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e In many practical situations:

— we are interested in the value of a physical quantity y
— which is difficult — or even impossible — to measure directly.

e For example, we may want to estimate tomorrow’s temperature, the
amount of oil in a given oilfield, or a distance to a faraway star.

e Since we cannot measure the quantity y directly, a natural idea is to
measure this quantity indirectly, i.e.:

— to measure easier-to-measure quantities x1, ..., x, that are related
to y by a known dependence y = f(xy,...,x,),

— and then to use the results z; of these measurements to provide
the estimate y = f(71,...,z,) for y.

e The problem is that measurements are never absolutely accurate.

e The measurement result x is, in general, different from the actual
(unknown) value of the corresponding quantity.



. . def ~
e In other words, there is, usually, a non-zero difference Ax = z — x
known as a measurement error.

e As a result, the estimate y is, in general, different from the desired
value y.

e It is therefore desirable:

— to use available information about measurement errors Ax;

— to gauge the difference Ay dof y — y between the estimate and the
actual value.

e Estimating this difference is known as uncertainty propagation.



e In many practical situations:
— even if we know the exact values of the measured quantities
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— we can only approximately determine the value y.
e For example, in weather prediction:

— even if we know the exact values of the temperature, atmospheric
pressure, etc. at all the locations where we placed the sensors,

— we will still retain some uncertainty, since tomorrow’s temperature
is also affected by temperature at other locations.

e In such cases, the difference dy dof y—f(x1,...,x,) between the actual
value of the quantity y and the expression f(x1,...,x,) is non-zero.

e This difference — known as approximation error — is unpredictable,
i.e., random.



e In other words, instead of the above equation, we have a more accurate
formula y = f(xy,...,2,) + dy.

e From the previous experience of predicting the value y, we can get a
sample of the values of the approximation error.

e Based in this sample, we can determine the probability distribution
of the approximation error.

e It may turn out that the mean value m of the approximation error is
different from 0, i.e., that the approximate expression f has a bias.

e Then practitioners usually compensate for this bias by replacing the
original function f(z1,...,z,) with a new function

foew (X1, .o xn) = f(x1, ..., 2,) + m.
e For this new function, the mean value of approximation error is 0.

e Thus, without loss of generality, we can safely assume that the mean
value of the approximation error is 0.



e By definition of a measurement error, we have x; = x; — Ax;.

e Thus, the estimation error Ay can be represented as

Ay = f(fl,,fn) — f(fl — A.f[?l,... ,fn — Aﬂfn)

e Measurement errors are usually reasonably small.

e Thus, terms which are quadratic in Ax; are much smaller than linear
terms, and terms which are cubic in Ax; are even smaller.

e For example, for a 20% measurement error, its square is 4%, and its
cube is 0.8%.

e In such situations, from the practical viewpoint:

— cubic (and higher order) terms can be safely ignored

— in comparison with linear and quadratic terms.



e So, to simplify computations, we can expand f and only keep linear
and quadratic terms in this expansion.

e In this case, we have the expression

Ay—ZaZ AacZ—I—Za”- (Ax;) +ZZCLU Ax; - Ax;j.

1=1 j#i



e In the ideal case:

— we should know the probability distribution of each measurement
error,

— and, since the measurement errors can be correlated, the joint
probability distribution of these measurement errors.

e However, determining these probability distributions is very time-
consuming and thus, rarely done in practice.

e In many practical situations, all we know is the upper bound A on
the absolute value of the measurement error Az: |Az| < A.

e In such situations, after we learn the measurement result z:

— the only information that we have about the actual (unknown)
value of the corresponding quantity x

— is that this value is contained in the interval [z — A,z + Al.

e This situation is known as interval uncertainty.



e In some cases, all we know is the expert estimates on the possible
values of the measurement error.

e These estimates are often expressed by using imprecise (“fuzzy”)
words from natural language, such as “small”, “approximately 0.17.

e To describe the resulting knowledge in precise terms, it is reasonable
to use fuzzy techniques.

