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e Everyone is familiar with recent spectacular successes of deep-
learning-based Al systems such as ChatGPT.

e However, these systems are not perfect.
e To make them better, we need to train them more.
e Training already takes a long time — often years.

e So, to make further progress, we need to perform much more compu-
tations in the same period of time.

e In other words, we need to further speed up computations.

e The larger the range of possible values, the more bits we need to
describe the exponent, and thus, the more bit operations we need.

e So, one way to speed up computations is to decrease this range by
using a non-linear transformation.



e For example:

— if instead of the signal’s power, we use amplitude — i.e., power’s
square root,

— then the range from 1 to 100 reduces to 1 to 10.
e Empirical data shows that:

— such nonlinear transformations do speed up training, and

— logarithmic transformation works the best.
e Log transformation is the best of all that were tried.
e But is it really the best?

e Maybe some transformation that was not tried will be even better?



e To answer this question, in this talk:
— we formulate the question of selecting the best transformation in
precise terms, and
— we prove that under some reasonable assumptions, every optimal

transformation should x — log(z), x — exp(x), or x +— x®.

e Since empirically, log transformation is the best of these three, it is
therefore optimal.

e This way:

— not only we explain why log was better than all transformations
that were tried,

— we also provide an assurance that log is better than all others
transformations — including those that no one tried.



e To prove this result, we use the technique of invariances.

e This is one of the main techniques of modern physics, where invari-
ances are known as symmetries.

e This technique has been also successfully used in Al to explain em-
pirically successful selection:

— of activation functions in neural networks and

— of “and”- and “or”-operations in fuzzy logic.



e We want to find the optimal nonlinear transformation = — y = f(z).
e All values that we deal with are approximate.
e So, it makes sense to require:

— that small changes in = should lead to equivalently small changes
in y, i.e., in precise terms,
— that the function f(x) be smooth (differentiable).

e In principle, there may be several equally good transformations,
maybe the whole family of them.

e We want to make our formulation as general as possible.

e So, we need to consider looking for a family of transformations = +—
F(x,cq,...,c) characterized by some parameters cq, . .., Ck.

e Thus, we arrive at the following definition. Let k be fixed.

e By a k-family, we mean a smooth function F(z,cy,...,c;) whose
dependence on x is nonlinear.



e We say that a function f(z) belongs to the family if for some ¢;, we
have f(z) = F(x,cq,...,cx) for all x.

e In general, the fewer parameters the expression has, the faster it is to
compute this expression.

e Since we want to speed up computations, we should be looking for
families with the smallest number of parameters k.

e Informally, out of all k-families, we want to find the family that is, in
some sense, optimal.

e How can we define “optimal”?
e In many applications, we have a well-defined objective function J(a).

e Then, selecting an optimal alternative a simply means maximizing
(or minimizing) this objective function.

e However, this formulation does not cover all possible optimization
settings.



e For example, we may want to find the sorting algorithm with the
smallest average computations time.

e There are several such algorithms.
e So, we can use this non-uniqueness to optimize something else.

e E.g., we may select, among all the fastest-on-average algorithms, the
one with the best worst-case computation time.

e If we still have several equally good algorithms:

— this means that our selection method is not final,

— we can use the remaining non-uniqueness to optimize something
else, etc.



e In all these cases, each optimality criterion allows us to compare pairs
of alternatives (a,b) and decide:

— whether a is better than b (we will denote it by a = b)
— or b better than a (b > a),

— or that they are equivalent with respect to this criterion (we will
denote it a ~ b).

e Of course, if a is better than b and b is better than ¢, then a should
be better than c.

e Thus, we arrive at the following definition.

e Let A be a set. Its elements will be called alternatives.



e By an optimality criterion on A, we mean a pair (>,~) of binary
relations for which, for all a, b and c:

