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e According to decision theory, decisions of a rational decision agent
should be determined by a special wtility function u(x).

e This function describes the decision maker’s preferences.
e Specifically:

— out of all possible actions,

— the rational decision maker should select the alternative for which
the expected value of Elu(x)] of the utility is the largest possible.



e To estimate the expected value of utility, we need to have some in-
formation about the corresponding probability distribution.

e In many cases, the utility u(z) smoothly depends on the variable z.

e In this case, we can expand the dependence of utility on x in Taylor
series and keep only a few first terms in this expansion.

e In other words, for some typical value x:

— we replace the original utility function

— with a linear combination of the terms (z — ()" for integer k > 0.

e In such case, the expected value of utility function becomes a linear
combination of the expected values E[(z — x()¥] of these terms.

e Thus, it is a linear combination of the moments of the probability
distribution.



e So, to make reasonable decisions, there is no need to know the exact
form of the probability distribution.

e [t is sufficient to know its first few moments.
e In such situations:

— if we use a value x which is slightly larger or slightly smaller than
the optimal value xy,

— the result will be slightly suboptimal, but it will be usually not a
big deal.

e There are, however, another decision situations where there is a crit-
ical threshold.

e For example, chemical plants, no matter how good they are, emit a
small amount of potentially dangerous substances.

e In allowed very small concentrations, these substances are harmless.



e However, if their concentration exceeded the allowed threshold:

— this is somewhat bad news for the environment, and
— a really bad news for the company.

e The company will face a huge fine and maybe a closure of the offending
plant — that would cause even bigger losses.

e In such situations, as the quantity x increases, the utility u(x):

— first changes slightly until we reach the threshold value x(, and

— then changes abruptly from a positive to a zero (or even negative)
value, and

— changes very slightly after that.



e In such situations, the utility function can be well approximated by
a piecewise-constant function that takes:

— the value ug > 0 for r < zy and

— the value 0 for x > x.

e The expected value of this utility function is equal to ug times the
probability Prob(z < x).

e The function that assigns, to each threshold zy, the probability
Prob(z < ), is known as the cumulative distribution function.

e For short, such a function is called cdf.

e Summarizing: to make decisions, we need to know the moments and
the cdf of the probability distribution.

e Out of these two characteristics, knowing the cdf is the most critical
part of information.



e All probabilities come from observations.
e In general, how can we empirically determine probabilitiea?

e A usual way is to consider several repetitions of the situation and
compute the frequency of the desired outcome.

e For example, the frequency with which the coin falls heads.

e When the sample size increases, this frequency becomes closer and
closer to the actual probability.

e For large sample sizes, the distribution of the difference f —p between
the frequency f and the probability p is close to Gaussian,

e [t has mean 0 and a known standard deviation o.



e Based on this information, we can find the interval that contain the
actual value of the probability p with a desired confidence; e.g.:

— the 30 interval [f — 30, f + 30| contain p with confidence 99.9%,

— the 60 interval [f — 60, f + 30] contain p with confidence 1 —107%,
etc.

e So, at each moment of time, we only know the frequency — which is
only approximately equal to the probability.

e We do not know the exact values of the probability.

e We know the interval [p,p] = [f — ko - o, f + ko - 0] (for some k)
containing p.

e In particular, for each z:

— instead of the actual value of the probability F'(z),

— we only know the interval [F(z), F(z)] that contains the actual
(unknown) values of F(x).



e A function that transforms a value x into such an interval is known
as the probabiliyt box, or p-box, for short.

e From this decision-making viewpoint, p-boxes are ubiquitous in rep-
resenting uncertainty.



e There is another reason why p-boxes are ubiquitous.
e This is related to the fact that for many real-life processes:
— even when we know the differential equations that determine their
dynamics,

— we still cannot accurately predict neither the exact values of the
future quantities,

— nor even the probability of different future values.

e This happens because in such equations, initial minuscule non-
detectable deviations can lead to drastic differences in the future state.



e In such situations:

— even if we can safely ignore the measurement uncertainty in mea-
suring the original state,

— about the future state, we can only know the interval of possible
values.

e So, for each value x from this interval:

— instead of the exact value of the probability F'(x),

— we only know the interval [F(z), F(x)], i.e., we know the p-box.



e We want to know the current and future values of different quantities.
e Some of the current quantities we can directly measure.
e In such cases:

— from the description of the corresponding measurement process,

— we get the description of the uncertainty of the resulting estimate.

e However, many quantities are difficult (or even impossible) to measure
directly.

e And it is definitely not possible to directly measure future values of
different quantities.



e To estimate such not-easy-to-directly-measure quantities, we need:

— to find easier-to-measure quantities x1, ..., x, that are related to
y by a known dependence y = f(z1,...,x,), and then

