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1.

Need for Analysis, Prediction, and Control in
Science and Engineering

e Prediction is one of the main objectives of science and
engineering.

e Fxample: in Newton’s mechanics, we want to predict
the positions and velocities of different objects.

e Once we predict events, a next step is to influence these
events, i.e., to control the corresponding systems.

e In this step, we should select a control that leads to
the best possible result.

e To be able to predict and control a system, we need to
have a good description of this system, so that we can:

— use this description to analyze the system’s behav-
ior and

— extract the desired prediction and control algorithms
from this analysis.

Need for Analysis, . . .




2. Symmetry: a Fundamental Property of the Phys-
ical World

Symmetry: a. ..

e One of the main objectives of science: prediction.

e Basis for prediction: we observed similar situations in
the past, and we expect similar outcomes.

e In mathematical terms: similarity corresponds to sym-
metry, and similarity of outcomes — to invariance.

e Frample: we dropped the ball, it fall down.
e Symmetries: shift, rotation, etc.

e In this example, we used geometric symmetries, i.e.,
symmetries that have a direct geometric meaning.




3. Example: Discrete Geometric Symmetries

Algorithmic Aspects of . . .

e In the above example, the corresponding symmetries
form a continuous family.

e In some other situations, we only have a discrete set of
geometric symimetries.

e Molecules such as benzene or cubane are invariant with
respect to , e.g., rotation by 60°. molecule.
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Figure 1: Benzene — rotation by 60°




4. More General Symmetries

e Symmetries can go beyond simple geometric transfor-
ma,tions Example: How to. ..

e Erample: the current simplified model of an atom.

e Originally motivated by an analogy with a Solar sys-
tem.

e The operation has a geometric aspect: it scales down
all the distances.

e However, it goes beyond a simple geometric transfor-
mation.

e In addition to changing distances, it also changes masses,
velocities, replaces masses with electric charges, etc.




5.

Basic Symmetries: Scaling and Shift

e To understand real-life phenomena, we must perform
appropriate measurements.

e We get a numerical value of a physical quantity, which
depends on the measuring unit.

e Scaling: if we use a new unit which is A times smaller,
numerical values are multiplied by A\: x — A - z.

e Fxample: x meters = 100 - x cm.
e Another possibility: change the starting point.

e Shift: if we use a new starting point which is s units
before, then z — x + s (example: time).

e Together, scaling and shifts form linear transforma-
tions x — a - x + b.

e [nvariance: physical formulas should not depend on
the choice of a measuring unit or of a starting point.
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6.

Example of Using Symmetries: Pendulum
e Problem: find how period T depends on length L and
on free fall acceleration g on the corresponding planet.
e Originally found using Newton’s equations.

e The same dependence (modulo a constant) can be ob-
tained only using symmetries.

e There is no fixed length, so we assume that the physics
don’t change if we change the unit of length.

e If we change a unit of length to a one A times smaller,
we get new numerical value L' = \ - L.

e If we change a unit of time to one p times smaller, we
get a new numerical value for the period T/ = p - T.

e Under these transformations, the numerical value of
the acceleration changes as g — ¢ = \- 2 - g.
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7.

Pendulum Example (cont-d)

e The physics does not change by simply changing the
units.

e Thus, it makes sense to require that if 7' = f(L,g),
then T' = f(L', ¢').

e Substituting 7' =p-T, L' =X-L,and ¢ =X-u2-g
into T = f(leg/)a we get f(ALJ )‘M_Qg) - /"Lf(LJ g)

e From this formula, we can find the explicit expression
for the desired function f(L, g).

e Indeed, let us select A and p for which A - L = 1 and
ANp2og=1.

e Thus, we take A\ = L' and u= /X g = +/g/L.

e For these values A and ,u, the above formula takes the
form f(1,1) = p- f(L,g9) = /g9/L- f(L,g).

e Thus, f(L, g) = const-y/L/g (for the constant f(1,1)).
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8.

