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e In two phenomena, empirically, a convex combination v-Z+ (1—7) -z
of the endpoints of an interval [z, 7] leads to the best results.

e In this talk, we explain this.

e The first phenomenon deals with data processing, namely, with one
of its simplest cases — linear regression.

e There, based on the approximately known values x; and y, we need
to find the coefficients a; for which:

yagtay-ry+...+a,- T,
e Specifically, in several situations 7, we know:

— bounds [gij,fij] for the corresponding values z;; of the quantity
x;, and
— bounds [gj, y;] for the corresponding value y; of the quantity y.

e When we know the exact values of z;; and y;, a natural way to esti-
mate the coefficients a; is by using the Least Squares method.



e There, we find the values a; for which the following expression attains
the smallest possible value:

Z(yj —(ag +ay - x5+ ...+ ay - w05))%

J

e It turns out that in the interval-valued case, the best results are ob-
tained if:
— for an appropriate v € [0, 1],
— we apply the Least Squares method to the values

vij =7 Ty + (1 =7) -z and y; =77+ (1 =7) -y,

e Processing fuzzy data is, in effect, equivalent to processing a-cut in-
tervals for each 7.

e Thus, the same technique can be thus naturally extended to the case
when we know x;; and y; with fuzzy uncertainty.



e The second phenomenon deals with decision making in situations in
which we know both:

— approximate probabilities p; of different outcomes 7, and
— possibility of different outcomes,

— i.e., in effect, the largest possible probability p; of these outcomes.
e It turns out that empirically:

— the best results are obtained

— if we based our decisions on the probabilities p; which are equal to
a convex combination of approximate probability and possibility:

pi=7-Di+ (1 —"7) pi



e We want a technique that, given an interval [z, T], selects a value from
this interval.

e Let us denote the selected value by s(z,T), where s comes from “se-
lect”.

e The empirical values z; and y are, usually, values of physical quanti-
ties.

e A numerical value of a physical quantity depends on the choice of the
measuring unit and of the starting point.

o If we replace the measuring unit with another unit which is @ > 0
times smaller, then all numerical values will multiply by a: x — a - z.

e For example, if we replace meters with centimeters, then 1.7 m be-
comes 100 - 1.7 =170 cm.



e If we replace the original starting point with a new one which is b
units earlier, then this value b will be added to all numerical values:

r+— x+b.

e For example, we can replace the 0 point of the Celsius temperature
scale with the 0 point of the Klevin scale.

e That point is approximately 273 degree earlier, so 20 C becomes 10+
273 = 293 K.

e In general, if we replace both the measuring unit and the starting
point, we get a linear transformation z — a -z + b.

e Both changes — of the measuring unit and of the starting point:

— change the numerical value

— but do not change the physical quantity itself.
e E.g., a person who is 1.7 m tall is exactly 170 cm tall.



e Thus, it is reasonable to require that the selection function should
not be affected by these changes.

e For example:

— the selection corresponding to 1.7 and 1.8 m, when described in
centimeters,

— should be exactly the same as the selection corresponding to 170
and 180 cm.

e In precise terms, for general a and b and for all x < 7, this natural
property takes the following form:

—if a = s(z,T),
—then X = s(X,X), where X = a-2+b, X =a-z+b, and
X=a-T+b

e In other words, we should always have:

slfa-z+ba-T+b)=a-s(z,T)+Db.



e Let us prove that the selection function that satisfies the above prop-
erty has the desired form — of the convex combination.

e Let us denote the value s(0,1) by .

e By definition of the selection function, it must return the value from
the input interval.

e Thus, we have v € [0,1],i.e., 0 <~ < 1.
e Now, for any z; < 7;, let ustakea =7, —2;,, b=2;, z =0and 7 = 1.
e Then, a-z+b = (T;—x;)-04+z; = z,;,,and a-T+b = (T;—z,)- 1+, = T;.
e Thus, the above formula takes the following form:

s(z,Ti) = (Ti—z) -y +z; =7 Ti+ (1 =9) -z

e This is exactly what we wanted to explain.



e The above explanation only applies to physical quantities.

