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e In many disciplines — such as mathematics — we want to teach students
rigorous thinking.

e However, empirical evidence shows that:

— many successful teaching techniques — including techniques for
teaching mathematics

— use informal storytelling.

e A natural question is: why?



e There are many successful applications of fuzzy techniques.
e In particular, there are many successful applications to control.
e These applications usually have three stages:

— first, we elicit imprecise (“fuzzy”) rules form the experts,

— then, we use fuzzy techniques to transform these rules into a pre-
cise control strategy, and

— finally, if needed, we tune the resulting controller to make it most
effective.

e The first and the third stages are, in essence, the same now as they
were decades ago.

e However, in implementing the second stage, there is a drastic different
between what was done earlier, and what is done now:



e When fuzzy applications started, designers of the corresponding fuzzy
systems spent a lot of times eliciting,

— from the experts,
— the exact shapes of the membership functions

— and, often, the exact “and”- and “or”-operations that best de-
scribe the expert’s thinking.

e In contrast, at present, this is practically never done.

e The designers use simple — e.g., triangular — membership functions
and simple — min or product — “and”-operations (t-norms).

e This change saves the designers a lot of effort.



e For example, the designers of the world’s first effective medical expert
system MY CIN:
— spent several years — and several million dollars
— finding out which “and”-operation best describes the reasoning of

medical doctors.

e This does not mean that the designers use only simple membership
functions and “and”- and “or”-operations in their designs.

e The resulting systems often use complex membership functions and
complex “and”- and “or”-operations.

e However, this adjustment of membership functions and “and”- and
“or”-operations happens only on the third — tuning — stage.

e This is no longer done by first eliciting this information from the
users.



e So, now we elicit much less information from the experts than in the
past.

e However, still the results are as good.

e Intuitively, the more information we get form the experts, the better
our system should be.

e However, it looks like in this case, the corresponding additional infor-
mation does not improve the quality of the resulting system.

e Indeed, the absence of this additional information does not make the
systems perform any worse.

e But why? How can we explain this?

e In this talk, we provide answers to both questions — and we explain
the relation between these two answers.



e Both membership functions and “and”- and “or”-operations deal with
fuzzy degrees.

e Fuzzy degrees that describe the expert’s degree of confidence in dif-
ferent statements.

e According to the well-known seven-plus-minus-two law, a person can
meaningful distinguish between 5 and 9 different degrees.

e For most people, it is 7 degrees.

e From the purely mathematical viewpoint, fuzzy degrees can take in-
finitely many values.

e Namely, they can take all possible real values from the interval [0, 1].

e However, in reality, most experts can only meaningfully distinguish 7
different degrees.



e One of these degrees is “absolutely true” — that corresponds to 1,
another is “absolutely false”, which corresponds to 0.

e This leave us with 5 degrees corresponding to uncertainty — and thus,
located inside the open interval (0, 1).

e To describe the most appropriate numerical values corresponding to
these 5 degrees, we need to select 5 points in this open interval.

e We have no reason to believe that the distance between any pair of
neighboring degrees is larger than for any other pair.

e So, it makes sense to assume that all these distances are equal.

e So, each of the 7 degrees (including 0 and 1) is located at the same
distance d from the neighboring degrees.

e Since the first value is 0, the next is thus d, the next after that is 2d,
etc.



e The final seventh degree is 6d.

e Since we know that the final seventh degree is 1, this means that
6d=1,s0d=1/6.

e Thus, the corresponding degrees are 0, 1/6, 1/3,1/2,2/3,5/6, and 1.

e To make computations more convenient, let us use the scale [0, 6]
instead of the usual [0, 1].

e In this scale, the actual degrees are integers: 0, 1, 2, 3, 4, 5, and 6.

e In this scale, the two simplest “and”-operations — min and product —
get the following form:

— minimum and maximum remains minimum and maximum, while

— the product becomes /6 for r = a - b.

o For integers a and b, the value v & (a - b)/6 is sometimes not an
integer.



