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1. Statistical testing: a brief reminder

� A usual statistical approach to processing data x1, . . . , xn is as follows:

– we come up with a model – e.g., based on the training part of the
data – and

– then we test whether this model adequately describes the remain-
ing testing part of the data.

� For example, it may turns out that the observations are consistent
with a normal distribution with mean m and standard deviation σ.

� Then we can use the chi-square criterion and check whether, or ap-
propriate values χ2

n,1−α and χ2
n,α, we have

χ2
n,1−α ≤

n∑
i=1

(xi −m)2

σ2
≤ χ2

n,α.



2. Statistical testing: a brief reminder (cont-d)

� These tests are designed in such a way that:

– when the actual distributions is the assumed one,

– this test returns “true” with frequency close to 1.

� Also, when the actual distribution is different from the assumed one,
then:

– for sufficiently large n – above a certain threshold n0 –

– the corresponding test fails with frequency close to 1.

� This traditional statistical approach has worked successfully for more
than a century.



3. Formulation of the problem

� However:

– with the emergence of big data, when we have millions and even
billions of data points,

– this traditional statistical approach often fails.

� The reason for this failure is clear.

� In most applications areas – e.g., in econometrics – all statistical
models are approximate.

� When n was reasonably small, much smaller than the threshold value
n0, the tests still worked.

� However, big data often means n > n0, so the tests fail.

� As a result:

– either we cannot find a model that fits the training data,

– or, if such a model is found, we cannot show that it fits the testing
data.



4. Formulation of the problem (cont-d)

� This phenomenon is known as macronumerosity.

� This is well-known problem in many application areas – e.g., in mod-
eling climate change.



5. Statistical approach to this problem does not work

� That the model is approximate means that there are some close values
x̃i ≈ xi that fit this model.

� A typical statistical idea would be to find the distribution for the

approximation error ∆xi
def
= x̃i − xi.

� However, in this case, we would still assume some exact distribution
for xi.

� So this brings us back to the same problem.



6. Intervals form a natural solution

� From the interval viewpoint, a natural solution out of this seemingly
vicious circle is:

– not to assume any specific distribution for ∆xi, but

– instead to use interval uncertainty, i.e., to assume that all the
values ∆xi are within an interval [−∆,∆].

� In this case:

– for each model and each corresponding test C(x1, . . . , xn) ≤ C0

that is not satisfied for the actual data,

– we can describe the degree to which data fits the model.

� We can do it by computing the smallest ∆ for which some ∆-close
values x̃i satisfy the test.

� Usually, the values ∆xi are small, so we can ignore terms quadratic
in ∆xi.



7. Intervals form a natural solution (cont-d)

� In this linear approximation, we have

C̃
def
= C(x̃1, . . . , x̃n) =

C(x1 +∆x1, . . . , xn +∆xn) = C(x1, . . . , xn) +
n∑

i=1

C,i ·∆xi.

� Here C,i are partial derivatives of C with respect to xi:

C,i
def
=

∂C

∂xi
.

� We want to make sure that C̃ ≤ C0, i.e., that

n∑
i=1

C,i · (−∆xi) ≥ C(x1, . . . , xn)− C0.



8. Intervals form a natural solution (cont-d)

� When |∆xi| ≤ ∆, the largest value of the sum
n∑

i=1

C,i · (−∆xi) is

n∑
i=1

|C,i| ·∆ = ∆ ·
n∑

i=1

|C,i|.

� Thus, the smallest ∆ for which we can get C̃ ≤ C0 is equal to

∆ =
|C(x1, . . . , xn)− C0|

n∑
i=1

|C,i|
.

� Then, e.g., between two models with the same number of parameters,
we can select the model with the smallest ∆.
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