o It uses the fact that their numerical values depends on the choice of
the measuring unit and the starting point.

e However, in the second phenomenon, we deal with probabilities — and
the numerical value of probability is absolute.

e Since we cannot directly deal with probabilities, let us take into ac-
count where these probabilities are used.

e As we have mentioned earlier, these probabilities are used to make
decisions.



e Let us therefore briefly recall:

— how decisions are made

— or, to be more precise, how decisions should be made by rational
decision makers.

e Such recommended decisions are dealt with by decision theory.



e To make appropriate decisions, it is important to properly describe
people’s preferences.

e For this purpose, decision theory has the notion of utility — that en-
ables us to describe preferences in numerical form.

e To introduce this notion, we need to select two alternatives:

— a very good alternative A, that is better than anything that can
actually happen, and

— a very bad alternative A_ that is worse than anything that can
actually happen.

e Now, to define the utility of each alternative A, we need to compare
this alternative, for different p € [0, 1], with lotteries L(p) in which:

— we get AL with probability p and
— we get A_ with the remaining probability 1 — p.



e When p = 0, the lottery L(p) is close to the very bad alterative A_.

e We selected A_ to be worse than anything that we will actually en-
counter.

e So we conclude that L(p) is worse than A; we will denote this by
L(p) < A.

e Similarly, when p ~ 1, the lottery L(p) is close to the very good
alterative A,.

e We selected A, to be better than anything that we will actually
encounter.

e So we conclude that A is worse than L(p): A < L(p).

o Clearly, the larger the probability p of the getting the very good
alternative, the better the lottery: if p < ¢, then L(p) < L(q).



e Thus:

—if L(q) < A and p < ¢, then we have L(q) < A, and
—if A < L(p) and p < ¢, then we have A < L(q).

e So, the set {p : L(p) < A} is closed under adding smaller numbers,
and the set {p: A < L(p)} is closed under adding larger numbers.

e And there can be no more than one value p for which A and L(p) are
equivalent:

— when A ~ L(p) and p < ¢, then L(p) < L(q) implies that A <

L(q);
— thus, A % L(q).

e So, there exists a threshold value

u(A) o sup{p: L(p) < A} =inf{p: A< L(p)}.



e For this value:
—if p <wu(A), then L(p) < A, and
—if p > u(A), the A < L(p).
e This threshold value is called the utility of the alternative A.

e Due to the above property, for every positive number € > 0, no matter
how small it is, we have L(u(A) —¢) < A < L(u(A) + ¢).

e When ¢ is sufficiently small, it is not possible to feel the difference
between the probabilities u(A) — ¢, u(A), and u(A) + «.

e In this sense, we can say that the alternative A is equivalent to the
lottery L(u(A)) in which:

— we get A, with probability u(A) and
— we get A_ with the remaining probability 1 — u(A).

e We will denote this equivalence by A = L(u(A)).



e Each alternative A is equivalent to the lottery L(u(A)), and the best
lottery L(p) is the lottery with the largest probability p.

e We can therefore conclude that the alternative A is better than the
alternative B if and only if u(A) > u(B).

e The numerical value of utility depends on our selection of A_ and A,.
e It can be shown that if we select a different pair (A", A, ), then:

— instead of the original utilities u(A),

— we will get v/(A) = a - u(A) + b for some constants a > 0 and b
that depend only on the two pairs (A_, A;) and (A", A").

e Thus, similarly to physical quantities, utility is defined modulo a lin-
ear transformation.

e How can we use this notion to make a decision?

e Ideally, for each possible decision, we know what are possible out-
comes A;, and what is probability p; of each outcome.



e By using the above description, we can determine the utility u; of
each outcome.

e Thus, the result of this decision is equivalent to a lottery in which we
get the outcome A; with probability p;.

e Fach outcome is, as we have mentioned, equivalent to a lottery in
which:

— we get A, with probability u; and
— we get A_ with the remaining probability 1 — ;.

e So, the result of each decision is equivalent to a two-stage lottery, in
which:

— first, we select 7 so that each ¢ has probability p;, and then

— depending on what 7 we selected, we select A, with probability
u; and A_ with the probability 1 — u;.

