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1. Traditional Differentiation
o When: differentiation was originally invented by Newton and Leibniz.

e Why: differentiation was invented:

— to find local and global maxima and minima, and
— to describe dynamics of real-life systems (by using differential equa-
tions).

e How: in the traditional calculus definitions, we have:

— an exactly known function f(z1,...,z,)

— from real numbers to real numbers.




2.

Limitations of Traditional Differentiation

In real life problems, the situation is often more complicated that for tradi-
tional differentiation.

We often know only a few values of the (unknown) function, and even these
values come from measurement and are thus known with (interval) uncer-
tainty.

In some problems, e.g., in design, we want to find a function or a set that
would optimize the desired objective.

In some problems, we would like to describe the dynamics of a system whose
parameters are not real numbers.




Interval Uncertainty

3. Interval Uncertainty

e Erxample: a 1-D landscape is a dependence of the altitude y on the coordinate
x:
— low values of the slope dy/dx correspond to a plain,
— high values to steep mountains, and

— medium values to a hilly terrain.
o Interval uncertainty:

— we measure the altitudes y1,...,y, at points z1 < ... < xy;

— for measuring instruments, we usually have an upper bound A; on the
measurement error Ay; def Ui — Yi-

— thus, the only information that we have about the actual (unknown)

. _ £ _ def ~
value y; is that y; € y, = [3_/1’ U;], where Y, e ¥i —A; and g, de i + A
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4.

Toward a Formal Definition

Ezxample: we monitor the location y; of a car on a highway at different mo-
ments x;.

We want to find out where the car was driving at the maximal allowed speed
s.

It is always possible that the car was going very fast when no one was looking
(i.e., in between x; and z;41).

We are not interested in is not whether it is possible that somewhere, the
slope is equal to s: it is always possible.

We are interested in whether the data imply that somewhere, the slope was
indeed equal to s, i.e.:

Vf € F3x € [a,b] (f'(z) =s).

Comment: this  may be different for different f.

Toward a Formal . ..




5.

Precise Formulation of the Problem

An interval function F is a finite sequence of pairs (x;,y;) (i = 1,2,...,n),
where:

e 11 < Iy <...<x, are real numbers, and

e y; are non-degenerate intervals.
We say that f € F if f(z) is continuously differentiable and Vi (f(x;) € y;).
By a derivative F'([a,b]), we mean the intersection
F'((a,b) < () £(fa;2)),
fer
where f’([a,b]) is the range of f’ over [a,b].

Comment. The notation F’([a,b]) looks like the range, but it is not: we can
have F’([a,b]) = 0.

Problem: given F and [a, b], compute F'([a,b]).

Precise Formulation of . . .




6.

First Result: Checking Monotonicity
e Definition. We say that a function f(z) is strongly increasing (f 15) if f'(x) >
0 for all x.

3 is

Comment. Every f 1 is strictly increasing, but not vice versa: f(z) ==z
not .

Result. For every interval function F':

If(feF&fTs) = Vi<jly, <¥;-

Proof.

— If f is strongly increasing and ¢ < j, then
y, < f(zi) < f(z;) <7; hence y, <7;.

— Let A =min(y; —y.) > 0; take

)

7

A,
2n

def
yi = max(y,,...,y,) +

and choose a piece-wise linear function f for which f(x;) = y;.

First Result: Checking. ..




7. Similar Results

e Definition. We say that a function f(x) is strongly decreasing (f |s) if f'(x) <
0 for all x.

Similar Results

o Result. For every interval function F':
A (feF&fl)=Vi<j@ >y,

e Results about monotonicity on [a,b):

— For every F and for every [a, b], there exists f € F that is T, on [a, b] if
and only if:
Vi < j(xi,zj € la,b] =y, <)

— For every F and for every [a, b], there exists f € F that is | on [a,b] if
and only if:
Vi < j (24,25 € [a,b] = 7; > gj).




