was the state of economy at different moments in

the past.

e What is important, e.g., is that when the crops decreased by 30%,
the unemployment grew by 20%.

e This show how the country’s economy depends on its agriculture sec-
tor — but it does not matter whether this happened 3 or 4 years ago.



e The state of the economy at each moment ¢ can be characterized by
the values of several characteristics x = (x1,...,z,) at t.

e In these terms, what we know is:

— how, in the past, the state of the economy changed,
— i.e., what were the values x;(t) of all these characteristics for all

the past moments of time ¢.

e These moments range from the moment 7j when we started recording
these values to the current moment 7.

e Based on this information, we want to predict how the state x(t) will
change in the future, for moments ¢ > T'.

e This prediction should not depend on the exact duration of each state,
only on the general trend.



e In other words, we should get the same prediction:

— based on the actual values z(¢) and
— based on the values X(t) = x(7(t)) for any increasing function
7(t).
e The processes may have been slower than they actually were — in this

case, we may have 7(t) = ¢ - t for some ¢ < 1.

e The processes may have been faster than they actually were — in this
case, we may have 7(t) = ¢ - t for some ¢ > 1.

e The processes may have been slower at some periods of time and
faster and other — in this case, the dependence 7(¢) is nonlinear.

e In all these cases, whether we use the original records z(t) or re-scaled
records X (t) = x(7(t)), we should get the exact same predicted trend.



e Another reasonable assumption is that the trend’s predictions should
depend only on the relative changes, not on the actual initial state.

e For example, it is important to know that the GDP declined by 20%
and the unemployment increased by 80%.

e However, it does not matter that much:

— whether we talk about a big country with a large population and
large GDP

— or we talk about a smaller country with a smaller population and
a smaller GDP.

e In precise terms, this means that what is important is:

— not the actual values x;(?),

— but rather the ratios x;(t)/x;(Ty) describing how these values
changed.



e In other words, the predictions should remain the same whether we
use the values x;(t) or the values ¢; - z;(¢) for some constants ¢;.

¢ In many economic situations, it is convenient to use logarithms v;(t) =
In(z;(t)) of the actual values.

e The logarithm In(c; - z;(t)) of each re-scaled value is equal to the sum
In(z;(t)) + In(¢;) = v; + C;, where C; o In(c;).

e In these terms, we should predict the same trends whether we use the
original dependence v;(t) or the re-scaled dependence v;(t) + C;.



e In such situations, it turned out to be very efficient to replace the
original description v;(t) with the so-called signature.

e The signature is a sequence of the values

Siy = /’Oil(h)dtl,

Siy iy = / Uy (t1) - 03, (t2) Aty dis,
To<t1<to<T
Siq iy, — / 7.}1'1 (tl) et Uzk(tk‘) dtl ce dtk,
To<t1 <..<tx<T

e Here, as usual, ©;(¢) indicates the derivative.
e This idea especially useful when we use machine learning.

e Trend predictions based on the signature are much more accurate
than if we apply deep learning to the actual record v;(t).



o If we add the same constant vector C; to all the values v;(t), the
derivatives will not change.

e Thus, the signature values will not change.

e Hence, the signature values remain the same whether we use the orig-
inal dependence v;(t) or the re-scaled dependence v;(t) + C;.

e Similarly, since 0;(t) - dt; = dw;(¢;), each signature value can be rep-
resented in the following equivalent form

S :/ du;, (1) ... du;, (tg)-
To<t; <..<tx:<T

e From this expression, it is clear that this value does not change:

— if we re-scale time,

— i.e., if replace the original dependence v;(t) with the re-scaled
dependence v;(7(t)).



e A natural question is: why signature and not other characteristics?

e In this talk, we provide a possible explanation of why it makes sense
to use signature.



e We want to find characteristics depending on all the values v;(t) for
all ¢ and ¢.

e These characteristics should be invariant under re-scaling of time ¢ —
7(t) and under re-scaling of the values v;(t) — v;(t) + C;.



e Independence on re-scaling of values can be achieved if we only con-
sider dependence on the derivatives v;(t).

e Indeed, derivatives do not change under such re-scaling.

e Vice versa, once we know the derivatives, we can reconstruct the
differences v;(t) — v;(Ty) = fT 0;(s

e Thus, we can indeed reconstruct the value v;(f) modulo such re-
scaling; so:

— to make sure that our characteristics do not change under re-
scaling of values v;(t),

— it makes sense to consider characteristics depending on all the
values v;(t) for all ¢ and ¢.

e These characteristics should be invariant under re-scaling of time

t— 1(t).



e Most dependencies are smooth.

e There are seemingly non-smooth processes like phase transition, but
in reality, they are smooth too.

e Just the time scale becomes different.

e Similarly in economics, most characteristics smoothly change with
time.

e Sometimes the changes are fast and this seem abrupt and discontin-
uous, but in reality, they are reasonably smooth.



e In general, a sufficiently smooth function b = f(aq, ..., a,) of n inputs
a; can be described by its Taylor series:

b_b0+2bh ah+Zme- i, + .
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e In our case, the unknowns a; are the values 9;(t) corresponding to
different values of 7 and .

e Theoretically, there are infinitely many moments of time ¢.

e However, of course, in practice, we only have values v;(t) correspond-
ing to finitely many moments of time t; < ... < t,,.