e As a result of this two-stage lottery, we get either A, or A_.



e The probability u of getting A, can be determined by using the law
of total probability v =py -u1 + ... + py - Uy.

e In mathematical terms, this formula described the expected value of
utility.
e Thus, each decision is equivalent to a lottery in which we get A, with

probability u and A_ with the remaining probability.

e By definition of utility, this means that the utility of this possible
decision is equal to wu.

e Thus, we need to select a decision for which the expected utility w is
the largest possible.



e We are interesting in recommendations to decision making.

e So, instead of the probabilities p and p, let us consider the corre-
sponding utilities

)
I

Froup+(1=p)u =5 (up —u ) +u;

Py +(1=P) u =P (uy —u)+u.

<
I

e Here:

e v is the utility of the situation when the given event occurs, and

e u_ is the utility of the situation in which this event does not occur.



e Since p is the upper bound on the possible probabilities, we must have
p < p; so:
— if the event is favorable for us, i.e., if u_ < u,, then we have
u < u;
— vice versa, if the event is not favorable for us, ie., if u, < u_,
then we have ©w < w.

e In these terms, what we want to have is the utility that we shall
actually use for decision making:

u=p-ur+1—p)-u_=p-(uy —u_)+u_.

e If u = w, then it makes sense to use this value as the desired utility,
i.e., to take u = u = w.

e In the case of u # U, we need to come up with a mapping u = s(u, )
that transforms the two utility values into a single utility value.



e As we have mentioned, utility is defined modulo a linear transforma-
tion.

e So, it makes sense to require that this mapping should not change if
we apply some linear transformation, i.e., if we use a different pair

(4., A.).
e In precise terms, this means that the function s(u, @) should satisfy
the following requirement:
s(a-u+ba-u+b)=a-s(u,u)+b.
e This is exactly the same requirement as for the first phenomenon.

e We have already shown that when u_ < uy and thus, u < w, this
requirement leads to u = s(u,uw) =v-u+ (1 —7) - .

e When u, < u_ and u < u, the similar derivation leads, for some ~/,
tou=s(u,u)=~"-u+(1—-7)- .



e This leads to the same formula as for u_ < u,, with vy =1 —+".
e So, in both case, we get that formula.
e Substituting the expressions for u, @, and u into this formula, we get
p(uy —u) tu_ =
Yo (B (s =) +us) 4 (L= 7) - (B (g —u) + ).
e If we open parentheses, we get:
Pty —u ) = 4P (uy )y (1) (g —u )+ (1)

e One can easily see that terms proportional to u_ cancel each other,
so we have

prluy —u)=7-P-(up —u) + (1 =7)-p- (U —u-).
o If we divide both sides of this equality by u, —u_, we get:
p=7-P+1—=7) D



e This is exactly the desired formula.

e Thus, we get an explanation for the second phenomenon as well.



e This paper explains why using a convex combination of interval end-
points gives best results in two cases

e First, in interval-based linear regression:

— choosing a value inside each interval as a weighted average of its
endpoints
— leads to better model accuracy.
e Second, in decision making with approximate probabilities and pos-
sibilities:
— forming probability as a weighted average of both

— leads to better decisions.



e Our analysis explains why convex combinations works well.
e However, it does not explain which value v we should chose.

e Empirically, for different applications, different values v lead to better
results.

e So how can we select the value v which is the best for a given appli-
cation?

e Sometimes, common sense can help with the selection of the param-
eter .

e For example, sometimes, we have a large amount of data and thus,
our probability estimates are reasonably accurate.

e Then, it makes sense to put more weight on probabilities, i.e., to use
v~ 1.



e On the other hand:
— when we have a small amount of data (and thus, our probability
estimates are very crude),
— while the possibility values are provided by a highly skilled expert,
— it makes sense to put more weight on the expert’s opinion, i.e., to
use v ~ 0.
e In other applications, we do not have any such intuition.

e In such cases, time-consuming trial-and-error methods of selecting
are, at present, the only available choice.

o It is therefore desirable to come up with a general method of deter-
mining:

— based on the application,

— which values v would lead to better results.
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