e These techniques were specifically designed for such a description.

e In these techniques, in effect, for each level of confidence «, we provide
a bound A(«) that is satisfied with this degree of confidence.

e So, from the computational viewpoint, this is similar to interval un-
certainty.

e The main difference that for each quantity, we have several different
intervals corresponding to different levels of a.



e In view of this similarity, in the following text, we will only talk about
interval uncertainty.

e However, all the results are also applied to the case when we have
fuzzy uncertainty (expressed by the corresponding intervals).

e In addition to the upper bounds on the measurement errors Az;, we
often have partial information on the probabilities of different values

N (Azxy, ..., Axy,).



e In addition to the interval range of each variable Ax;, we often know
the mean AFE; of Axz;.

e We get it, e.g., from the results of the testing the measuring instru-
ment.

e Then, the mean is estimated as the average of measurement errors.
e The more tests we undertake:

— the more information we get about the probability distribution,
and

— the more characteristics of the probability distribution we can

determine.

e In the ideal situation, we can perform as many tests as necessary to
determine the probability distribution of Az;.



¢ In many real-life situations, however, we can only afford to determine
one (or two) characteristics.

e In such situations, a natural choice is to determine the mean (and, if
possible, the standard deviation).

e In measurement terms, the mean value of the measurement error is
called the systematic error of the measurement procedure.

e In measurements, it is a common practice to calibrate the measuring
instrument so that the systematic error (bias) is eliminated.

e Calibration means that:

— instead of the original measured value z; of the desired property,

— we return the value E; dof ;i — AE;.

e The mean value of the re-calibrated measurement error Az, dof E;—ux;
is exactly 0.



e The original measurement error Az; can attain any value from the
interval [—A;, A;].
e As a result, the re-calibrated measurement error A/ can take all pos-

sible values from the interval [—A;, Af], where

A YA+ AE and AF € A, — AR,

e For example:

— if we know that Ax; € [—0.1,0.1], and its mean is AE; = 0.05,
— then for Az, = Ax; — AFE;, the mean is 0, and the interval of
possible values is [—0.15,0.05].

e The mean is the only information that we have about each measure-
ment error.

e What do we know about the dependence between the corresponding
random variables?



e In many applications, we know that the same source of noise con-
tributes to the errors of different measurements.

e So these errors Az; are not independent.

e We do not have enough statistics to get any information about each
distribution except for its mean.

e Thus, we also cannot determine the correlation between Ax;.
e So, if we are interested in guaranteed estimates, we must consider:

— all possible n-dimensional distributions,

— with all possible correlations.



e In the case of interval uncertainty:

— we know the intervals of possible values of the measurement errors
Azx;, and

— we want to find the interval of possible values of the desired quan-
tity y = f(x1,...,2,).

e We consider situations when:

— in addition to the interval of possible values of measurement error,

— we also know the mean of the measurement errors.
e In this case:
— in addition to knowing the interval of possible values for the result

y of data processing,

— it is desirable to also know the interval of possible values of the

mean value E < E [Ay] of the quantity Ay.



e In this paper, we consider the case when the dependence f(z1,...,z,)
can be safely described by a quadratic function.

e So, the problem is:

— we know the intervals [—A;, A;] of possible values of Az;, and we
know the means AFE; = E[Ax;];

— based on this information, we want to estimate the mean E[Ay]
of the quadratic expression.



e Alternatively:

— if we re-calibrate all the measuring instruments and take the re-
calibrated measured values F; = r; — AL},

— then we can expand f around these new values Ej:

Ay—a0+2a - Az +Z ay; - (Ax)) +ZZ ag; - Az - Az,

i=1 j#i
e After this calibration, the problem takes the following form:

— we know the intervals [—A;, Af] of possible values of Az}, and
we know that F[Ax!] = 0 for all i;

— based on this information, we want to find the interval of possible
values of F[Ay].



e What if the dependence f is only approximate?

e Then, we get a similar formula, but with the additional term dy de-
scribing the approximation error:

Ay—ao—i—Za - Azl +Z a; - (Ax') +ZZ ag; - Axy - Ax'y 4 0y.

