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Computing statistics is.. . .

1. Computing statistics is important

e Problem: estimating the quality of of an individual in-
vestment — and of the investment portfolio.

e Traditional econometrics approach: use expected re-
turn and its risk (variance).

e How to estimate these characteristics:

— trace the past returns z1, ..., z, of a given (and/or
similar) investment;

— compute the statistical characteristics based on these
returns.
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e The expected return: £ = — - Z xi.
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o The risk: V = —- Z(xl — E)?
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2.

Additional problem: interval uncertainty

e The return (per unit investment) is defined as
— the selling price of the corresponding financial in-
strument at the end of, e.g., a one-year period,
— divided by the buying price of this instrument at
the beginning of this period.

e It is usually assumed that we know the exact values
x1,...,%, of the returns.

e In practice, however, both the selling and the buying
prices unpredictably fluctuate within a single day.

e These minute-by-minute fluctuations are not always
recorded.

e What we usually have recorded is the daily range of
prices [z;, T;].

Additional problem: . ..




3.

Traditional approach to solving the problem of in-
terval uncertainty

Traditional approach . ..

e Traditional approach:

~ T, + T;
— take the average T; = = —; " and
— compute the characteristics based on these aver-

ages.

e Resulting estimate for the expected return:
-~ 1 &
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e Resulting estimate for the risk:

V%-Z@—E)%i-Z@Q—(1- zs) .
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4.

Traditional approach: limitations

e In the bull market:

— there may be dips leading to a small value of z;,

— but overall, the values are increasing and

— therefore, T; is a reasonable estimate for x;, and z;
underestimates the high price x;.

e In the bear market:

— spikes are accidental but lower values are typical,
— therefore, z; is a reasonable estimate for x;, and z;
overestimates the low price x;.

e So, we underestimate the low prices and underestimate
the high prices.

e Thus we underestimate the variance (the measure of
price variation).

Estimating statistics. . .




5. Estimating statistics under interval uncertainty: a
computational problem

e Traditional assumption: we know the true values x4, ..., z,.

Linearized techniques

e Traditional computations: estimate the value of a sta-
tistical characteristic C'(z1,...,x,).

e Interval uncertainty: we only know the intervals x; =
[z, 71],...,%, = [z,,Ty,] that contain z;.

e Fuct: different values x; € x; lead, in general, to dif-
ferent values of C'(xy,...,z,).

e Conclusion: we need to estimate the range
def
C(x1,...,%x,) = {C(x1,...,2,) |11 €X1,..., %, € Xy}

o Computational challenge: modify the existing statisti-
cal algorithms so that they compute these ranges.




6.

Estimating expected return under interval uncer-
tainty

e Fuact: the expected return (arithmetic average) E is a
monotonically increasing function of x1,..., z,.

e Conclusions:

— the smallest possible value £ is attained when each
value z; is the smallest possible (z; = z;);

— the largest possible value is attained when z; = 7;
for all i.

e In other words, the range E of F is equal to

(E(zy,....z,), E@1,... T

e In other words, £ =

— 1
E=—-(T14+...4+T,).
n

(zy+...+z,) and
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The exact estimation . . .
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7. Linearized techniques

e [dea: when the daily fluctuations are small, we can use
the linearization techniques:

— we represent the values x; as x; = x; + Ax;, where

. def ~
the differences Ax; = x; — x; are small, and

Need for parallelization

— we ignore quadratic terms in the formula for the

variance.
e Details: the condition that x; € [z;,7;] means that
Azx; € [—=A;, A;], where A; def i ;%
RN
e General case:
~ _ " oC ~
C(xy, ... x,) = C(Tq, ... ,a:n)—|—z o (T, ..., Tp)-Ax;.

1=1
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o (Case study: the variance V = —- 22— = x| .
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8. Linearization (cont-d)

o Formula: V=V +2 > (7 — E) WAV

n
i=1

e The expression for V' is monotonic in each Az; € [—A;, Aj]:
— it is increasing when z; > E and

— it is decreasing when z; < F.
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e When x; > E: maximum is attained when Ax; = A;;
the corresponding term in V' is (z; — E) - A,. IS

e Whenz; < E: maximum is attained when Az; = —A;; EEEE
the corresponding term in V' is —(z; — E) - A,.

e General expression: |z; — E| - A;.

e Conclusion: the range of V' is [‘N/ —2A, V+ 2A], where

n
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9. Linearization approximation is not always adequate

e In finance, the gain is often obtained by a small (often
< 1%) advantage.

e From this viewpoint, it is desirable to have estimates
which are as accurate as possible.

e When the situation is stable, the daily fluctuations are
low, and quadratic terms can be reasonable ignored.

e However, the whole purpose of estimating risk is to
cover situations with high volatility.

e In such situations, the daily fluctuations z; — z; = 24,
can also be sizeable.

e Thus, terms quadratic in A; cannot be ignored if we
want accurate estimates.

e In such situations, we need the exact range of the vari-
ance (risk) V.