— to use the results z1,...,x, of measuring x; to compute the y-
estimate y = f(z1,...,T,).

e In such situations:

— based on the known uncertainty of the measurement results z;,

— we need to determine the uncertainty of the estimate .

e Estimating this uncertainty is known as uncertainty propagation.



e In some cases, we have explicit analytical formulas that:

def ~

— describe the probabilistic characteristics of Ay = iy — y (such as
mean, standard deviation, etc.)
def ~

— based on the characteristics of Ax; = x; — ;.
e However, in many other cases, there are no such analytical formulas.
e In such cases, we can use Monte-Carlo simulations.

e Namely, for some large N, for each £k =1,..., N, we:

— simulate the values sz(-k) distributed according to the known

probability distribution for Ax;;

— compute the modified values l‘(k) = T; — Axgk), then y*) =

f(ac(lk>,.. x% ) and Ay®) =g —y®).



e The resulting values AyM, ..., Ay®™) form a sample distributed ac-
cording to the desired distrubution for Ay.

e Based on this sample, we can estimate the desired statistical charac-
teristics of the probability distribution of Ay.



e When we have p-box uncertainty about x;, we would like to find the
p-box for Ay.

e Similarly to the probabilistic case, sometimes, we have explicit ana-
lytical expressions for the resulting p-box.

e However, also similarly to the probabilistic case, in many situations,
we do not have such expressions.

e In the p-box cases, for each quantity z;, we know the p-box
[Fi(@i), Fi(s)].
e Here:

— in contrast to the probabilistic case,

— we do not have a single probability distribution for Ax;, we have
many possible probability distributions.

— namely, all distributions Fj(z;) for which Fj(x;) € [EF;(x;), Fi(x;)].



e So, a natural idea is:

— to take several possible distributions from the p-box for x;,

— for each combination c¢ of these distributions, to run Monte-Carlo
simulations and to estimate the resulting cdf Fj.(y).

Then, for each y, we can estimate the desired range [F,(y), Fy(y)] as
min F.(y), max ch(y)} :

e A natural remaining question is: how to select possible distributions
from the given p-box.

e In this talk, we provide a natural way to do it.



e Of course, in reality, we can only use finitely many values F(x).

e We only have values f(v1),..., F(v,) corresponding to a finite num-
ber of points v1 < vy < ... < vy,

e For example, we can take uniformly distributed values

vy, Vo = v1+h,v3 =v1+2h,...,vp = v1+(t—=1)-h,..., v, = v1+(m—1)-h.

e For each of these selected values, we know the interval [F(v;), F'(v;)].

e For these intervals, we have F(v;) < F(v;jy1) and F(v;) < F(vig) for
all 1.

e We need to select the values F; = F(v;) € [0,1] for which F; €

[F(v;), F(v;)] and F; < Fj4 for all i.



e For simulation purposes, we may need to know the values F(z) for
values = # v;.

e These values can be found, e.g., by linear interpolation: for each
T € [v;, 41, We take

Vi1 — X T —v;
Vi1 — U; Vi1 — U;



e We have the set S of all possible tuples (F1, ..., Fy,) for which, for all

i, we have F; € [E(v;), F(v;)] and F; < Fjiq.
e A natural idea is to use Monte-Carlo simulation to select each tuple.

e For this purpose, we need to find an appropriate probability distribu-
tion on the set S.

e A priori, we have to reason to believe that some tuples from the set
S are more probable than others.

e It is therefore reasonable to assume that all tuples from the set S are
equally probable.

e So, we shall use a uniform distribution on this set.
e This argument is known as the Laplace Indeterminacy Principle.

e It is a specific case of a more general Mazimum Entropy approach to
selecting a probability distribution.



e To find a single tuple, we select, for each i, values F; that are uniformly
distributed on the interval [F;, F;].

e For this purpose, we can select values r; uniformly distributed on the
interval [0, 1] and take F; = F; +r; - (F; — F;). Then:

o If the resulting values satisfy the monotonicity condition F; <
Fy ... < F},, then we return the resulting tuple.

e On the other hand:

— if some monotonicity conditions are not satisfied,

— then we ignore this tuple and repeat the above process — until we
get the tuple that satisfies the monotonicity condition.



e What is the probability that for two randomly selected paitr
(Fi, Fiy1), we get F; < Fiy?

e For each pair, the worst case — with probability 1/2 — is when the

intervals [F(v;), F'(v;]] and [F(viy1), F(vis1)] coincide.

e In all other cases, as one can easily check, this probability is larger
than 1/2.

e We need to satisfy m — 1 such inequalities: from F; < Fy to F,,_1 <
E,,.