8. Second Result: Checking 0 € F'([a, b])

e Result. 0 € F'([a,b]) < neither of the following two conditions are satisfied:

Second Result: . ..

Vi < j(zi,xj € a0 =y, <Yj);
Vi < j(z,25 € [a,b] = 7; > gj).
e Proof: by reduction to a contradiction.

— If one of these two conditions holds, then f T or f |s.
* In both cases, 0 & F’([a,b]) — contradiction.
— If0 & F'([a,b]), ie., Vo (f'(x) # 0), then f'(x) is either always positive
or always negative.
« If Vo (f'(x) > 0), then the first condition holds — contradiction.
« If Vo (f'(x) < 0), then the second condition holds — contradiction.




9.

Main Result

Definition. Let F = {{z1,¥1),--.,{Zn,¥n)}; define
F_v'mdéf {<$1a}’1 _U'I1>7°"7<In7yn_U'm’IL)}'

Lemma. v € F'([a,b]) < 0 € (F —v-z)([a,b]).

Result. Let iy and jo be the first and the last index of x; inside [a, b]. Then
F'([a,b]) = [F; ., Fiyj,), where

=i0,J0’

def def

F.. < min A, F;. = max A,
Tedo T o<i<<ge 00 T 0 T gh<i<i<ge
def Y y] —~ def Yi y]
A = s Aiy =
Ti— T Ti— T

where [p,q] =0 if p > q.

Comment. The ratios Ai]- and Zij are finite differences — natural estimates
for the derivatives.

Proof: idea. —Vi < j(y, —v-z; <y; —v-x;) <

Ji<j(v-(z;— xl)>yg—y)<—>§|z<j(v>AU)<—>v>m<1nAJ—FZOJO
i<y

Main Result




10. Towards a Faster Algorithm

e Problem: for each of n x n pairs [a,b], we need to compute O(n?) values of
A;; and A;; — too long.

1,

o Result. There exists an algorithm that computes all possible values of F”([a, b])
in time O(TLQ)Z Towards a Faster. ..

1. Compute O(n?) values A;; and Aj; (O(n?) steps).

2. For each i, compute Ty et max(A; ;1 q1,---,4;;) forj=i+1,i+2,....n
as follows:

Viit1 = A, 115 Vg = max(V;5-1,4,5) (j >i+1).

For each i, we need < n steps — total of O(n?).

3. Vjo, compute F ;, for ip =jo—1,...,1:

Fjo—l,jo = Yjo—1,50° Fio,jo = maX(Fio-l‘lyjoino,jo)'
For each i, we need < n steps — total of O(n?).

o Comment: we need n? values, so O(n?) is optimal.




11. This Same Differential Formalism
Also Serves an Alternative
Definition of Zones

e Problem: a zone is sometimes defined by an interval v = [v, 7] of possible
values of f/(x).

e Result: VFY[a,b]:

Vi€ F(f([a,b)Nv#0) e« (F;, . <T&Fj >v).

=—tojo —

e Proof: idea. We actually prove the equivalence of the two opposite state-
ments:

e there exists a function f € F' for which
f'(la, b)) v = 0;

o [, . >Tor Fij <uv.

=—t0Jjo

This Same Differential . . .




12.

Case Study: Dividing a Territory
Situations: two sides compete for the same territory A.
Nash’s solution: the 1st side gets a set X C A for which u1(X)-ug(A\ X) —
max, where uy (X) = / v1(t) dt and ue(Y) = / vo(t) dt.
X X Y

Objective: solve this optimization problem simply, by equating some deriva-
tive to O.

Similar case: if an unknown f is a function, we can:

— add small h to the value of f(x) at 2 (and in a small vicinity of ) and

— define %(w) as }lllg}) Uf+ A}J:) — U(f).

Problem: sets = characteristics functions (values € {0,1}), so we cannot add
small h.

