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e One of the main applications of high performance computing is esti-
mating the values of some quantities y based on the inputs x4, ..., x,.

e For example, in weather prediction:

— we estimate tomorrow’s temperature y at some location
— based on the results x; of meteorological measurements in the
vicinity of this location.
e The problem is that:
— even when the data processing algorithm y = f(z1,...,2,) de-
scribes the exact relation between y and z;,

— the value y = f(71,...,T,) — that we obtain by processing mea-
surement results x; — is not exact:

— since the measurement results z; are, in general, different from
the actual (unknown) values x; of the corresponding quantities.



def ~ ~
e Because of the measurement errors Ax; = x; — x;, the result y of data

processing is, in general, different from the desired value y.

e It is important to provide an estimate for the resulting uncertainty



e For each measuring instrument, we know the upper bound A; on the
absolute value of the measurement error: |Az;| < A;.

e Indeed, if no such bound is guaranteed:

— this would mean that for any measurement result, the actual value
can be anything,
— this would be a wild guess, not a measuring instrument.

e In many practical applications, each measuring instrument is cali-
brated:

e Before using this instrument, we several times compare its results
with the results of a much more accurate instrument.



e Thus, if the mean value of the measurement error was not 0:

— we can find this mean value (known as bias) and

— correct for it by subtracting this mean value from all the measure-
ment results.

e Thus, we can safely assume that for each instrument, the mean value
of the measurement error is 0.

¢ In most applications, we can also safely assume that the measurement
errors are relatively small.

e So we can safely ignore terms which are quadratic or higher order in
terms of these errors.

e For example, even if the relative measurement error is 10%, its square
is 1%, which can be safely ignored in comparison with 10%.

e This is often all we know.



e Ideally, we should also know the probability distributions of all the
measurement errors and all the correlations between them.

e In simple computations:

— when the number n of inputs is small,

— it is possible to extract this information for all n instruments and
all n%/2 pairs of instruments.

e So, for simple computations, this information is sometimes available.

e However, for high-performance computing, when n is large, it is not
feasible to extract all this information.

e So this information is usually not available.



e By definition of the measurement errors, we have x; = z; — Ax;, thus

Ay = f(fl,,fn) - f(fl — ASUl,... ,fn — Aa:n)

e Since the measurement errors Ax; are small, we can:

— expand the expression f(z, — Azy,..., %, — Ax,) in Taylor series
in terms of Az; and

— keep only linear terms in this expansion.

n def af
e As a result, we get Ay = > ¢; - Ax;, where ¢; =

=1 3xi|x1:j1,...,xn:in




e Since we have no information about the correlation between the mea-
surement errors, a natural idea is to consider all possible correlations.

e In general, since |a+b| < |a| 4+ |b| and |a - b| = |a| - |b|, from the above
formula, we get |Ay| < > |a| - [Azyl.
i=1
e Since |Ax;| < A;, we get |Ay| < Aine &t el - A
i=1
e This value A;y is the exact upper bound, in the sense that it is
possible to have |Ay| = Ay with probability 1.
e Indeed, this happens when:
— with probability 1/2, we have Az; = A; -sign(¢;), where, as usual,
sign(z) = +1 for > 0 and sign(xz) = —1 for z < 0; and
— with probability 1/2, we have Az; = —A,; - sign(¢;).



e In this case:
— with probability 1/2, we have Ay = Ay, and
— with probability 1/2, we have Ay = —Ajy.
e This worst-case estimate is known as the interval estimate, since:

— this is the only estimate that we can guarantee based on the avail-
able information,

— that all measurement errors Ax; are located within the corre-
sponding interval [—A;, A;].



e How can we compute the value Aj,?
e A natural idea is to explicitly use the above expression.

e When the function f(zy,...,x,) is given by an ezplicit expression, we
can simply differentiate it and compute c;.

e Often, the algorithm f(z1,...,z,) is only given as a proprietary black
boz.

e We do not know the exact algorithm, so we cannot differentiate this
function.

e In this case, to find the values ¢;, we can use numerical differentiation
techniques.

e For example, we can take into account that, in general, the derivative
is the limit of the ratios

~

. f(xl,...,xi_l,xi+hi,xi+1,...,xn)—y
c; = lim )
hi—0 h;




e Thus, we can estimate ¢; as the value of this ratio for some small h;.

e The limitation of this natural idea is that for large n, it requires
applying the algorithm f(zq,...,2,) n+ 1 times:

— one time to compute y = f(z1,...,7,) and
— n times to compute n values ¢y, ..., c,.
e In practice, the algorithm f(x1,...,x,) is often time-consuming — it

may require several hours on a high-performance computer.
e The number of inputs n may be in the thousands.

e In this case, the overall time needed to apply this natural idea is
unrealistically large.



