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e In many real-life situations, we have a complex engineering system
that consists of a large number of components.

e This may be a road network, this may be an electricity network, this
may be a complex machine.

e We would like to know the reliability of this system, i.e.:

— for every moment of time ¢,

— we would like to know its survival probability S(¢) — the proba-
bility that the system will continued to perform its function up to
moment ¢ from now.

e The reliability of the system depends on how reliable are its compo-
nents.

e So, to find the desired value S(t), we need to know the survival prob-
abilities S;(¢) of its components.



e In many cases, these survival probabilities are described by the expo-
nential distribution S;(t) = exp(—2A; - t) for some value \; > 0.

e Based on the known values \; for all the components, we need to
estimate the desired function S(t).



e For simple systems, we sometimes have analytical expressions that
describe the desired f-n S(¢) in terms of the known parameters \;.

e However, for complex system, such an expression is usually not pos-
sible.

e So, the only way to estimate S(¢) is by using simulations.
e Specifically:

— for each moment ¢ and for each i, we simulate whether this com-
ponent works or not, with probability exp(—M\; - ),

— and then we run the full simulation of the system to check whether
this system will function or not.

e Once we repeat this simulation several times:

— we can estimate the desired probability S(t)

— by counting the proportion of cases in which the simulated system
functioned.



e In general, if we run N simulations, we get the desired probability
S(t) with accuracy ~ 1/v/N.

e So, to get 10% accuracy in estimating S(¢), we need 100 simulations;
to get 20% accuracy, we need 25 simulations, etc.



e A complex engineering system contains a large number of compo-
nents.

e So each simulation of this system requires a lot of computation time.
e And we need to repeat this simulation several times — 25 or 100.

e We also need to repeat these simulations for different moments of
time t.

e The resulting time becomes very large — up to being not realistic.

e If the results show that the estimated probability of failure does not
exceed the required threshold, we are good.

e However, often, it turns out that with the originally planned compo-
nents, the estimated probability of failure is too high.

e So we need to replace some of the components by more reliable ones.

e To analyze the effect of this replacement on the system’s reliability,
we need to run the simulations again.



e And we may need to repeat this process again and again until we
figure out how to satisfy the given reliability requirements.

e This need to repeat simulations again and again further increases the
computation time, often making it astronomical and unrealistic.



e In many practical situations, the system:

— consists of components of several types, and
— all components of the same type have the same survival probabil-
ity.
e In this case, we can speed up simulations as follows.

e Let s be the overall number of types, and let nq, ..., ns be the number
of components of each type.

e Then, for each combination of values k; < nq,...,k; < n,, we can
use simulations to find the probability P(kq,...,ks) that the system
will continue functioning if:

— randomly selecting k£ of n; components of Type 1 continue func-
tioning, ..., and

— randomly selected ks components of type s continue functioning.



e Then, we can compute the probability that the system will survive
by computing the value

Z Z P(ky, ... ks)- Py(ky) - ... Py(ks). where

k=1
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e The advantage of this approach is that:

— if we need to replace one of the components with a more reliable
one,

— we do not need to repeat time-consuming simulations,

— we can use the above formula to explicitly compute S(t).



e What if the full simulations would require too much time, but the
components are not identical?

e A natural idea is:

— to approximate the given situation
— with a situation in which components with close characteristics
are assumed to be identical.
e In other words:
— we group (cluster) components into several clusters (granules),
and

— within each of these clusters j, we replace all different values \;
with the common (in some sense, average) value \;.



e Of course, the above scheme is approximate, since:

— in our simulations,
— we replace the original exact values A; with the approximate val-
ues \j.

e It is desirable to come up with a clustering algorithm for which the
inaccuracy caused by this replacement is the smallest possible.

e In this talk, we describe the optimal clustering algorithm for this
problem.

e Here, we restrict ourselves to situations in which the reliability of each
component is described by the exponential distribution.

o Future work: it is desirable to extend our clustering method:

— to more general situations, in which

— the reliability of some components is characterized by other dis-
tributions — e.g., by the Weibull law.



e To select the granulation that leads to the most accurate estimation
for S(t), we need to know:

— how, in general, the inaccuracy of knowing each value S;(t)

— affects the inaccuracy of estimating S(¢).

e In general, the formula of full probability implies that
S(t) = Si(t) - B (t) + (1 = Si(t)) - P(1).

e Here, P (t) is the probability that the system will function at moment
t if the i-th component is still functional.

e And P (t) is probability that the system will function at moment ¢
if the i-th component has already failed.

e This expression can be rewritten as S(t) = S;(t) - (P (t) — P (¢)) +
P (t).
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e Thus:

— the inaccuracy AS;(t) in knowing S;(¢) — i.e., the difference be-
tween the approximate and actual values of this probability

— affects the inaccuracy AS(t) in the following way:
AS(t) = AS;(t) - (P (t) — P (1))

7

e The difference P (t) — P (t) between two probabilities always lies in
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the interval [—1,1] — and it can be equal to 1 and —1.
e Thus, a priori:

— before we start simulations and thus, before we gain some infor-
mation about the conditional probabilities P;(¢) and P (t),

— the only thing we know about this relation is that

[AS@)] < |AS(1)].