Case Study: Dividing . . .
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13. Solution
e Definition: the derivative of a set-function is

af . . J(XUH) - f(X\H)
ax t) = HeA,H—»lgr}l,uo(H)aéO po(H)

(where the limit H — {t} is in the sense of Hausdorff metric).

o Result: If a continuously differentiable set function f(X) attains its maximum
at some set X, then:

daf
[ ] —
dx

e for all ¢ € Int(X), we have %(t) >

Solution

(t) = 0 for all points ¢t € O(Int(X)) N I(Int(CX)).

0;
df
e for all ¢ € Int(CX), we have ﬁ(t) <0.

o Territory division: j—;;(t) = v1(t) - u2(A\ X) — va(t) - us(X), so X =

{t : Z;Eg > a} for some .

e FExcess mass: the a-level contour X, = {t : p(t) > o} maximizes (X) =
(X)) = - po(X).




14.

Case Study: 5-D Space-Time

Success story: in 1916, Einstein explained gravitation by combining space
and time into a 4D space.

Natural question: can we explain other physical fields by adding other phys-
ical dimensions?

Success: in 1921, Kaluza and Klein showed that for the equations of general
relativity theory in a 5D space:

— the 4 x 4 components g;; of the metric tensor still describe gravitation,
while
— the new components ¢g°¢ of the metric tensor satisfy Maxwell’s equations.

Conclusion: if we go to 5D space, we get a geometric interpretation of elec-
trodynamics.

Case Study: 5-D. ..
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15. From Kaluza-Klein Model to Einstein-Bergman
Interpretation

o Problems with Kaluza-Klein model:

— in addition to physically meaningful g;; and A* = ¢°, we also get a
physically meaningless field gss;
— 2° is also physically meaningless.
e Physical solution (Einstein and Bergmann 1938): the 5th dimension forms a
tiny circle.

From Kaluza-Klein . ..

o Modern physics:

— in 4-D space-time, equations lead to meaningless oo for physical quan-
tities;

— the smallest dimension where infinities disappear is 11 (super-string the-
ory);

— standard interpretation: all dimensions except the first four are tiny. ‘7

—
KN N
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16. Our Objective

e Starting point: we have a cylinder W = R* x S! instead of a linear space.
e Objective: to modify differential geometry by using W instead of R*.
e Problem:

traditional differentiation uses the linear structure:

* addition and
* multiplication by a scalar;

— we still have addition in W;

however, multiplication is not uniquely defined for angle-valued vari- Our Objective
ables:

— example: 0 ~ 27 while 0.6 - 0 £ 0.6 - 27.

e

—
KN N

—
—
—
o



17. Resulting Formalism: Algebraic Part

e Staring point: the space W is not a vector space, only an Abelian group.

o W-vectors ' are simply elements of W.

e W-covectors are characters on W, i.e., continuous additive maps W — S*.
e Representation: each covector a € V has the form a(z) = exp(i- a; - 2%) for

some a;.

5

e Condition: since z° ~ x® + 2, we must have a5 € Z.

e General case: W-tensors are continuous additive mappings W* x V! — §1,

— j. Ji---Ju L pll T Lt .
L4 Here, a = exp(l a’il...ik x ety ZJl e t]l)’ Where. Resulting Formalism: . ..

® 55 is an integer;

e a;j5 = 0—adding 27 to z° should not change a(z,y, z), so a;j5-x'-y? -2 =
0 hence a;;5 = 0.

—
KN N
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18. Resulting Formalism: Differential Part

Main idea: a W-tensor field a{ll:::f; (2%) is W-differentiable if its derivatives

J1---Ju
Jiogr def aail---ik

i1..0k,0 amb
also form a W-tensor.
e First corollary:

— the field gs5(x?) is differentiable;
— it only takes integer values;

— 80, it is a constant — not a physical field.

09i, Resulting Formalism: . ..
e Second corollary: for g;j, we get gij5 = 891; =0. e
x
o Conclusion: we explained both requirements by the fact that we have a

cylinder instead of a linear space.

—
KN N

—
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