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e In many practical situation, random quantities are normally dis-
tributed.

e For such distributions, f(x1,...,x,) = exp(—Q(x1,...,x,)) for some
quadratic function Q(z1,...,z,).

e This fact was first noticed by Gauss himself — after whom these dis-
tributions are named.

e Gauss noticed that a similar distribution was observed when he mea-
sured different quantities, ranging;:

— from distances and angles

— to characteristics of the electromagnetic field.



e This ubiquity remains: e.g., a reasonably recent empirical study
showed that:

— in 60% of the measuring instruments,

— the distribution of measurement error is close to Gaussian.

e This fact — and similar facts — explains why Gaussian distributions
are also called normal.

e Most distributions are Gaussian; in this sense Gaussian distributions
are a norm,



e Normal distributions are so ubiquitous that many people do not even
ask a why-question. There is a joke (not far from the truth).

e Mathematicians think that it is an empirical law — that all probability
distributions are Gaussian.

e Engineers think that mathematicians have proved a theorem that all
distributions are Gaussian.

e This is, of course, a joke, but there is, indeed, a mathematical theorem
explaining why many empirical distributions are Gaussian.

e Fact: in many real-life situations, a random quantity is the joint effect
of many small independent factors.

e For example, this is a typical situation with many high-accuracy mea-
suring instruments.



e Once we eliminate all main components of the measurement error,
what is left is a combination of many small independent factors.

e In such situations, the Central Limit Theorem proves that the result-
ing summary distribution is close to Gaussian.

e The more components are combined, the closer the summary distri-
bution to Gaussian.

e This explains why many actual real-life probability distributions are
close to Gaussian.



e While many real-life distributions are close to Gaussian, many are
not.

e Yes, the measurement error is normally distributed for 60% of mea-
suring instruments.

e This means that in 40% of measuring instruments the probability
distribution of measurement error is clearly non-Gaussian; so:

— to analyze measurement errors — and many other random quanti-
ties,

— we need to be able to describe and analyze non-Gaussian distri-
butions.



e Non-Gaussian distributions are ubiquitous in many applications ar-
eas.

e It turns out that in economics and finance, the difference between
Gaussian and non-Gaussian distribution is very important.

e Indeed, in science and engineering, we need to study non-Gaussian
distributions to get a more accurate description of reality.

e So Gaussian distributions provide a good first approximation to real-
ity.

e However, in economics, the situation is drastically different.

e Before the 2008 world-wide economic crisis, many economists:

— followed the example of science and engineering and

— assumed, in their recommendations, that most distributions are
Gaussian.



e In particular, they assumed that the stock prices follow a normal
distribution.

e In a normal distribution, with confidence 1 — 1078, all the changes of
a random variables do not exceed 60o.

e Here o denotes the standard deviation.

e So, they concluded that stock price cannot fall by more than 60 —
and made investment strategies based on this conclusion.

e As a result, when the stock market fell by more than 6o:

— most people were not prepared — since they did not expect such a
drastic decrease, and

— a serious crisis hit.



e It is known that a normal distribution is uniquely determined by its
first and second moments.

e Vice versa, for any consistent combination of first and second mo-
ments, there is a normal distribution with exactly these moments.

e Thus, for normal distribution, the first two moments uniquely deter-
mine third and higher moments.

e In practice, as we have mentioned, distributions are often non-
Gaussian.

e Thus, the third and higher moments are, in general, different from
their Gaussian values.

e We want to find a model that correctly describes:

— not only the first two empirical moments,

— but also the third moment.



e So, we need to go beyond Gaussian models.

e Gaussian distributions are symmetric with respect to reversion over
the center xg: * — x¢p — 29 — .

e For such symmetric distributions, the third central moment is 0.

e S0, a non-zero third central moment corresponds to the case when
the distribution is not symmetric — i.e., skewed.

e Because of this, the corresponding phenomenon is known as skewness.



e There are several general models of distributions with given three
moments.

e One of the most widely used is so-called skew-normal distribution.

e In particular, such distributions have been successfully used in eco-
nomics.