¢ S0, to minimize the effect of the uncertainty AS;(t) on the inaccuracy
of estimating AS(t), it is desirable to minimize |AS;(t)].

e Fach of the system’s components i can affect the estimate of S(t).
e All these effects should be as small as possible.

e So a natural idea it to minimize the largest of these effect, i.e., to
minimize the value max(|AS1(¢)], |[AS1(2)],...).

e If we restrict this value of some small different ¢, then:

— since failures of different components are usually independent
events,

— the overall effect on S(t) will be equal to v/C - §, where C' denotes
the number of the system’s components.



e In this talk, we consider the case when the reliability of each compo-
nent is described by an exponential distribution.

e In this case, each value S;(t) is described by a single parameter \;.

e So, the inaccuracy in S;(t) are caused by the inaccuracy of knowing
this parameter.

e Suppose that the actual value of this parameter is \;, and the approx-
imately value is A\; + A\; for some small A\;.

e Then, for each moment ¢, the difference between the corresponding
survival functions is equal to

AS;(t) = exp(—=A; - t) —exp(—(N\; + AN) - 1),
e This difference is equal to 0 when ¢ = 0 and when ¢ — oc.

e So the largest absolute value of this difference is attained for some
moment ¢y between 0 and infinity.



e To find this moment of time ¢y, we can differentiate the above expres-
sion with respect to ¢t and equate the resulting derivative to O.

e As a result, we get
=\ - exp(=N\; - tg) + (Ni + AN;) - exp(—(\; + AN) - tg) = 0.
e If we move the negative term to the right-hand side, we get
(A + AN) - exp(—(A; + AN) - tg) = N - exp(—A; - to).
o If we divide both sides by A; - exp(—(\; + A\;) - ty), we conclude that

i £ AN . AN
A —|;\ A :eXp(A)\i-tO), le., 1+ » :eXp(A)\i’tO)-

e By taking logarithm of both sides, we get
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e The difference A); is small, and for small values v, we have

In(1+v) =~ v.

AN
e Thus, in the first approximation, we have A\, -ty ~ —.
1
e If we divide both sides by A)\;, we get tg =~ R
e Thus, \; - o =~ 1 and exp(—\; - ty) = exp(—1).
. 1 AN,
e Similarly, \; + AN;) - to = (A + AN;) - sV 1+ IV
e Thus,
exp(— (A + AN;) - tp) = exp (—1 Y ) = exp(—1) - exp (— "y ) :

e The value A); is small, so we can use the fact that for small value v,
we have exp(v) = 1+ v.



e Thus, in the first approximation, we have

eXp(—()\i + A)\Z) . to) = exp(—l) . (1 — A)\j\z) .

e Thus, the largest value of the difference AS;(t) — which is attained
when ¢t =ty — is equal to

AN,
max |AS;(t)] = exp(=\; - to) — exp(—(N\i + AN) -tg) = e - IV
e Similar computations show that this difference can be equivalently
described as e~1 - AA;, where we denoted A; & In(),).

e Thus, in the first approximation, we have

max IAS;(t)] = et - AN,

e So, if the differences between each value A; and its approximation do
not exceed some value 7, then we have |AS;(t)| < e !-n.



e Thus, the accuracy of estimating S(t) is bounded by VC - e ! - 1.

e So, if we want to estimate S(¢) with some accuracy e, we need to

e-e
make sure that v/C -e~!-n <e, ie., that n < ng o=,

VG

e Thus, we arrive at the following optimization problem.



o (Given:

— the values A1, Ao, . .., A\¢ describing the reliability of different com-
ponents, and

— the accuracy € > 0 which we want to estimate the system’s sur-
vival function S(t).

e Find: of all the divisions of components into clusters and of selecting
the values \; for each cluster,

— for which for each component ¢ within each cluster j, we have
’Ai - Aj’ < "o,

— we select the division with the smallest possible number of clus-
ters.