—ifa>=band b > ¢, then a > c;if a = b and b ~ ¢, then a > ¢;
—ifa~band b > ¢, then a > ¢;if a ~ b and b ~ ¢, then a ~ ¢;
—if a ~ b then b ~ a; if a = b, then a £ b.

o We say that the alternative aqp is optimal if for each a, we have
Qopt > @ OT Qopt ~ (.

e We say that an optimality criterion is final if there is exactly one
optimal alternative aqpy.

e In mathematics, such a pair of a strict order < and an equivalence
relation ~ is called a pre-order.

e We want to find the optimal family of transformations y = f(z).



e To find the optimal family, let us take into account that:

— for each physical quantity — be it power or amplitude or something
else,

— the numerical value is not absolute.

e If we change a measuring unit to a one that is a times smaller, all
numerical values are multiplied by a, so that x — a - z.

e Similarly, if we change the starting point to the one which is b units
smaller, b is added to all numerical values.

e For example, 20° C becomes 20 + 273.16 = 293.16° K.
e In general, we can have linear transformations z — a - = + 0.
e Similarly, we can have a linear transformation y — A -y + B.

e In neural training, we can use data corresponding to different mea-
suring units.



e The relative quality of a machine learning algorithm should not
change if we simply use, e.g., centimeters instead of meters.

e Use of different units means that instead of the original function f(z),

we consider a new function T;; 4 5(f) A fla-z+b)+ B.

e We say that functions f(z) and g(z) are linearly equivalent if there
exist a > 0, b, A <0, and B for which g = T, 4 5(f).

o If we apply the transformation 7;,; 4 p to all the functions from the
original family F, we thus get a new family.

o Let us denote this new family by 75, 4 5(F).

e We say that an optimality criterion is linearly invariant if for every
two families F and G and for all @ > 0, b, A > 0, and B:

— F > G implies T, p a4 5(F) = Tupap5(9), and
— F ~ Q implies Ta,b,A,B(I) ~ Ta’b,A’B(g).



e The smallest k for which there exists a final linearly invariant opti-
mality criterion on the set of all k-families is k& = 3.

e For this k, every function from the optimal family is linearly equiva-
lent either to log(z), or to exp(z), or to x for some a.

e Let us prove this result.
e Since the criterion is final, there exists the unique optimal family F.

e Let us first prove that this optimal family is itself linearly invariant,
i.e., that T}, 4 p(Fopt) = Fopt for all a, b, A, and B.

e Indeed, by definition of the optimal family, for each other family F,
we have either Fo, = F or Fope ~ F.

o In particular, for each family 7, we have either Fop = T, bl ap(F) or
Fopt ~ T;IiA,B(F>'

o Here T bl AB denotes the inverse linear transformation.



e Since the optimality criterion is linearly-invariant, we can apply the
transformation 7,5 4 p to both sides of the corresponding relations.

e Thus, we conclude that for every F, either Tj4 4 p(Fopt) > F or
Ta,b,A,B(Fopt) ~ F.

e By definition of the optimal alternative, this means that the family
Top.A.8(Fopt) is also optimal.

e But since the optimality criterion is final, there can be only one op-
timal family.

o ThUS, Ta7b,A7B (Fopt) - Fopt-
e This equality means, in particular, that:

— for every function f(x) from the optimal family F,, and for all
possible values a > 0, b, A > 0, and B,

— the function A - f(a - x + b) + B also belongs to this family.

e This expression has 4 parameters a, b, A, and B.



e For k£ < 3, we cannot have all these functions to be different — that
would lead to a 4-parametric family.

e Thus:

— at least some 1-parametric family of transformations — that starts
with the identity for ¢ =0

— should keep the function un-changed.
e So, we should have
A(t) - fa(t) -z +b(t)) + B(t) = f(z) for all ¢.
e Differentiating both sides of this formula with respect to ¢, we get
A'(t)- fla(t) -z +b(t))+ At) - f(a(t)-z+0b(t)) - (d(t)-x+V(t)) =0.
e Here, as usual, the dash — such as A’ — means the derivative.