e One of the main reasons why this particular distribution is successful
is that it can be naturally derived based on commonsense require-
ments.



e Skew-normal distributions describe the case when we take into ac-
count the first three moments.

e If we want to take into account more moments, we need to have a
more general family of distributions.

e One of such successful families is the family of sliced-normal distribu-
tions.

e There are explanations of why reasonable requirements naturally
leads to this family.

e The idea behind this family is straightforward.

e We perform some transformation

(1, xn) = (Yo yn) = (Pr(xy, ooy mn)y ooy P, o0 ).



e We assume that:

— the resulting values y; are independent, and

— each of these values y; is normally distributed with mean 0 and
standard deviation 1.

e In this case, we have an explicit expression for the probability density
f(x1,...,z,) of the resulting distribution:

S PHxy, ..., 1)

i=1
2

flxy,...,z,) =exp | —

e The functions P,(zy,...,x,) that describe the transformations are
selected among linear combinations

c1-bi(xy, .o )+ e b, ).



e Here b(x1,...,x,) are given functions and c; are the coefficients that
we need to determine from the data.

e Good news about the sliced-normal distributions is that the corre-
sponding likelihood function is convex.

e Thus, we can feasibly find the optimal values ¢y, ..., cn.
o At present, usually, as the functions b;(z1, ..., ,), we use monomials.
e Monomials are functions of the type b;(x1,...,x,) = :U(f” el

e Here, d;; are non-negative integers.



e In many practical situation, one can alternatively use either the origi-
nal quantity x, or its inverse 1/x, and both representations are useful.

e Here are some examples.

e In general, in physics, we use velocity v to describe how fast an object
moves.

e However, in seismology, it is more convenient to use an inverse 1/v to
velocity known as slowness.

e In electrical engineering, instead of resistance R, it is often helpful to
use its inverse known as conductivity.

e A periodic process can be sometimes better described by its period,
and sometimes by frequency — the inverse of a period.



e Car’s fuel consumption can be described in two mutually inverse
scales:

— in liters per kilometer (or, in US units, in gallons per mile),

— or in kilometers per liter (correspondingly, miles per gallon).
e There are many similar economic examples.
e The most natural is exchange rate.

e The amount of US dollars one gets from 1 Euro is the exact inverse
to how many dollars one gets for 1 Euro.

e There are many other examples.

e Suppose that you have a working plant with a fixed number of work-
ers.

e One of the tasks is to come up with an optimal number of low-level
managers who can manage all these workers.



e In this case, a natural unit is number of managers per worker.
e In other cases, you only have a small group of skilled managers.

e In this case, a natural task is to find the optimal number of workers
that these managers can supervise.

e If needed, we can add more workers later, when we train or hire more
experienced managers.

e In this case, a natural unit is number of workers per manager.

e This is the exact inverse to the number of managers per worker.



e We would like to have a general family of distributions that would be
applicable both:

— when we use the original quantity and

— when we use its inverse.
e It would be weird to have a family:

— that can be applied when we use a dollar-to-Euro exchange rate,
— but that cannot be applied when we use the inverse Euro-to-dollar
exchange rate.

e But this is exactly what happen if we use the usual sliced-normal
approach.

e Indeed, this approach is based on having a transformation
(xla" . ?xn> = (yh'- ;yn)



e Here y; = P,(x1,...,7,) polynomially depend on the inputs and y;
are normally distributed.

o If we use an inverse X; = 1/z7 instead of the first quantity, the
expression of y; in terms of X; is no longer a polynomial

e Indeed, even in the simplest case when n = 1 and y; = Pi(x1) = 1,
we have y; = 1/X; — which is not a polynomial.



e We need to extend the traditional sliced-normal approach, so that:

— the resulting family of transformation functions

— be invariant with respect to the inverse z; — 1/x;.
e This means that:
— if a mapping 1, ...,z, — y; = Pj(x1,...,x,) is contained in this
family,
— then the following mapping should also belong to this family:

1
xlw"axn'_)Pj <m17"'7aji—17;7$i+17"'7xn

7

e We do not want to add too many functions.