L] HGI’G, Az déf ID(AZ), K] déf In <X]>, and Mo déf €

o
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e First, we sort the values \; and compute their logarithms A; = In()\;),
so that Ay < Ay < ... < Ac.

e Then, we group all the components for which A; < Ay 4 21 into the
first cluster.

e For this cluster, we take A=A+ n.

o After that, we take the smallest of not-yet-assigned values A;,, and
form a new cluster by all the components ¢ for which A; < A;, + 2n,.

e Lor this cluster, we take Kj =N\, + 1.

e We repeat this procedure until all the components are clustered.



e The time needed to compute C' logarithms is proportional to the
number of components, so this time is linear in C.

e In computer science notations, the time is O(C).
e Sorting requires time O(C' - logy(C)).

e Following computations deal with each of C' components at most
twice, so they also take time O(C).

e Thus, the overall computation time is
O(C) 4+ O(C -1ogy(C)) + O(C) = O(C - logy(C)).

e So, it is asymptotically the same time as simply sorting the compo-
nents by their reliability.



e Suppose that we have 10 components with value A; = 7, and ny = 1.2.
Then:

e Into the first cluster, we group all the components for which
N <A +2n=1+2-1.2=34,ie., Components 1, 2, and 3.

e For this cluster, we take Kl =AN+n=1+12=22.
e The smallest not-yet-assigned value is A;, = 4.

e So we group all the components for which A; < A; +2n) =4+2-1.2 =
6.4, i.e., Components 4, 5, and 6 — into the second cluster.

e For this cluster, we take Kg =N, +n=4+12=52.
e Now, the smallest not-yet-assigned value is A;, = 7.

e So, we group all the components for which A; < A; +2ny = 7+2-1.2 =
9.4, i.e., Components 7, 8, and 9 — into the third cluster.

e For this cluster, we take As = A;, +7 =7+ 1.2 =8.2.



e The only remaining not-yet-assigned component is Component 10.
e So this component forms the fourth cluster.

e For this cluster, according to our algorithm, we take /~\4 =N, +n=
10 4+ 1.2 = 11.2 (although we could as well take A, = 10).



e The above numerical example can be also used to illustrate the fact
that there can be several different optimal solutions to our problem.

e For example, instead of Starting with Component 1 and going up, we
could start with Component 10 and go down.

e This way, we will form clusters {8,9,10}, {5,6,7}, {2,3,4}, and {1}.



e The smallest value A; must belong to come cluster.

e The more elements in this cluster, the fewer components remain un-
clustered.

e S0, to minimize the overall number of clusters, it is necessary to make
sure that this cluster has as many elements as possible.

e The larger the value Kl, the more components we can cover by the
corresponding cluster — since:

— these are all components for which A; < /~\1 +n, and

— the larger /N\l, the less restrictive is this inequality and thus, the
more components satisfy it.

e The only limitation on the value A, is that this value should be not
too far away from Ay, i.e., that A; < Ay + 7.

e The largest value that satisfies this condition is the value /N\l =N +n.



e For this value, the condition A; < Kl +n takes the form A; < Ay +2n.
e Thus, the first cluster provided by our algorithm is indeed optimal.

e Once the first cluster is formed, we can apply similar arguments to
prove that the second cluster is also optimal, etc.



e When we design a complex engineering system, one of the important
requirement is that:
— this system should be sufficient reliable,
— e.g., that with a given close-to-100% certainty it should function

well during a given (sufficiently long) period of time.

e The usual way to gauge the system’s reliability on the design stage is
by simulations.

e Simulating a complex system usually requires a significant amount of
computation time.

e Moreover, we usually need to repeat these simulations several times:

— If the current design does not lead to the desired reliability,

— then we need to change the design: e.g., replace some components
with more reliable ones or add duplication, and

— we need to re-estimate the new design’s reliability.



e As a result, this process often requires an unrealistically long compu-
tation time.

e We can speed up computations if the system has several identical
components.

e Then, instead of simulating their faults one by one, we can simply
simulate the overall number of faulty components.

e This idea can be also used if some components are similar:

— to speed up computations,

— we can cluster these components into a single granule and replace
the original characteristics of each component by the average-over-
this-granule.

e We somewhat modified the components’ characteristics.

e So, the resulting estimate of the system’s reliability is, in general,
somewhat different from its actual reliability.



e We want this estimate to be as accurate as possible.
e So, we arrive at the following question:

— within the given restrictions on available computation time,

— what division into granules leads to the most accurate estimate of
the system’s reliability?

e In this talk, we provide an answer to this optimization question.
e Namely:

— we describe a feasible algorithm for dividing components into
granules

— that leads to the most accurate estimate of the system’s reliability.
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