e In this case, as approximations to derivatives, we have finite differ-
ences

e it - it
Bi(te) ~ Sus(tg) 2 Ui “&w nl)

e Here, we denoted Aty def to1 — to.

e By definition of the derivative, when At, tends to 0, the finite differ-
ence dv;(ty) tends to the derivative; thus:

— when the differences At, are sufficiently small — i.e., when the
moments t; are sufficiently close to each other —

— we can safely assume, for all practical purposes, that the differ-
ences 6v;(ty) are equal to the corresponding derivatives.



e In terms of these variables dv;(t/), the general Taylor expansion of
s(6vi(ty), ..., 0v1(tn), dva(ty),...) takes the form

n
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e Here we denoted
m m
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e Dividing and multiplying each terms in the sum by the product
Aty, - ... Aty,, we conclude that S;, ;, =

Lk
m m
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def bil,...,ik,gl,...,gk

e Here we denoted B, ;, (te,, ..., ty) = Ay AL
R .




e Taking into account that, for the practical purposes, the differences

dv;, (tg, ) are equal to the derivatives v;(t/), we get S;, i, =

S ) Bty t) 0 (t) i () - Aty - Aty

5121 £k21

e This expression is the integral sum for the integral I;, _; =

T T
/ ) / Bio i (brs e t) - s (t1) -, (8) by . by
t1=TpH tr,="To

e When the differences At are small, for practical purposes, the integral

sum S;, ., is equal to the integral I;, ;.
e So, we conclude that a generic representation of a characteristic s has
the form

S:SO—i_Z[il+ZZIi1’i2+"'+i"'ib1’“"ik+”'

i1=1 i1=1i9=1 =1  ip=1



e We want to come up with a description of all possible invariant char-
acteristics.

e So, we need to find out which expressions are invariant under re-
scaling of time ¢ — 7(t).

e To find out which expressions are thus invariant, let us first take into
account — as we did in the previous section — that v;(t) - dt; = dw;(t).

e Then, the expression for each integral takes the equivalent form

T T
Iil,...,ik = / .. / Bih-n,ik (tl, .. ,tk) dUZ'I (tl) .. dUik (tk)
tlzTO tk:To

e If we re-scale time, we get an expression

T T
[th,ik = / Ce / Bil,...,ik (T(tl), Ce ,T(tk>) d’UZ'1 (tl) ce d’l}ik (tk)
tlzTO tk:TO



e Invariance means that we should have [;, _; = ]ZTI
functions 0;(t).

i, Tor all possible

e This means that the coefficients B;, should be the same in both

cases, i.e., that we should have

Bil,...,ik<t17 RN ,tk> = Bi1,~-~,ik (T(tl), RN ,T(tk)) fOI‘ all T(t)

geenylk

e One can easily check that every two tuples t; < ... < ¢ and t] <
... <t} can be obtained from each other by some increasing function.

e Thus, for all such tuples, the value B;, _;, (t1,...,t;) is the same; we
will denote it by By,

ke



e Similarly:
— for any other ordering of the moments ;1) < ... < try) corre-
sponding for any permutation 7 : {1,... k} — {1,... k},
— the value B;, _;,(t1,...,tx) depends only on this permutation and

is the same for all tuples (1, ..., tx) for which this ordering is true.

e We will denote this common value by Bi,yingy

e The whole domain of all possible tuples (¢i,...,%;) — over which the
integral is computed — can be divided into sub-domains.

e These sub-domains correspond to different orders between t;.



e For example, for k = 2, we divide the domain of all the pairs (¢, ts)
into two sub-domains:

— the set of all the pairs for which #; < t5 that corresponds to the
identity permutation 7 (i) = i, and
— the set of all the pairs for which ¢ < t; that corresponds to swap
(1) =2 and 7(2) = 1.
e On the sub-domain D, corresponding to the identity permutation
7, the value B;, _; (t1,...,t;) is a constant B;, ;..

e So the integral over this sub-domain has the form

/ Bil,...,ik (tl, C. ,tk) . i),’l (tl) L. Uzk (tk) dtl . dtk =
Dk,ﬂ'

Bih---,ik / dvl(tl) Ce dvzk(tk)
To<t1<..<tp<T



e As usual, in the integration, the integral over measure-0 parts corre-
sponding to possible equalities such as t; = Tg, t1 = 9, is 0.

e S0, we can say that

/ Bila“wik (tl, . e 7tk) * ijzl (t]_) e e IOZk (tk) dtl . dtk —
Dk,ﬂ'

To<t1<...<tx<T

e The integral in the right-hand side is exactly one of the signature
values s;, ., SO we get

/ Bil;'“aik (tl, o e ,tk) * ,Oll (t]_) e e i)Zk (tk) dtl o« . dtk —
Dk,ﬂ'



e The integral [;, _;, over the whole set of tuples (¢1,...,%) is equal to
the sum of the integrals over all sub-domains.

e So, we get
[ilr"?ik - : :B’L'rr(l)7vz7r(k) ) Siw(l)v"wiﬂ(k)'
™

e So, in the invariant case, the general expression for a characteristic
takes the form

n non
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e So, it is a linear combination of the signature values.



e [t was known that signature values are invariant.

e What we have shown is that any other invariant characteristic is noth-
ing else but a linear combination of signature values.

e In this sense, signature values is all that we can extract from the data,
they provide full information about the inputs.

e This explains why signature values are so successful — since they pro-
vide full information about the input.
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