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1.

Formulation of the Problem

e Known empirical fact: in many real-life situations, the
actual distribution is normal (Gaussian).

e Known mathematical fact: a normal distribution is
uniquely determined by its mean a and its standard

deviation o: its cdf is F(x) = @ (:1: — a).
o

e How to find a and o: main idea of method of moments
is to equate moments of the distribution with sample
moments.

e Resulting algorithm: compute
1 1 1
— . , 2 _ —, g2 = . 2_ 42
a—nExZ, a—nizl(:zzZ a)—n;:z:Z a’,
1= = 1=

and consider the normal distribution with these values
a and o as “fitted” to the data x1,...,x,.




2.

Case of Interval Uncertainty

e Traditional statistical approach: assumes that we have
the exact values x; forming the sample.

e In practice: we often only know the intervals x; =
[x;,%;] of possible values of z;.

e Fact: different values of x; € x; lead, in general, to
different values of a and o.

e Conclusion: for every z, different values of z; € x;
lead, in general, to different values of the cdf F(z) =

(%)

e Objective: it is therefore desirable to find the interval
[F(x), F(x)] of possible values of the cdf.

e Objective reformulated: find a p-box that contains all
possible cumulative distribution functions.

Case of Interval. ..




3.

Case of Fuzzy Uncertainty

e Fxpert estimates: often, knowledge comes in terms of
uncertain expert estimates.

o Fuzzy techniques: to describe this uncertainty, for each
value of estimation error Ax;, we describe the degree
1i(Az;) to which this value is possible.

e a-cuts — general case: for each degree of certainty «,
we can determine the set of values of Ax; that are
possible with at least this degree of certainty — the a-
cut {Ax; | ui(Ax;) > a} of the original fuzzy set.

e a-cuts — interval case: in most cases, this a-cut is an
interval — i.e., we have fuzzy numbers.

e Conclusion: fuzzy numbers p;(z) can be viewed as a
family of nested intervals x;(ar) — a-cuts of the given
fuzzy sets.

Case of Fuzzy Uncertainty




4. From the Computational Viewpoint, Processing Fuzzy
Uncertainty Reduces to Processing of Interval Un-
certainty

From the. ..

e Reminder: a fuzzy number u;(z) can be viewed as a
family of nested intervals x;(«) (its a-cuts).

e Our objective: to compute the fuzzy number corre-
sponding to y = f(x1,...,x,).

e Fuct: the a-cut of the desired fuzzy number is the range
of f over the a-cuts x;(a) of the fuzzy sets p;(x).

o Typical situation: we want to describe 10 different lev-
els of uncertainty.

e Solution: solve 10 interval computation problems.

e Conclusion: from the computational viewpoint, it is
sufficient to produce an efficient algorithm for the in-
terval case.




5.

What Is Known

e Reminder: F(x) = ®(r), where r R

o
e Reasonable idea: compute [a,a] and [g,7].

n n
Z _ 1 Z_
: L, 4 = —= Zj.

5 n <
=1 =1

e Standard deviation: in general, NP-hard.

o Mean: a =

S|

e Fxponential time algorithm: try all 2" combinations of
T =T and T = Z;.

e No-nesting case: when [z, %] € (z;,T;), there is an
efficient algorithm.

e Problem: a and o are dependent, so the resulting bound
r—a

onr = contains excess width.

o
e Our objective: find exact range for F'(z).

What Is Known




6.

Algorithm for Computing the Exact Range

e Consider all 3" partitions {1,...,n} =I1-U It U .

o Set x; =z, fori € 7, x; =7; for i € I, and x; = ag
for ¢ € I, where ag is computed as follows:
~ def _ ~ def 9 — \2
ca= > zi+ ) Tm= ) () + 2 (T)
iel— jer+ iel~ jert

e Find the value a from the quadratic equation

m+———-(na—a) =n{a— ———— |- (r—a)+n-a”.
oy Y wh) )
of M- —a
oTakeaodszo.
T —a
OComputea:\/(a—ao)-(x—a)andr: -

e The smallest of these values r is returned as r, and the

largest is returned as 7; then, [F(z), F(x) = [®(r), ®(7)].

Algorithm for. ..




7.

Quadratic-Time Algorithm

e Applicable: to find 7 for x > a (and r for z < @).
e First, we sort all 2n values z; and Z; into a sequence

T S xg) S-S Tioy)-

e Thus, we subdivide the real line into 2n + 1 zones
def

[0y, 21y, [T(1), Z(2)), - - -, Where 2 © 5 and T(on11) =
+00.
e For each zone [z(x), 234 1)), we partition indices ¢ into
Im ={i:xgqen <z}, IT={&I 1zp >},
:{1,...,n}—1_—l+.

e Based on this partition, we compute a, m, a, ag, and r
as before.

e The largest of the resulting values r is the desired 7.

Quadratic-Time. . .



8. Cubic-Time Algorithm for the No-Nesting Case
e No-nesting case (reminder): [z;,%;| € (z;,T;).

e Result: we can compute r for x > a (and 7 for = < @).

o Algorithm:

Cubic-Time Algorithm . . .

— First, we sort all n intervals [z;,Z;] in the lexico-
graphic order:

2 S 29 <. <2, T1 ST <. STy,

—

— For each n= < n* < n, partition indices into I~ =
{1,...;n }and I ={n*, ... ,n}.

— Based on this partition, we compute a, m, a, ay,
and r as before.

—
m——

— The smallest of the resulting values r is the de-
sired r.

e Comment: we have n2

——
—
—
—

cases of O(n) time algorithm.




9. Quadratic-Time Algorithm for the No-Nesting Case

o Reminder: we need to compute the values

n- n n n
a=) z+y T m=) ()+ ) (@)
=1 j=n*t i=1 j=nt

n- n— Quadratic-Time. . .
e Main idea: compute the values > x; and > (x;)? con-

1=1 i=1
sequently:

—

— we start with 0 and
— we consequently add, correspondingly, x; or (z;)?.
e Number of steps: constant for each new n~.

e Similarly: to compute the n™-sum, we need a constant
number of step for each n*.

e Result: O(n?) algorithm.

——
—
—
—




10. Main ldea of the Proofs

e Known fact from calculus: if a function f(z) attains
its maximum on [z, ] at xg, then:

of

—if T), th = 0;
if xy € (z,T), then o :
—if xg = z, then of < 0;
8332‘

Main Idea of the Proofs

P > 0.
L
ﬁ

e Our case: the sign of 5 is the same as the sign of
€T
 def 2

pi=—(v;—a) (x—a)—o".

—if o = 7, then

N
e Conclusion: for all ¢ for which p; = 0, we have the

same x;.

e Related partition: I~ is when x; = z;, I is when z; =
7;, all others have the same x; = ay.

——
—
—
—
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