What is the Advantage of Using Symmetries?

e What is new is that we derived it without using any
specific differential equations.

e We only used the fact that these equations do not have
any fixed unit of length or fixed unit of time.

e Thus, the same formula is true not only for Newton’s
equations, but also for any alternative theory.

e Physical theories need to be experimentally confirmed.

e We do not need the whole Newton’s mechanics theory
to derive the pend. formula — only need symmetries.

e This shows that:
— if we have an experimental confirmation of the pen-

dulum formula,

— this does not necessarily mean that we have con-
firmed Newton’s equations — just the symmetries.




9.

Basic Nonlinear Symmetries

e Sometimes, a system also has nonlinear symmetries.
e If a system is invariant under f and g, then:

— it is invariant under their composition f o g, and

— it is invariant under the inverse transformation f~1.

e In mathematical terms, this means that symmetries
form a group.

e In practice, at any given moment of time, we can only
store and describe finitely many parameters.

e Thus, it is reasonable to restrict ourselves to finite-
dimensional groups.

o Question (N. Wiener): describe all finite-dimensional
groups that contain all linear transformations.

e Answer (for real numbers): all elements of this group
are fractionally-linear z — (a -z +b)/(c- z + d).




10. Independence as Another Example of Symme-
try

e We encounter complex systems consisting of a large
number of smaller objects (or subsystems).

e Fxample: molecules that consist of a large number of
atoms.

e The more subsystems we have, the more complex the
corresponding models,

— the more difficult their algorithmic analysis because
in general,

— we need to take into account possible interactions
between different subsystems.

o Symmetry: We know that some of these subsystems
are reasonably independent.

e The transformations performed on one of the subsys-
tems does not change the state of the other.




11. Discrete Symmetries

e In some cases, we have a discrete set of transformations
under which the object is invariant.

e Fxample: In electromagnetism, the flas. do not change
if we simply replace all pos. charges with neg. ones:

— particles with opposite charges will continue to at-
tract each other and

— particles with the same charges will continue to re-
pel each other with exactly the same force.

e Similarly, it usually does not matter whether we take,
as a basis, a certain property

— P (such as “small”) or its negation

def
— P''= =P (such as “large”).

e We can easily transform the corresponding formulas
into one another.




12. Symmetries and Optimization

e It is natural to require that the model be invariant with
respect to the corresponding symmetries.

e In many such cases, this invariance requirement en-
ables us to determine the model.

e Sometimes, unlikely that the corresponding model is
invariant with respect to the symmetries.

e In this case, we don’t restrict to a small class of possible
models.

e Out of all possible models, it is necessary to select the
one which is, in some reasonable sense, the best — e.g.,

— the most accurate in describing the real-life phe-
nomena, or

— the one which is the fastest to compute, etc.




13. Symmetries and Optimization (cont-d)

e What does the “best” mean?

e On the set of all appropriate models, there is a relation
>~ describing which model is better or equal in quality.

e This relation must be transitive (but we can have two
models of the same quality).

e We require that this relation be final in the sense that
it should define a unique best model A, for which

VB (Aopt = B).
e If none of the models is the best, then this criterion is
of no use — so there should exist optimal models.

e If several different models are equally best, then we can
use this ambiguity to optimize something else.

e It is also reasonable to require that the relation A > B
should be invariant relative to natural symmetries.




14. Symmetries and Optimization: Result

e Let A be a set, and let G be a group of transformations
defined on A.

e By an optimality criterion, we mean a pre-ordering
(i.e., a transitive reflexive relation) < on the set A.

e An optimality criterion is called G-invariant if
Vg€ GVA,B € A(A=<XB= g(A) <g(B)).

e An optimality criterion is called final if there exists one
and only one element A,y € A for which

VB (B = Agpt)-

e Proposition. Let =< be a G-invariant and final opti-
mality criterion; then, Ay is G-invariant.