10. The exact estimation of risk under interval uncer-
tainty is, in general, an NP-hard problem
e Computational problem (reminder):

— given: interval data x; € [z;, T;];

— compute: the exact range V = [V, V] for the risk
(variance) V.

e Fuct: this problem is, in general, computationally dif-
ficult (NP-hard).

e Specifically:

— there is a O(n-log(n)) time algorithm for computing
V., but

— computing V is, in general, NP-hard.




11. Sequential algorithm for computing V in the no-
proper-subset case

e GGood news: in many practical situations, there are ef-
ficient algorithms for computing V.

o Auziliary notion: “narrowed” intervals are defined as

A A
e

;o 5

e FExample when an efficient algorithm exists: when no
two are proper subsets of one another, i.e.,

[z, 21 € (x;,2]) for all i and j.

o In this case: there exists a O(n-log(n)) time algorithm.




12. Algorithm: general structure

1. First, we sort the values z; into an increasing sequence:
11 <1< ... < Ty
2. Then, for every k from 0 to n, we compute the value
V) = M®) — (E®E)? of the variance V for

k - —
k) — (g Ty Thtdy -+ 5 Ty)-

3. Finally, we compute V as the largest of n + 1 values




13. Algorithm: details of Stage 2

e Main idea: use previous values of M® and E® to
compute the next values M*+1D and Ek+1),

1 < 1 <
First: te MO = 2.3 )2 O = 1.5 "5,
e First: compute - Zzzl(x )7, - Z_le :

and
VO — a0 _ (E(O))?

e Then: once we know the values M*) and E® we com-
pute

1 1
M = MW 4 = (24)? = = - (T
n n

1 1
E(k+1) = E(k) —+ E . £k+1 - ﬁ * Lkt1, and

V(k-i—l) — M(k—i—l) - (E(k‘-i-l))Z.




14. Sequential algorithm: number of computation steps

e Sorting requires O(n - log(n)) steps.

e Computing the initial values M©, E© and V© re-
quires linear time O(n).

e For each £ =0,...,n — 1, we need a constant number
of steps to compute the next values

M(k-l—l), E(k-l—l)’ and V(k-i—l).

e Finally, finding the largest of n + 1 values V* also
requires O(n) steps.
e Thus, overall, we need

O(n -log(n)) + O(n) + O(n) + O(n) = O(n - log(n))
steps.




15. Comment about the possibility of linear-time al-
gorithms

e In the O(n - log(n)) algorithm, the main computation
time is used on sorting.

e [t is possible to avoid sorting and use instead the known
fact that we can compute the median in linear time.

o Asymptotically: the linear time algorithm for comput-
ing the median is faster than sorting.

e [n practice:

— the median computing algorithm is still rather com-
plex

— 50, for reasonable size n, sorting is faster than com-
puting the median.

e Thus, sorting-based algorithms are actually faster than
median-based ones.




16. Need for parallelization

e Traditional algorithms for computing the variance V
from the exact values xy, ..., z, take linear time O(n).

e Interval uncertainty: we need a larger amount of com-
putation time — e.g., time O(n - log(n)).
e In financial applications: it is often very important to

produce the result as fast as possible.

e One way to speed up computations is to perform these
algorithms in parallel on several processors.

e Let us we show how the algorithms for estimating vari-
ance under interval uncertainty can be parallelized.




17. Possibility of parallelization

e Reminder: for large n,

— we may want to further speed up computations

— if we have several processors working in parallel.

e In the general case, all the stages of the above algo-
rithm can be parallelized by known techniques.

e In particular, the computation of M*) E®) on Stage
2 is a particular case of a general prefiz-sum problem:

— we must compute the values
ai, ai*ag, ai*agx*xdas,...,
— for some associative operation .

e In our case, x = +.




18. Case of potentially unlimited number of proces-
Ssors

e Case: we have a potentially unlimited number of pro-
Cessors.

e Stage 1: we can sort the values z; in time O(log(n)).

e Stage 2: we can compute the values V(*) (i.e., solve the
prefix-sum problem) in time O(log(n)).

e Stage 3: we can compute the maximum of V*) in time
O(log(n)).

e As a result: we can compute V time

O(log(n)) + O(log(n)) + O(log(n)) = O(log(n)).




19. Case when we have p < n processors

e Stage 1: sort n values in time
-1
O (%;g(n) + log(n)) :

e Stage 2: compute the values V) in time

0 (% + log(p)) .

e Stage 3: compute the maximum of V) in time

0 (g + log(p)) .

e Overall: we thus need time

8 (%;g(n) + log(n)> +0 (% + log(p)) +0 (g + log(p)) _

9 (%g(”) +log(n) + 10g(p)> .
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