=1 j#i

e As we have mentioned earlier, the mean value of the approximation
error is 0; so:
— the expected value of the new expression is
— exactly the same as the expected value of the original expression

— that ignores the approximation error.

e Thus, in the problem of estimating the mean value of a quadratic
expression, we can safely ignore the approximation error.



e A general quadratic expression is a linear combination of linear and
quadratic terms.

e These terms are either Az; and Axz; - Ax; or Azl and Az’ - Ax'.
J ) 7 7

e The expected value of a linear combination is equal to the linear
combination of the corresponding expected values.

e The expected values of Az; and Ax} are known; so:

— to be able to estimate the expected value of y,
— it is sufficient to be able to estimate the expected value of a prod-
uct Az; - Az;.
e In our previous papers, we showed that:
— if we have two random variables v; and vy with known ranges
[v;,7;] and known means F;,

— then the interval [E, E] of possible values of E “E [v1 - v9] can be
computed as follows.



e First, we compute the auxiliary values p; dof (E; —v,)/(T; — v;).

e Then, we compute
E =min(p; + p2 — 1,0) - U1 - Ug + min(py, 1 — po) - U1 - vg+
min(1 — py, pa) - v; - V2 + max(l — p; — p2,0) - vy - Vy;
E =min(1 — p1,1 — p2) - v; - vy + max(p; — p2,0) - U1 - vy +
max(py — p1,0) - vy - Vo + min(py, p2) - U1 - Va.

e In principle, we can use these formulas to estimate E[Ay].



e In the previous papers, our objective was:

— to come up with an expression

— for a single exact range of E|v; - vs] for two variables v; and vs.

e The fact that we found an explicit analytical expression makes it easy
to compute the range.

e In our new problem, however, we need to estimate many (~ n?) such
ranges.

e Indeed, n may be large.

e Each range computation requires two divisions (to compute p; and
p2) and several multiplications.

e Division is known to take longer to compute.

e We need to repeat these computations ~ n? times.



e So, it is desirable to look for simpler expressions for £ and E.
e Ideally:

— these expressions would hopefully avoid division altogether and
require fewer multiplications, and

— thus, will lead to faster computations.



e The main result of this paper is that such faster-to-compute expres-
sions are indeed possible:

e Suppose that we have two random variables v; and vy with known
means F; and known ranges [E; — A7, E; + Af].

e Then the interval [E, E] of possible values of E = Elfv; - 5] is equal
to

[E1 - By —min(A] - Ay, A - AY), By - By + min(A] - A, AT - AY)].

e For the expression v?, the range can be computed by using the known
general techniques.



e Suppose that we have a random variable v; with a known mean F;
and a known range [F; — A; | E; + Af].

e Then, the interval [M;, M;] of possible values of M; = E[v?] is equal
to [E7, EY + A7 - Af].



e We want to apply these results to the variables v; = Az for which
E; = E[Az]] = 0.

e As a result, the enclosure Ey, for the range [E, E] of E = E[Ay]
takes the following form:

Eorig — CL6 - Za;z ) [07 Az_ ) Aj_]_i_

7

ZZ aj; - [~min(A; - AT AT AT),min(A;7 A7 A AT

i=1 j#i



e Alternatively, we can represent the matrix a;j in terms of its eigen-
/ : : : ! / /
values A} and the corresponding unit eigenvectors e} = (€4, - - -, €},)-

e In this case,
Ay = af)—l—ZCLQ-AxQ—I—Z)\Z- (ZG;CZAZU;> :
i=1 k=1 i=1
e Each variable Az} has 0 mean and range [—A;, Af].

n
e Thus, for the linear combination ) e}, - Ax;:
i=1
— the mean is equal to 0, and