15. Symmetries and Optimization: Proof
e Let us prove that the model A,y is indeed G-invariant,
i.e., that g(Aopt) = Aopt for every transf. g € G.
e Indeed, let g € G.

e From the optimality of A,pt, we conclude that for every
B € A, we have g7'(B) < Agp.-

e From the G-invariance of the optimality criterion, we
can now conclude that B < g(Aopt).

e This is true for all B € A and therefore, the model
g(Aopt) is optimal.

e But since the criterion is final, there is only one optimal
model; hence, g(Aqpt) = Aopt-

® S0, Ayt is indeed invariant.

e The proposition is proven.




16. Approximate Symmetries

e In many physical situations, we do not have exact sym-
metries, we only have approrimate symmetries.

e Fxample: A shape of a spiral galaxy can be reasonably
well described by a logarithmic spiral.

e This description is only approximate; the actual shape
is slightly different.

e Actually, most symmetries are approximate.

e In some cases, the approximation is so good that we
can consider the object to be fully symmetric.

e In other cases, we need to take asymmetry into account
to get an accurate description of the corr. phenomena.




17. From Methods to Results
e Main algorithmic problems (reminder): analysis, pre-
diction, and control of real-life systems.

e Up to now, we described our methodology: the use of
syminetries.

e Let us now show the results of using symmetries in all
algorithmic problems of sciences and engineering.

e First, we show how the symmetry-based approach can
be used in the analysis of real-life systems.

e Then, we show how this approach can be used in the
algorithmics of prediction.

e Finally, we show how the symmetry-based approach
can be used in the algorithmics of control.




18. Algorithmic Aspects of Real-Life Systems Anal-
ysis: Symmetry-Based Approach

e Our main objectives are to predict the systems’ behav-
ior and to find the best way to change this behavior.

e In these tasks, we first need to describe the systems in
precise terms.

e In Chapter 2, we show that symmetries can help in this
description.

e Real-life systems consist of interacting subsystems.

e So, to describe a system, we must first describe funda-
mental systems: molecules, elementary particles, etc.

e In Chapter 2, we focus on the description of such fun-
damental systems.




19. Algorithmic Aspects of Real-Life Systems Anal-
ysis: Overview

e We start with the most natural symmetries — continu-
ous families of geom. symmetries (rotations, shifts).

e A shape of the molecule is formed by its atoms.

e We look for symmetries, i.e., for transformations that
preserve the shape of a molecule.

e Hy: invariant w.r.t. all rotations around its axis; we
have a continuous family of angles from 0 to 360°.

e Benzene: only inv. w.r.t. discrete angles 60°, 120°, ...

e Except for linear molecules like Hy, a molecule cannot
have a continuous family of symmetries.

e For a molecular shape to allow a continuous family of
symmetries, it must contain a large number of atoms.

e Such molecules are typical in biosciences.




20. Algorithmic Aspects of Real-Life Systems Anal-
ysis: Overview (cont-d)

e In Section 2.2, we show how, for biomolecules, the
corr. symmetries naturally explain the observed shapes.

e Smaller molecules, as we have mentioned, can only
have discrete symmetries.

e In Section 2.3, we show how the symmetries approach
can help in describing such molecules.

e Finally, on the quantum level of elementary particles,
we, in general, do not have geometric symmetries.

e Instead, we have a reasonable symmetry-related phys-
ical idea of independence.

e We show that this idea leads to a formal justification
of quantum theory (in Feynman integral form).

e In all these cases, symmetries help.




21. Algorithmic Aspects of Real-Life Systems Anal-
ysis: Details

e Application: explaining shapes of secondary elements
in protein structure.

e Protein structure is invariably connected to protein
function.

e There are two important secondary structure elements:
alpha-helices and beta-sheets.

e Their actual shapes can be complicated, but usually
approx. by cylindrical spirals, planes and cylinders.

e Result: these geometric shapes are indeed the best ap-
proximating families for secondary structures.

e This result expands on the ideas pioneered by a renowned
mathematician M. Gromov.




