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1. General Problem of Data Processing under Uncer-
tainty

• Indirect measurements: way to measure y that are are difficult (or even im-
possible) to measure directly.

• Idea: y = f(x1, . . . , xn)

-

· · ·

-

-

x̃n

x̃2

x̃1

-ỹ = f(x̃1, . . . , x̃n)f

• Problem: measurements are never 100% accurate: x̃i 6= xi (∆xi 6= 0) hence

ỹ = f(x̃1, . . . , x̃n) 6= y = f(x1, . . . , yn).

What are bounds on ∆y
def= ỹ − y?
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2. General Challenge

-

· · ·

-

-

xn

x2

x1

-y = f(x1, . . . ,xn)f

• Given:

• an algorithm y = f(x1, . . . , xn) that transforms n real numbers xi into
a number y;

• n intervals xi = [xi, xi].

• Compute: the corresponding range of y:

[y, y] = {f(x1, . . . , xn) |x1 ∈ [x1, x1], . . . , xn ∈ [xn, xn]}.

• Fact: even for quadratic f , the problem of computing the exact range y is
NP-hard.

• Challenge:

– find classes of problems for which efficient algorithms are possible; and
– for problems outside these classes, find efficient techniques for approxi-

mating uncertainty of y.
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3. General Approach: Interval-Type Step-by-Step Tech-
niques

• Problem:

• Solution: compute an enclosure Y such that y ⊆ Y.

• Interval arithmetic: for arithmetic operations f(x1, x2), we have explicit for-
mulas for the range.

• Examples: when x1 ∈ x1 = [x1, x1] and x2 ∈ x2 = [x2, x2], then:

– The range x1 + x2 for x1 + x2 is [x1 + x2, x1 + x2].

– The range x1 − x2 for x1 − x2 is [x1 − x2, x1 − x2].

– The range x1 · x2 for x1 · x2 is [y, y], where

y = min(x1 · x2, x1 · x2, x1 · x2, x1 · x2);

y = max(x1 · x2, x1 · x2, x1 · x2, x1 · x2).

• The range 1/x1 for 1/x1 is [1/x1, 1/x1] (if 0 6∈ x1).
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4. General Approach: Example

• Example: f(x) = (x− 2) · (x + 2), x ∈ [1, 2].

• How will the computer compute it?

• r1 := x− 2;

• r2 := x + 2;

• r3 := r1 · r2.

• Main idea: do the same operations, but with intervals instead of numbers:

• r1 := [1, 2]− [2, 2] = [−1, 0];

• r2 := [1, 2] + [2, 2] = [3, 4];

• r3 := [−1, 0] · [3, 4] = [−4, 0].

• Actual range: f(x) = [−3, 0].

• Comment: this is just a toy example, there are more efficient ways of com-
puting an enclosure Y ⊇ y.



General Problem of . . .

General Challenge

General Approach: . . .

General Approach: . . .

General Approach: . . .

Successes (cont-d)

Challenges

Additional Challenges

Title Page

JJ II

J I

Page 6 of 9

Go Back

Full Screen

Close

Quit

5. General Approach: Successes

• Objective: make decisions Ex[u(x, a)] → max a.

• For smooth u(x), we have u(x) = u(x0) + (x− x0) · u′(x0) + . . ., so we must
know moments to estimate E[u].

• For threshold-type u(x), we need cdf F (x) = Prob(ξ ≤ x).

• General solution: parse to elementary operations +, −, ·, 1/x, max, min.

• Explicit formulas for arithmetic operations known for intervals, for p-boxes
F(x) = [F (x), F (x)], for intervals + 1st moments Ei

def= E[xi]:

-

· · ·

-

-

xn,En

x2,E2

x1,E1

-y,Ef
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6. Successes (cont-d)

• Easy cases: +, −, product of independent xi.

• Example of a non-trivial case: multiplication y = x1 · x2, when we have no
information about the correlation:

• E = max(p1 + p2 − 1, 0) · x1 · x2 + min(p1, 1− p2) · x1 · x2+
min(1− p1, p2) · x1 · x2 + max(1− p1 − p2, 0) · x1 · x2;

• E = min(p1, p2) · x1 · x2 + max(p1 − p2, 0) · x1 · x2+
max(p2 − p1, 0) · x1 · x2 + min(1− p1, 1− p2) · x1 · x2,

where pi
def= (Ei − xi)/(xi − xi).
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7. Challenges

• intervals + 2nd moments (e.g. – chip design):

-

· · ·

-

-

xn,En,Vn

x2,E2,V2

x1,E1,V1

-y,E,Vf

• moments + p-boxes; e.g.:

-

· · ·

-

-

En,Fn(x)

E2,F2(x)

E1,F1(x)

-E,F(x)f
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8. Additional Challenges

• General problem: how to efficiently deduce the statistical information from,
e.g., interval data.

• Example: we know intervals x1 = [x1, x1], . . . , xn = [xn, xn], we want to

compute the ranges of possible values of the population mean µ =
1
n

n∑
i=1

xi,

population variance V =
1
n

n∑
i=1

(xi − µ)2, etc.

• Difficulty: in general, this problem is NP-hard even for the variance.

• Known:

– efficient algorithms for V ,

– efficient algorithms for V for reasonable situations, etc.

• Challenges: finding the ranges of covariance, correlation, etc.
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