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e Newton showed that every light can be represented as a combination
of pure colors (history: rainbow in the Bible).

e He passed the usual light through a prism and got a rainbow.

e Then, he used another prism to combine the colored rays and got
back the original white light.

e In mathematical terms, pure color corresponds to a sinusoid
x(t) = A-sin(w -t + @), i.e., equivalently, to

z(t) =a-cos(w-t)+b-sin(w-t).

e Fourier showed that, indeed, every reasonable function can be repre-
sented as a linear combination of sinusoids:

x(t) = Z(a(w) -cos(w - t) + b(w) - sin(w - t)).

w



e He also showed how to compute the coefficients a(w) and b(w) based
on the values z; :x(toJri-At) i=1,...,n

Ay def a(m - Aw) E Ti - COS (— 7- m);
e 1 < _(2m
b d—fb(m Aw) = ——- a:z--sm<—7r-z-m>.
n

e These formulas are called Fourier transform.
e Based on the values a,, and b,,, we can form A,, = /a2, + b2,.
e The original formulas require n? steps, too many for large n.

e In the 1960s, Fast Fourier Transform (FFT) algorithm was invented
that takes time O(n - logy(n)) < n?.

e FF'T is one of the main data processing techniques in science and
engineering.



e The values x; = x(ty + ¢ - At) come from measurements.
e Measurements are never 100% accurate.

e The measurement results x; are, in general, different from the actual
(unknown) values x;.

. def ~
e In other words, there is a non-zero measurement error Ax; = r; — ;.

e Often, the only information that we have about Ax; is the upper
bound: |Ax;| < A;.

e In this case, after the measurement, the only information we gain
about the actual value x; is that z; € [z;,T;] = [1; — A, T; + Ayl

e For different values z; from these intervals, we get, in general, different
values of a,,, b,,, and A,,.

e A natural question is: what are the ranges [a,,,@m], [b,,,bm], and
[A,,, A,] of possible values of these quantities?



e Of course, computers only represent rational numbers, which the val-
ues of sine and cosine are usually irrational.

e Thus, we can only compute these ranges with a given accuracy € > 0.
e For a,,, b,,, and A,,, feasible algorithms are known.

e In this talk, we show how these algorithms can be extended to a more
general case.



e The coefficients a,, and b, linearly depend on z;.

e A general linear function has the form:

n
Yy =co+ E Ci - ;.
i=1

e When we plug in the measurement results, we get
n
gZCOJrZCi'@'-
i=1

e For x;, = 7; — Ax;, we get

n n n
y:co+g ci-fi—g ci-Axi:’yv—E c; -
i—1 i=1 i=1

e Here, Ax; € [—A;, Ay].



e The value of the sum is the largest when each term ¢; - Ax; is the
largest.

e When ¢; > 0, the term is increasing, so maximum is attained for
Ax; = A; and is equal to ¢; - A;.

e When ¢; < 0, the term is decreasing, so maximum is attained for
Ax; = —A; and is equal to —¢; - A;.

e In both cases, we have |¢;| - A;.

e Thus, the smallest possible value of y is y =y — A, where

n
A déf Z |Cz| . Al
=1

e In general, the range of possible values for y is [y, 7] = [y — A,y + A].

e This is computable in linear time.



e Maximizing A, is equivalent to maximizing its square A2
e The problem is that A2, is a quadratic function of z;’s.

e For quadratic functions, in general, computing the range under inter-
val uncertainty is NP-hard.

e It is NP-hard even for computing the range of sample variance:
1 n n 2
2

e We show that for A2, computing the range is feasible.

e To show this, we will describe a class of quadratic expressions — con-
taining computing A2, — for which range can be feasibly computed.



e A general quadratic function has the form

f ZZQ] €Z; - x]+zcl T; + Co-

=1 j=1

e The expression for A2, is the sum of two squares of linear expressions:
2 _ 2 2
A =a;, + b

e This implies that the rank of the corresponding matrix ¢; ; is 2 — i.e.,
we only have two non-zero eigenvalues.

e The general class is when the matrix ¢; ; has rank £, i.e., that it has
k non-zero eigenvalues A;, 7 =1,... k.

e We will denote the corresponding unit eigenvectors by (e;1,...,€j,).



e We will show that for any fixed k, there is a feasible algorithm for
estimating the range of the corresponding quadratic expression.

e This algorithm takes time O(n*) in the homogeneous case and
O(n**1) in the general case.

e S0, as k increases, the time grows fast, and for £ =~ n, we get expo-
nential time.

e This makes sense: since the problem is NP-hard, we cannot expect
lower-than-exponential computation time.



e Computing the minimum of f is equivalent to computing the maxi-
mum of —f.

e Thus, it is sufficient to be able to compute the maximum.

e According to calculus, the maximum with respect to each variable
x; € [z;,T;] is attained:

— either for z; = z;, then of < 0;
L
— or for x; = x;, then of > 0;
8@
of

= 0.
8952-

— or for z; € (z;,7;), then



e We start with the quadratic expression
F= Y e +Z@ Ti +
i=1 j=1

e In terms of eigenvalues and eigenvectors, the quadratic expression
takes the form

k 2 n

f Z)\] (Zem-xi> —i—ZCi-Ii—FCQ.
i=1 i=1

e Its partial derivative w.r.t. x; is equal to:

(9xz - 22)‘ (Z €l xé) “€ji T+ G

(=1

e This expression can be described in terms of n (k + 1)-dimensional
vectors

€ = (61,1', ceey €Ly Ci) and 6; = (2)\1 "€l .- 72)\1@‘ * €Ly 0)



0
e In terms of the dot (scalar) product, we get / =¢; - S, where:

(%ci
def - *
S = ng-eé—l—(O,...,O,l).
=1

of

X

= 0 are

e Thus, all the (k + 1)-dimensional points e; for which

located on a k-dimensional plane {e:e-S = 0}.

e Let us first consider the non-degenerate case, when every group of
k + 1 vectors e; is linearly independent.

e We can have no more than k linearly independent vectors on the same
k-dimensional plane.

e Thus, we can have no more than & indices ¢ for which partial derivative
is 0.



e For points on one side of the plane, where < 0, maximum is

81’2'

attained for x; = z;.

e For points on the other side of the plane, where > (), maximum

aLI}i

is attained for x; = ;.

o If there are fewer than k points at which the derivative is 0, we can
move the plane a little bit until it reaches exactly k& points.

e So, we arrive at the following algorithm.



o Given:
— a quadratic expression with matrix of rank k:
f= ZZCU Ti - T —1—202 x; + ¢p; and
=1 j5=1
— intervals [z;, T;].
e Find: the range [y,7] of the expression f.

e We consider all possible selections 1 <41 < ... <17; <... <14 <nof
k different indices.

e There are O(n*) such selections.

e For each selection, we solve a system of k£ linear equations with k
unknowns S, ..., Sk:

k
Zej/ﬂ'j 'Sj’+cij :0, ]: 1,...,]€.
—1



e We consider all 3* possible divisions of the set {1, ..., k} into 3 subsets
L (lower), U (upper), and I (inside).

e For each division, we consider two possible signs € € {—, +}.
e For each division and sign:

—we set x; = z; if (¢;- S <0and e=+) or (e;-5>0and e =—);
—weset x; =T;if (¢, S >0and e = +) or (¢;- § <0 and e = —);
— we set x;; = x; for j € L and x;;, = T;, for j € U;

— the remaining values z;; for j € I, from the system of equations:

n
ij (=1

— if the resulting values x;; are in [@ij,fij], then we compute the
value f(x1,...,x,).



e The largest of the corresponding values of the expression f is ¥, the
smallest is y.

e Computing f by using eigenvectors takes time O(n - k) = O(n).

e We perform it for all O(n*) -2 -3F = O(n*) cases, so overall time is
O(n**1), which is feasible.



e For each 0 > 0, we can add d-small random changes to the values ¢;;
and ¢;.

e For example, we can add values uniformly distributed on the interval

[_57 5]
e With probability 1, the resulting system is non-degenerate.

e The difference between the original and new objective functions does

not exceed
(ZZm o +zwz)

=1 j=1

e We can use straightforward interval computations to get the bound
B on the expression in parentheses.

e So, for any given ¢ > 0, if we take § = ¢/B, we get a non-degenerate
objective function which is e-close to the original one.



e The bounds for the new objective function are e-close to the bounds
on the original one.

e Thus, we have a feasible O(n**1)

with any given accuracy € > 0.

algorithm for computing y and ¥



n n
e In the Fourier transform case, ¢; =co=0,s0 f => > ¢ - xi - ;.
i=1j=1

e In such homogeneous case, we can consider k-dimensional vectors
*
€, = (617Z‘, Ce ,6/671') and e, = (2/\1 *Cliy s 2>\k . ek,i).

e In non-degenerate case, we thus have < k — 1 indices ¢ at which the
derivative is 0.

e So, we have a similar algorithm, but with k£ — 1 instead of k.

e This algorithm requires time O(n*).



e For Fourier transform, we get the sum-of-squares expression with

( (27r . ) ) (27r . ))
ei=|cos|—-i-m],sin|—-t-m]].
n n

e Different vectors e; are non-degenerate.

e Some of these vectors coincide; they are multiplied by the sum X, of
the corresponding value z;, ¢ € S,,.

e For these sums, the range [X,, X, is the sum of the ranges [z,, T,]:

A, =)z Xo=> T

€8, 1€5,

e So, for Fourier transform under interval uncertainty, we get an O(n?)
algorithm. (Actually, it can be reduced to linear time.)
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