22. Algorithmic Aspects of Real-Life Systems Anal-
ysis: Details (cont-d)

e Application: understanding properties of molecules with
variant ligands.

e Molecules can be obtained from a “template” molecule
by replacing some of its atoms with lzgands.

e Testing of all possible replacements is time-consuming.

e Avoid by testing some of the replacements and then
extrapolate to others.

e D. J. Klein and co-authors proposed to use a poset
extrapolation technique developed by G.-C. Rota.

e Limitation: technique originally proposed on a heuris-
tic basis.

e No convincing justification of its applicability to chem-
ical (or other) problems.




23. Algorithmic Aspects of Real-Life Systems Anal-
ysis: Details (cont-d)

e Previously, we showed that the poset technique is equiv-
alent to Taylor series extrapolation.

e A more familiar (and much more justified) technique.

o Results:

— The equivalence with Taylor series extr. can be ex-
tended to the case of variant ligands.

— This approach is also equivalent the Dempster-Shafer
approach.




24. Algorithmic Aspects of Prediction: Symmetry-
Based Approach

e As we have mentioned earlier, one of the main objec-
tives of science is to predict future events.

e From this viewpoint, the first question that we need to
ask is: s it possible to predict?

e In many cases, predictions are possible.

e In many other practical situations, what we observe is
a random (un-predictable) sequence.

e The question of how to check whether a sequence is
random is analyzed in Section 3.2.

e In this analysis, we use symmetries — namely, we use
scaling symmetries; see below.

e In situations when prediction is, in principle, possible,
the next questions is: how can we predict?




25. Algorithmic Aspects of Prediction (cont-d)
e In cases when we know the corresponding equations,
we can use these equations for prediction.

e In many practical situations, however, we do not know
the equations.

e In such situations, we need to use general prediction
and extrapolation tools, e.g., neural networks.

e In Section 3.3, we show how discrete symmetries can
help improve the efficiency of neural networks.

e Once the prediction is made, the next question is how
accurate is this prediction?

e In Section 3.4, we show how scaling symmetries can
help in quantifying the uncertainty of the corr. model.

e In Section 3.5, we use similar symmetries to come up
with an optimal way of processing uncertainty.




26. Algorithmic Aspects of Prediction (cont-d)
e In Sect. 3.6, on a geophysical example, we estimate the
accuracy of spatially locating the measurement results.

e In practice, we often need to have the prediction results
by a certain time.

e It is then important to perform the corresponding com-
putations efficiently — by the deadline.

e The theoretical possibility of such efficient computa-
tions is analyzed in Section 3.7.

e Overall, we show that symmetries can help with all the
algorithmic aspects of prediction.




27. Example: How to Check Randomness
e A non-random sequence like 010101...can be gener-
ated by a short program.

e If a sequence is truly random, the only way to generate
it is to print it bit by bit.

e The shortest length of a program that computes s is
called its Kolmogorov complezity K (s).

e Thus, a sequence is random if and only if its Kol-
mogorov complexity is close to its length.

e The big problem is that the Kolmogorov complexity is,
in general, not algorithmically computable.

e Thus, it is desirable to come up with computable ap-
proximations.




28. Approximating Kolmogorov Complexity

e Reminder: we need to approximate Kolmogorov com-
plexity K (s).
e At present, most algorithms for approximating K (s):
— use some loss-less compression technique to com-
press s, and
— take the length K (s) of the compression as the de-

sired approximation.

e However, this approximation has limitations: for ex-
ample,

— in contrast to K (s), where a change (one-bit) change
in s cannot change K (s) much,

— a small change in s can lead to a drastic change

in K(s).




29. Other Applications of Kolmogorov Complex-
ity

e Kolmogorov complexity is useful beyond checking ran-
domness.

e F.g.: we can check how close are two DNA sequences
s and s’ by comparing K (ss") with K(s) + K(s'):

— if they are unrelated, the only way to generate ss’
is to generate s and then generate s', so:

K(ss') =~ K(s) + K(§);
— if they are related, we have K (ss') < K(s)+ K(s').

e By taking strings s and s’ describing the same text in
languages L, L', we can check how close are L and L'.