e In particular, for £ = 0, we have the identity transformation for which

a(0) = A(0) =1 and b(0) = B(0) = 0.



e Thus, for t = 0, the above formula takes the form of the following
(implicit) differential equation:
Ap - f([l?) + f/(l") . (ao - T+ b()) + By = 0.

o Here we denoted Ay = A'(0), ag o a’(0), by o v'(0), and By o B'(0).

e Let us move the terms proportional to f/(x) to the right-hand side
and take into account that f(z) =y.

e Then, the above formula takes the form

d
Ao'y—i—Bo:—%-(ao'ﬂf—{-bo).

e We can separate the variables if we divide both sides of this equality
by Ay -y + By and by ag - x + by and multiply both sides by —dx:
dx B dy
a0-$+b0 N A0°y—|—BO.




e To solve this differential equation, let us consider four possible cases,
depending on whether qg is equal to 0 and whether A is equal to 0.

o If aqy = 0 and Ay = 0, then integrating both sides, we simply get
const - x = const - y + C', where C' is the integration constant.

e In this case, y is a linear function of x.

e This contradicts to our definition of a family as a class of nonlinear
functions.

e Thus, the case ag = Ay = 0 is not possible.



dx dy
If g =0 and Ay # 0, then —— = ——.
o If ag and Ay # 0, then by Ay 1 By

o If we introduce a new variable Y & Ay -y + By, then dY = Ay - dy.

e So, if we multiply both sides by Ay, we get

bo _A()'y—i—BO_Y.
o If we now introduce a new variable X < (—Ao/by) - =, then the
ay
equation takes the form dX = 5

e Integrating both sides, we get X + C' = In(Y'), hence
Y = exp(X + C) = const - exp(X).

e Since Y is a linear function of y and C' is a linear function of x, it
follows that the function y(z) is linearly equivalent to exp(z).



dx _@

If d A =0, then ———— = —.
o If ag # 0 and A , then oot B

e If we introduce a new variable X dof ag - x + by, then dX = ay - dz.

e So, if we multiply both sides of the above equation by —ag, we get

ap-dr  dX = ag g
CL()'.I-I—bO_X_ Bo Y-
o If we introduce a new variable Y & —(ao/By) -y, then the equation

dX
takes the form dY = ~

e Integrating both sides, we get Y = In(X) + C.

e Since Y is a linear function of y and C' is a linear function of x, it
follows that the function y(z) is linearly equivalent to In(z).



e If we multiply both sides of the equation by Aj, we get
_@ ap-dr  Ag-dy
ap ao-x+bo_A0-y+bO'

e If we introduce new variables X dof ap-x + by and Y def Ay -y + By,
then the equation takes the form

dX dy def
a - 7 = 7, where a = —Ao/ao.

e Integrating both sides, we get In(Y) = a - In(X) + C, hence
Y =exp(a-In(X)+ C) =exp(a-In(X)) -exp(C) =
exp(C) - (exp(In(X))* = const - X,

e Since Y is a linear function of y and X is a linear function of z, it
follows that the function y(z) is linearly equivalent to x.



e Modern machine-learning-based Al systems have led to spectacular
successes.

e However, their results are often not perfect, they need to be trained
better.

e Already training takes a lot of computation time, up to years.
e So to train better, we need to speed up computations.
e It has been shown:

— that we can speed up computations if we decrease the range of the
values by applying an appropriate nonlinear transformation to all
the values, and

— that for this, logarithmic transformation leads to the best speedup.
e In this talk, we provide a theoretical explanation for this result.

e Namely, we prove that under reasonable conditions, log transforma-
tion is indeed one of the optimal ones.



e Can we do better?

e In our study, we considered families of transformations with the small-
est possible number of parameters.

e Maybe families with more parameters will lead to further speedup?
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