e In such situations, we can use a faster algorithm based on using
Cauchy distribution, with probability density proportional to
1

T\2
ey
T2
e This algorithm is based on the fact that:
— if we have n independent random variables ¢; each of which is
Cauchy-distributed with parameter A;,
— then their linear combination ) ¢; - §; is also Cauchy-distributed,

with parameter A = > |¢;| - A; — which is exactly Ayy.

e Thus, to estimate Ay, we, several times k = 1,..., K, simulate the
Cauchy-distributed values 5§k).
e Then, we compute §*) = f(7; + 5?{), e, Xyt 57(1@) — 1.
- (k)

e Due to linearization, we have §*) = 3" ¢; - 9
i=1



e Then we use the resulting Cauchy-distributed sample 60, ..., 6% to
estimate the desired parameter A = Ajy.

e The advantage of this Cauchy-based method is that, as with all
Monte-Carlo simulation methods:

— the number of simulations — and thus, the number of times we
apply the time-consuming algorithm f(z1,...,z,)
— depends only on the desired accuracy and does not depend on the

number of inputs n.

e In general, the accuracy of a statistical estimate based on a sample
of size K is approximately equal to 1/v K.

e So, to estimate A;y with accuracy 20%, it is sufficient to apply the
algorithm f(xy,...,2,) K ~ 25 times.

e This is much smaller than the thousands times needed for a direct
estimation.



e The largest value of the expression A;, is attained at the endpoints
of the corresponding intervals.

e So, a seemingly natural idea may be to apply the Monte-Carlo idea
directly:
— select, for each ¢, one of the endpoints Ax; = A; or Az; = —A;
with equal probability 1/2,
— repeat this several (K) times and

— take the largest of the resulting values Ay, ... Ay,

e Unfortunately, this simple idea leads to a drastic underestimation,
even in the simplest case:

— when f(z1,...,2,) =21+ ...+ 2, and

— when all the values z; are measured with the same accuracy
A; = Ay

e Indeed, in this case, the above formula leads to Ayt = n - Aq.



e As we have mentioned, it is possible that this value is actually at-
tained.

e On the other hand, when we use the above seemingly natural idea,
then for large n, according to the Central Limit Theorem:

— the distribution of the sum is close to Gaussian,

— with mean 0 (equal to the sum of the means) and variance V' = o2

equal to the sum of the variances V =n - 67.

e Thus, e.g., with confidence 99.9%, we can conclude that the resulting
values Ay are:

— within the 3-sigma interval, i.e.,
— smaller that 30 = 3/n - A;.

e For large n, we have 3\/n < n.

e So indeed, this seemingly natural idea can lead to a drastic underes-
timation.



e The main problem with this approach is that the resulting worst-case
estimates are too pessimistic.

e In most practical situations, the actual value Ay is much smaller than
this estimate Ajy.



e The above limitation can be easily explained.

e Indeed, in the arrangement that leads to Ay = Ay, all measurement
errors are highly correlated, with correlation coefficients +1.

e In practice, it is possible that common factors affect several measure-
ment instruments.

e However, there are also usually other factors which affect only one
measuring instrument.

e So the correlation is usually larger than —1 and smaller than 1.



e Another idea is that:

— since we have no reason to prefer negative or positive correlation,
— it is reasonable to assume that the correlation is 0, and,

— more generally, that different measurement errors are indepen-
dent.

e This is also what follows from the Maximum Entropy approach, when:

— out of all possible joint distributions p(Axy,...,Ax,) for which
mean of each z; is 0 and which are located on [—A;, A;],

— we select the distribution with the largest value of entropy

gL /p(Axl, o Axy) - In(p(Axy, .. Axy)) dAzy . dAT,.

e Independence implies that E[Ax; - Ax;] = E[Ax;] - E[Axj].

e The mean value of each measurement error is 0, so E[Az; - Az;] = 0.



n

e In this case, the expected value of (Ay)? is E[(Ay)*] =Y. 7 - V.
i=1

o Here by V; & E[(Az; — E[Ax;])?] = E[(Az;)?], we denoted the vari-

ance of the i-th measurement error.

e As is well known in statistics, for large n, the deviation from this
average is small — since:

— this deviation grows with n as \/n,

— while the expected value itself grows as n.

e So we conclude that the actual value (Ay)? is, with high accuracy,

n
equal to this expected value: (Ay)? ~ > c? - V.
i=1

e We do not know the variances V;, but, since |Az;| < A;, we have



e Thus, the expected value V; of the square (Ax;)? is also bounded by
the same bound A?: V; < A2,

e This upper bound on the variance V; is the best we can have — it is
attained if:

— we have Ax; = A; with probability 1/2, and
— we have Ax; = —A,; with probability 1/2.