— the range is

Zezi A7 A
i=1



e In other words, the range is equal to [—d; , 6;], where

O = Z €l - AT + Z e A

i€}, <0 ie},; >0
+ _ / - / +
o = E:lekil'Ai+ E:eki'Ai'
i€}, <0 ize},;>0

e As a result, we get a different enclosure E, ., for the range [E, E] of
E = E[Ay]:

Enew = af+ Y A+ (0,6, - 5],
k=1



e According to our result, in general:

— to compute the range for F, it is sufficient to perform 5 multipli-
cations:

— one to compute F; - Fy and 4 to compute 4 products A - A7

e In particular, for v; = Az}, since we have E; = 0, we only need 4
multiplications.

e [t is possible:

— to follow the ideas behind the fast algorithm for interval multipli-
cation and

— to reduce the number of multiplications by one.
e For this, first, we compare A} with Af and A; with AJ.

e As a result, we get 2 x 2 = 4 different comparison results.



e In all 4 cases, we can avoid at least one multiplication in the above
formula.

e Indeed:

—if Al <Al and A; < AJ, then min(A;-Ay, AT-AY) = AT -AS;
—if AT < AT and A < AJ, then min(A]-AF, AT-AY) = AT-AT;
—if AT < A7 and A; < AJ, then min(A]-AF, AT-AY) = AT-AS;
—if AT < A7 and A < A, then min(A;-Ay, AT-AY) = AT AL



e Let us start with the known expression for FE.
e When p; > po, this expression takes the following simplified form:
E=py-T1-Tg+ (p1—p2) U1 0+ (1= p1) -0y - 0.
e Grouping together terms proportional to p; and po, we conclude that
E=py-T1- (T —05) +p1- (T1 — 1) - g + 05 - 0.

e Substituting the expression defining p; into this formula, we conclude
that

E =01 (Ey =) + (1 —v) -0y + 0y - 0.
e Grouping the last two terms, we get

Ezﬁl'(Eg—QQ)—FEl'QQ.



e Finally, substituting v, = F; — A; and v; = E; + A, we conclude
that

E = (B +AT)-AS+E-(BEy—Ay) = B Ay +AT-Ay+Ey-Ey—Ep- A7
E=E - -Ey+Af-A;. 9)
e Similarly, if p; < po, we get
E=FE -E+A]-AF. (10)
e The condition p; > po means that
(B — ) /(01 —u1) 2 (B2 — 0y)/ (V2 — vy).
e This condition can be equivalently described as
(B —wy) - (U2 —0g) = (B2 —0y) - (1 — 0y)-
e In terms of E; and Af it takes the form

AT - (A +A3) > A - (AT + AT).



e This is equivalent to
AT A > AT A

e This condition determines whether we have an expression correspond-
ing to p1 < po or to p2 < p1.

e We thus get the desired formula for F.
e For F, we similarly consider two cases: p; +p2 > 1 and p; + po < 1.
e In the first case, we have
E={pi+p—1)- 0102+ (1 —=p2) 01 v+ (1—p1)- 00
e This leads to
E=p - (U1 —v) V2+p2-01- (V2 —vy)+

V1 Vg + U1 - Uy — V7 - Vg



e Substituting the expressions for p;, we conclude that
E= (B —vy) Ta+701- (B2 —vy) +0y - V2 + 01 - Uy — U1 - Do

e So, we have:
E=F -vy4+7v;-FEy—7;-0s.

e Finally, substituting the expressions v; = E; — A7 and 7, = E; + A7,
we conclude that
E=FE By~ AF- AL

e Similarly, if p1 + ps < 1, then
E=p-01-vy+p2-v -T2+ (1 —p1 —p2) - vy - vy
e This leads to

E=p (U1 —v) vy+p2-v-(Ua—cy) +0; -0y



e Substituting the expressions for p;, we conclude that
E=(E1—uv) v+ (B2 —vy) + v v
e This is equivalent to

E:E1'22+Q1'(E2_Q2)-

e Finally, substituting the expressions v; = E; — A; and v; = E; + A},
we conclude that
E=F - -F—A]-A;.

