Data Processing Under
Imprecise Probabilistic
Uncertainty: Computational
Challenges

Vladik Kreinovich
Department of Computer Science
University of Texas at El Paso, 500 W. University
El Paso, TX 79968, USA, vladik@utep.edu

http://www.cs.utep.edu/vladik
http://www.cs.utep.edu/interval-comp




1. General Problem of Data Processing under Uncer-
tainty

General Problem of. ..

e Indirect measurements: way to measure y that are are difficult (or even im-
possible) to measure directly.

o Idea: y= f(x1,...,%n)

7 f 27 f(il’aaj{n)

e Problem: measurements are never 100% accurate: ¥; # x; (Axz; # 0) hence
g:f(flvvin) #y:f(ml’ayn)

What are bounds on Ay def y—y?




2.

General Challenge
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y:f(xlv"‘axn)

o Given:

e an algorithm y = f(z1,...,z,) that transforms n real numbers z; into
a number y;

e n intervals x; = [z;, T;].

Compute: the corresponding range of y:

[yay] = {f(xlr .- ,.’Zn) |£131 € [zlail]"' <y Tn € [gnvfn]}

e Fact: even for quadratic f, the problem of computing the exact range y is
NP-hard.

Challenge:

— find classes of problems for which efficient algorithms are possible; and

— for problems outside these classes, find efficient techniques for approzi-
mating uncertainty of y.

General Challenge




3. General Approach: Interval-Type Step-by-Step Tech-
niques

General Approach: . . .

Problem:

Solution: compute an enclosure Y such that y CY.

Interval arithmetic: for arithmetic operations f(x1,z3), we have explicit for-
mulas for the range.

Ezamples: when 1 € x1 = [21,T1] and 23 € Xo = [24, To|, then:

— The range x1 + Xg for x1 + x2 is [21 + 24, %1 + Ta].
— The range x1 — Xg for 1 — @2 is [x] — Ta,T1 — ).

— The range x; - Xg for z1 - 2 is [y, Y], where
y =min(z - Ty, 21 - T2, T1 - Ty, T1 - T2);
7 = max(x, - Ty, Ty - T2, T1 * Lo, T1 * T2)-

e The range 1/x; for 1/x1 is [1/71,1/z;] (if 0 & x3).




4. General Approach: Example

Ezample: f(z)=(x—2) - (z+2), z €[1,2].

How will the computer compute it?

General Approach: . ..

o 1 =x—2;
e ro:i=x+2;

® '3 !=1T1"T2.

Main idea: do the same operations, but with intervals instead of numbers:
o1 :=[1,2]—[2,2] = [-1,0];
o 1y :=[1,2] +[2,2] = [3,4];
e ry:=[—1,0]-[3,4] =[—4,0].

Actual range: f(x) = [—3,0].

Comment: this is just a toy example, there are more efficient ways of com-
puting an enclosure Y Dy.




5. General Approach: Successes

Objective: make decisions E,[u(x,a)] — maxa.

For smooth u(z), we have u(z) = u(zg) + (x — o) - v/ (x0) + . . ., S0 we must
know moments to estimate Flu].

General Approach: . ..

For threshold-type u(z), we need cdf F(z) = Prob(§ < ).

General solution: parse to elementary operations +, —, -, 1/x, max, min.

Explicit formulas for arithmetic operations known for intervals, for p-boxes
F(x) = [F(z), F(z)], for intervals 4+ 1st moments F; def Elz;]:

x1, Ep

X2, Eg

Xn, En




6. Successes (cont-d)

e Fasy cases: +, —, product of independent x;.

o FExample of a non-trivial case: multiplication y = x1 - £, when we have no
information about the correlation:

o £ = max(p1 +py—1, 0) ST - T + min(pl’ 1— p2) T - Tyt Successes (cont-d)
min(1 — p1,p2) - z; - To + max(l — p1 — p2,0) - 2 - 2y;

e E =min(p1,p2) - T1 - To + max(ps — p2,0) - Ty - 25+
max(p2 — p1,0) -2y - T2 + min(l — p1,1 —p2) -z - 2y,

where p; def (Ei — z;) /(% — x;). {—




7.

Challenges

e intervals + 2nd moments (e.g. — chip design):

x1,E1, V)

X2, E2, Vs

Xn, Bn, Vi

v,E,V

e moments + p-boxes; e.g.:

El, Fl(l‘)

Ez, FQ(I)

E,,F,(z)

Challenges




8.

Additional Challenges

General problem: how to efficiently deduce the statistical information from,
e.g., interval data.

Ezample: we know intervals x; = [21,71], ..., Xn = [2,,Tn], Wwe want to

1 n
compute the ranges of possible values of the population mean y = — E i,
n
i=1

. : IR
population variance V = - z;(xz — 1)?, etc.
1=

Additional Challenges

Difficulty: in general, this problem is NP-hard even for the variance. {—

Known:

|

— efficient algorithms for V,

— efficient algorithms for V for reasonable situations, etc.

Challenges: finding the ranges of covariance, correlation, etc.
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