n

e Thus, we conclude that (Ay)? < 3" ¢+ A? i.e., that:
i=1




e How can we estimate the value A7
e A natural idea is to explicitly use the above expression.

e When describing interval techniques, we have already mentioned how
we can estimate the values c;.

e The limitation of this natural idea is the same as for the similar
interval idea:

— for large n, it requires applying the algorithm f(xq,...,x,) too
many times and

— thus, the overall time needed to apply this natural idea is some-
times unrealistically large.



e To speed up computations, we can use the fact that:

— if we have n independent random variables §; each of which is
normally distributed with mean 0 and standard deviation A;,

— then their linear combination » | ¢;-§; is also normally distributed,
with the standard deviation equal to the desired expression.

o Thus, to estimate Apop, We:

— severz(xl)times k=1,..., K, simulate the normally distributed val-
k
ues 0, /,

— compute 6% = f(7; + 5@7 oy Ty 57(1k)) -,

n
— due to linearization, we have %) = 3" ¢; - 5§k),
i=1

— then use the resulting normally distributed sample §0V, ... §()
to estimate the desired standard deviation Ay,



e This method has the same advantage as the Cauchy method — that
when we use this method:

— the number of times we apply the time-consuming algorithm
f(xy,...,x,) depends only on the desired accuracy and

— does not depend on the number of inputs n.



e The main problem with this probabilistic technique is that it is too
optimistic.

e It often drastically decreases the approximation error Ay.

e We had an example of such a drastic underestimation when we ex-
plained why:

— a seemingly natural Monte-Carlo algorithm

— does not lead to a reasonable estimate for interval uncertainty.



e The above limitation can be easily explained.

e Indeed, this technique assumes that all the measurement errors are
independent.

e However, as we have mentioned, in reality, there may be common
factors affecting several instruments, and thus, there is correlation.



e The interval techniques are too pessimistic and the probability tech-
niques are too optimistic.

e It is desirable to have intermediate techniques that would provide
more realistic estimates.

e The main objective of this talk is to provide such estimates.



e As we have mentioned, the problem with the interval technique is
that it assumes that the absolute value of the correlation can be 1.

e In practice, it is always smaller than 1.

e Similarly, the problem with the probabilistic technique is that it as-
sumes that all correlations are Os.

e In practice, they can take non-zero values.
e S0, a natural idea is to assume that:

— there is some number b between 0 and 1

— that provides an upper bound for absolute values |r;;| of all the
correlations 7;; dof [ ‘7], where o; dof VViie |rij| < b.
0; 05




e The value b can be determined empirically, by:

— computing absolute value of the correlation for several randomly
selected pairs of measuring instruments and

— selecting the largest of these values.



e In principle, the experimental determination of the correlations is
possible.

e However, it is not easy to do in the field.
e Hopefully:

— when several different sensors are produced by the same manufac-
turer,
— this manufacturer will be able to provide these correlation values.

e Our estimates are based on on computing the largest absolute value
of the observed correlations.

e We can instead make a usual reasonable assumption that correlations
are normally distributed.

e Then, based on the observed correlation values, we can find the sam-
ple mean p and the sample standard deviation o.



e We can then conclude, with some confidence, that the actual correla-
tion values are within the interval [ — kg - o, p + ko - o).

e Here, as usual, ky = 2 corresponds to reliability 95%, ko = 3 to 99.9%,
and kg = 6 to reliability 1 — 1075,



e From linearized formula, we conclude that

(Ay)* = Z ;- (Axy)? + Z ¢ - ¢j - Ax; - Axj, hence
i=1

i#]
E[(Ay)’] =Y o E[(Az)" )+ ci-c;- E[Az; - Axj), e,
i=1 i#j
E[(Ay)Q] = ZC? . V; +ZCZ . Cj 'Tij oy °O'j.
i=1 i#j

e We know that (Ay)? =~ E[(Ay)?], we know that |r;;| < b, so:

3

e We have mentioned that o; < A;, thus

(A2 <> A2+ el el b A+ A

i=1 i#j



o Here, A2, = <21\CZ\A> ZCQ A2+ 5 e el - A

i#]

e So, the above formula the formula takes the form

(Ay) < b- A1nt + (1 - b) ) (Z sz ) A?) ) i'e'7

1=1

prob, and

Ayl < Ay N \/b A2 4+ (1—D) - A2

prob*



e As we have mentioned earlier, there exist efficient algorithms:

— for computing Ay, — based on Monte-Carlo simulation of nor-
mally distributed measurement errors — and
— for computing Ay, — based on using Cauchy distribution.

e In both algorithms, the number of simulations depend only on the
desired accuracy and does not depends on the number n of inputs.

e By using these algorithms, we can efficiently compute the new esti-
mate.



e How realistic is this new estimate?
e How close is it to the actual error Ay?

e To answer these questions, it is necessary to test this method on real-
life examples.
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