e The inequality p; + p2 > 1 can be reformulated as
(B1—2y) - (D2 — vg) + (B2 — vy) - (D1 —vy) 2 (U1 —vy) - (D2 — 0).
e Subtracting the first product from both sides, we get”

(B2 —wy) - (01 —wy) 2> (U1 — E1) - (D2 — v,).



o In terms of AT, we get:
Ay (AT +AD) Z AT (A +47).
e This is equivalent to
AT A > A AT

e This condition determines whether we have one of the two above
expressions.

e We thus get the desired formula for F.

e The proposition is proven.



e It is known that the second moment M, is equal to V; + EZ?, where V;
is the variance.

e The variance is the second moment of the auxiliary variable

def
V= V; — Ez

e For v, F[v] = 0 and the range of possible values is equal to [-A7, Af].
e Thus, to prove the result, it is sufficient to prove that:

— if we have a random variable v with a known mean E[v] = 0 and
a known range [—A~, A7],

— then the interval [M, M| of possible values of M = E[v?] is equal
to [0, A™ - AT].

e The second moment is always non-negative, so M > 0.

e It is possible that v is identically 0, in which case M = 0; thus, M = 0.



e We consider all possible distributions with 0 mean located on the
interval [—A~, A™].

e Among such distributions, we want to find a distribution for which
the second moment is the largest.

e For discrete distributions:

— that attains values x1, ..., x, with probabilities py,. .., p,,
— this means that we must maximize the expression _ p; - 7 under
the constraints p; > 0, > p; =1, and Y p; - x; = 1.

e Once the values x; are fixed, this constraint optimization problem
becomes a linear programming problem with 2 equality constraints.

e According to the general properties of linear programming problems
problems:

— the maximum is attained

— when at most 2 of the variables p; are non-zero.



e Thus, to find the value M, it is sufficient to consider distributions
located at only two points z; and x».

e Since the average is 0, one of these values should be negative, and
another positive.

e Let us denote the negative value by —z~ and the positive one by z,
and the corresponding probabilities by p~ and p*.

e Since p” +pt =1, weget pt =1—p~.

e Thus, the condition becomes p~ - (—z7) + (1 —p~) - 2T = 0, i.e.,

equivalently, p~(z~ + 27) = xt,

e We conclude that p~ = z" /(™ 4+ 2™) — and hence, that

pr=1—p =a /(x~ +2x7).



e Therefore,

M=p (@) +p" - (a7) =
+ - (ot
v 2 T I R AN € +$)___+
r~ +at ($)+x_+x+ (") =+t vt

e This expression is a strictly increasing function of both its variables
=, x> 0.

e Thus, its maximum under the constraints x= < A~ and 27 < AT is
attained when = = A~ and 27 = A™.

e So, the corresponding value is exactly the one we described.

e The proposition is proven.



e In the above text, we assumed that:

— the measurement errors Ax; can be correlated, and

— we have no information about possible correlations.

e In some cases, however, we do know that the variables Ax; are inde-
pendent.

e Under this additional assumption of independence, what is the pos-
sible range of E[Ay]?

e This question is the easiest to answer under the formula using Az,

e Indeed, in this case, E[Ax;] = 0, and for i # j, we have E[Ax-Ax’] =
E[Az] - E[Az}] =0-0=0.

e So, we conclude that

E=E[Ay] = dy+ Y d; - E[(Ad)).

i=1



e From the auxiliary result, we already know how to compute the range
of possible values of E[(Az})?] fori=1,... n.

e So, in the case of independence, the interval of possible values of F
is equal to

[E7E] - a6+za;i 0,4 A:r]

1=1



e In practice:

— in addition to the first moments E[Ax;],

— we often know the second moments E[Az; - Az;] of the corre-
sponding distributions.

o If we know the second moments, then, of course, computing the first
moment of the quadratic expression y is easy.

e Indeed, y is a linear combination of terms Axz; and Az; - Ax;.

e However, in this case, a natural next question remains open: what
can we say about the second moment of y?
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