e Since in this scale, only integer degree values make sense, we will
round the value into an integer V' by using the usual rounding rules:

v [0,05)  [0.5,1.5)  [1.5,25)  [25,35) [3.5,45) @ [4.5,5.5)
1% 0 1 2 3 1 5

e One can easily show that in terms of the integer-valued r, this round-
ing leads to the following rules:

r[0,2]  [3,8]  [9,14] [15,20] [21,26] [27,33]  [33,36]
V.0 1 2 3 4 5 6



e Let us use this framework to see how the product will look like.
e For example, for a = 3 and b = 5, the actual product is r = 15.

e So, based on the above rules, we take the degree 3 as the resulting
value.

e By repeating these calculations for all possible pairs (a,b), we get the
following table:
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e One can see that all these values are either equal to min(a, b) or differ
from min(a, b) by one —i.e., by the smallest distinguishable difference.



e One of the possible ways to elicit a fuzzy degree is to ask n experts.
e If m of them say “yes”, take the value m/n.

e In this case, from the purely mathematical viewpoint, the degree can
be viewed as a probability.

e Namely, it is the probability that a randomly selected expect says
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yes”.

e In general, for random events, the probability that both occur is be-
tween max(a + b — 1,0) and min(a, b).

e When the correlation is non-negative, this probability is between a - b
and min(a, b).

e In fuzzy application, “and” is usually applied to conditions from the
same rule provided by the same expert.



e So it is reasonable to expect these conditions to be non-negatively
correlated.

e Thus, the corresponding “and”-operations are between a - b and min.

e We already know that the results of a - b and min(a, b) differ by no
more than one level.

e Thus, the same is true for any two operations between these two.

e So, no matter what “and”-operation the expert actually uses, the
result is minimally different from min.

e This is why current practitioners simply use min instead of the time-
consuming elicitation.

e For any “or”-operation fy(a,b), we can use the same result.



e Indeed, as is well known, its dual 1 — f,(1 — a,1 —b) is an “and”-
operation — and thus, close to min.

e Therefore, the original “or”-operation is close to the dual of min, i.e.,
to max.



e Why do practitioners use piece-wise linear membership functions?

e Any smooth function can be expanded into Taylor series, in which
the next term after linear is quadratic, proportional to z2.
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e For values a € [0, 6], the original term z* corresponds to a®/6 — the

diagonal terms in the above table.
e We can see that these terms are minimally different from a.
e S0, quadratic terms lead to an almost the same result as linear.

e This explains why practitioners do not consider such terms — and
thus, do not consider higher order terms.

e As a result, they only use piecewise linear functions.

e All this explains why practitioners nowadays do not elicit membership
functions and “and”- and “or”-operations.



e In precise sciences, learning means moving from a wrong precise state-
ment to a correct precise statement.

e For example, it means moving from the wrong 3-3 = 6 to the correct
3-3=09.

e This means changing, for each of these statements, our degree of
confidence in them from 0 to 1 or from 1 to 0.

e To many students, such an abrupt change is difficult.

e To make learning easier, it is desirable to replace a single abrupt
change with two or more changes which are smaller than by 1.

e For each intermediate statement, the degree should thus be inside
(0,1).

e What does that mean?

e Degrees inside (0, 1) were introduced by Zadeh to describe imprecise
(“fuzzy”) natural-language statements.



e So, intermediate statements should be imprecise natural-language
statements.

e This is exactly what storytelling is about — so this explains why sto-
rytelling is effective in education.



e In the traditional approach to fuzzy, it is not enough to say that we
have degrees between 0 and 1 to be able to apply fuzzy techniques.

e We also need to select the shapes of the membership functions, to
select “and”- and “or”-operations, etc.

e What we showed is that for the simple purpose of describing expert
knowledge, this additional knowledge is, in effect, not needed.

e Different selections lead to almost same (minimally distinguishable)
results.

e From this viewpoint, once we see that it is reasonable to use degrees
between 0 and 1, we can already use fuzzy techniques.

e For storytelling, this means that we do not need to worry about mem-
bership functions or about “and”- and “or”-operations.

e We can, in effect, use whatever we want, and the results will be good
— as indeed they are when we use storytelling in education.
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