e Indeed, one of the main advantages of the sliced-normal approach is
that:

— it enables to reduce the number of parameters

— that is needed to represent generic non-Gaussian distributions.
e If we enlarge the family too much, we will lose this advantage.

e So, what we need is the smallest possible inversion-invariant extension
of the class of polynomials.

e In this talk, we describe such smallest invariant extension.



e Let us first describe what we want in precise terms.

e We say that a family F' of functions of n variables is inversion-
invariant if:

— for every function P(xy,...,x,) € F and for every i,

1
— the function P <:Ul, e Ty Ly e e ,a:n> also belongs to F.
x‘

]

e We say that a family A is smaller then a family B if A C B.
e We say that a family C' is the tnversion hull of the family F if:

— first, C' is inversion-invariant and contains F', and
— second, C'is smaller than every other inversion-invariant family G
containing F'.

e In these terms, what we want is to find the inversion hull of the family
F' used in the sliced-normal approach.



e In particular, we want to find the inversion hull of the family of all
linear combinations of several monomials.

e We will first present the general result, and then we will describe what
will happen for monomials.



e Let F' be the family of all possible linear combinations of the functions
bj(ll?l, RN ,$n).

e Then, its inversion hull C'is the set of all possible linear combinations
of the functions b;(z7',...,25"), where ¢; € {—1,1} for all 4.

e Proof. Let us first show that all new functions b;(x7',...,z5") are
included in any inversion-invariant extension G of F.

e Indeed, in each such extension, due to inversion invariance:

— we can change one of the inputs from z; to 1/x;, and

— the function remains in G.
e We can perform this change for all the inputs x; for which ¢; = —1.

e Then, we will conclude that the resulting new function is indeed con-
tained in G.



e To complete the proof, it is sufficient to prove that the set of linear
combinations of new functions is itself inversion invariant.

e Indeed, applying the inversion to a linear combination is equivalent
to a linear combination of inverted functions.

e And these inverted functions are all in C.

e The proposition is proven.



e Let I be the family of all possible linear combinations of monomials

nj

bj(xl,...,xn):xf”-...-xn :

e Then, its inversion hull is the family of all possible linear combinations
of expressions z; ' -...-x, " for all combinations of signs.

e Let n =1 and the family F' consists of linear combinations of mono-
mials 1 and z;.

e Then its inversion hull C is the set of all linear combinations of the
expressions 1, x1, and 1/z.

e When n = 2 and the family F' consists of linear combinations of
monomials 1, z1, z9, and x1 - zs.

e Then its inversion hull C is the set of all linear combinations of the
expressions

1 1 I i) 1
17 ry, —, T2, —, T1°T2, —, and .
X1 X2 T2 X1 X1 -T2




e There is an important particular case of a linear combination of mono-
mials.

e It is when we approximate a function by the sum of the first few terms
of its Taylor series

o0 (0.}
§ E il In
. Zl’ ’ cccccc :Cn .
11=0 n=0

e From this viewpoint, the inversion hull is a similar approximation to
the Laurent series.

e In these series, each variable can be raised to negative powers as well:



e Let us again consider the case when Pj(x;) = 1/x;.

e Then z; = P '(y1) = 1/y; is simply the inverse of a standard Gaus-
sian random variable y; with mean 0 and standard deviation 1.

e According to the general formulas:

— ased on the probability density function (pdf)
1 vi
f(yl)—2.ﬁ eXP( 2>,

— we can describe the pdf g(z1) as g(z1) = f(Pi(x1))-|P{(x1)], where
P|(z1), as usual, denotes the derivative.

e in our specific case, P{(x;) = —1/23, so

(z1) 1 1 1
T) = — cexp | —=— | -
A 2 2.7 P 217

e This expression tends to 0 both when 1 — 0 and when x; — +o0.




e So, we get a bimodal distribution.

e In the traditional sliced-normal description, we would need a more
complex expression to get a similar bimodal distribution.

e The possibility to get a simpler representation is an additional advan-
tage of the proposed generalization.
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