30. I-Complexity
e Limitation of K(s): a small change in s = (s152. .. 5,)
can lead to a drastic change in K(s).

e To overcome this limitation, V. Becher and P. A. Heiber
proposed the following new notion of I-complexity.

e For each ¢, we find the largest By[i] of the length ¢ of
strings s;_¢41...s; which are substrings of s1...s;_ 1.

e For example, for aaaab, the corresponding values of
B (1) are 01230.

e We then define I(s) dof > f(Bsli]), for an appropriate
i=1
decreasing function f(z).

e Specifically, it turned out that the discrete derivative
of the logarithm works well: f(x) = dlog(z + 1), where

dlog(z) o log(z + 1) — log(z).




31. Good Properties of I-Complexity

e Reminder: 1(s) = zn: f(Bsli]), where:
i=1

e B[i] is the the largest length ¢ of strings s; 41 ... s;
which are substrings of s;...s;_1, and

o f(z) =log(z+ 1) —log(x).
o Similarly to K(s):
o If s starts &', then I(s) < I(s').
e We have [(0s) ~ I(s) and I(1s) =~ I(s).
e We have I(ss") < I(s) + I(s).
e Most strings have high I-complexity.

e In contrast to K(s): I-complexity can be computed in
linear time.

e A natural question: why this function f(z)?




32. Towards Precise Formulation of the Problem

o We take f(x) = F(x+ 1) — F(z), for some F(x).
e V. Becher and P. A. Hieber selected F(z) = log(x).

e There are not much symmetries on integer values z,
but we can extend F(z) to all real numbers.

e Which monotonic function F(x) from reals to reals
should we choose?

e Remander: in the continuous case, the numerical value
of each quantity depends:

— on the choice of the measuring unit and
— on the choice of the starting point.

e By changing them, we get a new value 2’ = a - x + b.
e For length z, the starting point 0 is fixed.

e So, we only have re-scaling v — 2’ =a - x
(e.g., bits vs. bytes).




33. Our Result

e By changing a measuring unit, we get 2/ = a - x.

e When we thus re-scale z, the value y = F(x) changes,
toy = F(a-x).

e It is reasonable to require that the value 1’ represent
the same quantity.

e So, we require that 3 differs from y by a similar re-
scaling:

v = F(a-z) = A(a)-F(x)+B(a) for some A(a) and B(a).

e It turns out that all monotonic solutions of this equa-
tion are linearly equivalent to log(x) or to x¢, i.e.:

F(z) =a-In(z)+bor F(z) =a-12%+b.

e So, symmetries do explain the selection of the function
F(z) for I-complexity.




34. Proof

e Reminder: for some monotonic function F(z), for ev-
ery a, there exist values A(a) and B(a) for which

F(a-x)= A(a)- F(x)+ B(a).
e Known fact: every monotonic function is almost every-
where differentiable.

e Let xp > 0 be a point where the function F'(x) is dif-
ferentiable.

e Then, for every z, by taking a = x/xy, we conclude
that F'(x) is differentiable at this point = as well.

e For any 1 # x5, we have F'(a-x1) = A(a)-F(x1)+B(a)
and F(a-x2) = A(a) - F(x2) + B(a).

e We get a system of two linear equations with two un-
knowns A(a) and B(a).




35. Proof (cont-d)

e We get a system of two linear equations with two un-
knowns A(a) and B(a):

F(a-x1) = A(a) - F(z1) + B(a).
F(a-x9) = A(a) - F(z2) + B(a).

e Thus, both A(a) and B(a) are linear combinations of
differentiable functions F'(a - z1) and F(a - x2).

e Hence, both functions A(a) and B(a) are differentiable.

e So, F(a-x) = A(a) - F(z) + B(a) for differentiable
functions F(z), A(a), and B(a).

e Differentiating both sides by a, we get
z-F'(a-z)=A(a)  F(z)+ B'(a).
e In particular, for a = 1, we get z - % =A-F+ B,
where A % A/(1) and B Y B/(1).