e So, the probability that our process will lead to a tuple is larger than
or equal to (1/2)™1.

e A typical case is m = 11, when we divide the range of z; into 10
subranges.

e Then, this probability is at least (1/2)!° = 1/1024.



e So, on average, after at most 1000 iterations of the above process, we
will get the desired tuple.

e So, if we want to come up with a 1000 tuples, we need to run this
process million times.

e This may sound large, but for a computer, this is practically nothing.
e Indeed, the most time in Monte-Carlo simulations is usually spent:

— not on generating random inputs,

— but on running the algorithm y = f(z1,...,x,) for different in-
puts.

e In this sense, the above procedure is quite feasible.



e This completes the main part of this talk.

e In the following part, we answer an auxiliary question: can we have
a faster algorithm for selecting tuples?

e Specifically, we describe two seemingly reasonable faster approaches.

e We explain that these approaches do not always lead to a uniform
distribution on the set S.



e We select Fy uniformly from the interval [F(vq), F'(vy)].

e Once we have selected Fj, we have two restrictions on Fy: that F; <
Fy and that F(vy) < Fy < F(vy).

e These two restrictions can be combined into a single one:
max (Fi, F(ve) < Fy < F(v9).

e Thus, it seems reasonable to select F, uniformly from the interval

[max(Fy, F(vq), F'(v9)].

e Similarly, once we have selected the value Fj, then we have two re-
strictions on Fj 1: that F; < F;y; and that F(vi1) < Fig < F(vi41).

e These two restrictions can be combined into a single one:
max(F, F(viy1)) < Fipr < F(viga).

e Thus, it seems reasonable to select F;,; uniformly from the interval

(max(F;, F(vig1)), F'(vie1)].

e So, we arrive at the following algorithm.



e First, we select F; uniformly from the interval [F'(vy), F'(vy1)].
e Then, we sequentially select F5, F5, ..., F}, as follows.

e Once we have selected F;, we select Fj;; uniformly from the interval

(max (£, £ (vit1)), F'(vigr)]-



e We want to show that the above algorithm does not lead to a uniform
distribution.

o Let us consider a simple case when m = 2 and [F (v1), F(v)] =
[E(v2), F'(v2)] = [0,1].

e According to the above algorithm, in this case, Fj is selected uni-
formly from the interval [0, 1].

e So its mean value is 1/2.



e On the other hand, here, the set S is a subset of the unit square
determined by the inequality F; < F5, see below.
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e In this case, the area of S is |S| = 1/2, and so, the mean value of F}
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e So, the mean value 1/2 produced by the first faster algorithm is dif-
ferent from the mean value 1/3 corr. to the uniform distribution.

e Thus, the first faster algorithm does not always return tuples uni-
formly distributed on the set S.



e In the above example:

— instead of limiting F5 to the interval [Fy, 1],

— we could simply generate random values G; and G5 from the cor-
responding intervals, and

— then take the smallest as F; and the largest as Fb.

e One can check that in this example, this idea indeed leads to a uniform
distribution on the set S.

e This leads to the following seemingly rational algorithm.



e For each 7, we uniformly select some value G; from the interval

[E(vi), F(vi)].

e Then, as I, we select the smallest of these values, as F5, the smallest
of the remaining values, etc.

e In other words, we:
— sort the values (G; into an increasing sequence
Gu <G < ... <Gy,

— and then take F; = G ;) for all ¢.



o Let us consider an example with m = 2, [F(v1), F(v1)] = [0,2/3], and
[E(v2), F(v2)] = [1/3,1].

e In this case, the set S takes the following form:




e In this case, the set .S contains three equal-size small squares

o) B i) ) )

e It also contains a half of the fourth (central) square

3]

e For the uniform distribution, the probability for a tuple to be in a
subset s of the set S is equal to the ratio of their areas.

e The area of the set S is equal to 3.5 times the area of each small
square.

e The area of the subset s of all the tuples for which both F} and Fj
are in the interval [1/3,2/3] is equal to half of the small square.



e Thus, for the uniform distribution, the probability to be in s is equal
to 0.5/3.5 = 1/7.

e On the other hand, in our second fast algorithm, the values F; are
simply sorted G;’s. T

e Thus, both values F; belongs to the interval [1/3,2/3] if and only if
both G; belong to this interval.

e The probability of each GG; belonging to this interval is 1/2.
e The simulated he values GG; are independent.

e So, the probability that both G;’s belong to this interval is equal to

(1/2) - (1/2) = 1/4.



e So, the value 1/4 produced by the second faster algorithm is different
from the value 1/7 corresponding to the uniform distribution.

e Thus, the second faster algorithm also does not always return tuples
uniformly distributed on the set S.
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