36. Proof (final part)

F
e Reminder: xd— =A-F+B.

dx
dF dx : :
e So, A F+b - 2 now, we can integrate both sides.
F
e When A =0: we get éx) =In(z) 4+ C, so
F(z)=0b -ln(z)+b-C.
~ de b dF  d
° IthenA;éO: foersz—kZ, we get 17 :?x, SO
Z.111(,5(56)) = In(2)+C, and In(F(z)) = A-ln(z)+A-C.
e Thus, F(z) = C; - 24, where C} &of exp(A - C).
e Hence, F(x) :ﬁ(x)—%:Cl-xA—%.

e The theorem is proven.




37. Algorithmic Aspects of Control: Symmetry-
Based Approach

e Up to now, we concentrated on the problem of predict-
ing the future events.

e Once we are able to predict future events, a natural
next step is to control the corresponding system.

e In this step, we should select a control that leads to
the best possible result.

e Sometimes, we know the exact equations, so we can
simply use known optimization techniques.

e Often, exact equations are not known, so we have the
use the knowledge of human experts.

e Many such intelligent techniques are empirical, their
results which are far from optimal.




38. Algorithmic Aspects of Control (cont-d)
e In Chapter 4, we show that symmetry-based techniques
can be very useful in improving these results.

e We will illustrate this usefulness on all level of the prob-
lem of selecting the best control.

e First, on a strategic level, we need to select the best
class of strategies.

e In Sect. 4.2, we derive the best class of strategies for
fuzzy control, an important class of intelligent controls.

e In the corr. derivation, we use logical symmetries — the
symmetry between true and false values.

e Once a class of strategies is selected, we need to select
the best strategy within a given class.




39. Algorithmic Aspects of Control (cont-d)

e Once a class of strategies is selected, we need to select
the best strategy within a given class:

— in Section 4.3, we use approximate symmetries to
find the best implementation of fuzzy control;

— in Section 4.4, we show that the optimal selection
of operations leads to a symmetry-based solution.

e Often, we have several strategies coming from different
aspects of the problem.

e We need to combine these strategies into a single strat-
egy that takes all the aspects into account.

e In Section 4.5, we use logical symmetries to find the
best way of combining the resulting fuzzy decisions.

e Overall, we show that symmetries can help with all the
algorithmic aspects of control.




40. Example: Selecting the Best Exclusive-Or Op-
erations

e Intelligent control comes from expert statements.

e Expert statements often use logical connectives like

“OIJ? .

e In natural language, “or” sometimes means “inclusive
or’” and sometimes means “exclusive or”.

e Traditionally, intelligent control uses “inclusive or” (t-
conorms).

e We want to adequately describe commonsense and ex-
pert knowledge.

e Therefore it is important to also have fuzzy “exclusive
or” operations fq(a,b).




41. Selecting Exclusive-Or Operations (cont-d)

e Reminder: it is important to have fuzzy “exclusive or”
operations fg(a,b).

e Main idea: The degrees of certainty are only approxi-
mately defined.

e It is reasonable to require that the operation be the
least sensitive to small changes in the inputs.

e This requirement corresponds to approximate symme-
try.

e Result: the least sensitive fuzzy “exclusive or” opera-
tion has the form

fe(a,b) = min(max(a,b), max(1 —a, 1 —b)).




42. Possible Ideas for Future Work

e In this dissertation, on numerous examples, we showed
that symmetries help in science and engineering.

e The breadth and depth of these examples show that
symmetry-based approach is indeed very promising.

e However, to make this approach more widely used, ad-
ditional work is needed.

e Indeed, in each of our examples, the main challenge is
finding the relevant symmetries.

e As of now, we have found these symmetries on a case-
by-case basis.

e It would be great to develop a general methodology of
finding the relevant symmetries.

e Such a general methodology would help to apply symmetry-
based approach to important new practical problems.
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