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The second-order differential equation

𝑝 𝑡 𝑢′′ 𝑡 + 𝑞 𝑡 𝑢′ 𝑡 ∈ 𝐴𝑢 𝑡 + 𝑓 𝑡 𝑓𝑜𝑟 𝑎. 𝑎. 𝑡 ∈ ℝ+ ≔ [0, ∞)    (E) 

positive half-linesecond-order

incomplete evolution problem



with the condition

𝑢 0 = 𝑥 ∈ 𝐷(𝐴) (B)      

(H1) conditions for A

(H2) conditions for p, q

 Monotone type: A maximal monotone operator

 Homogenous: f(t) = 0

 p,q are constants

 p,q are real functions, …

 …
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The second-order differential equation

𝑝 𝑡 𝑢′′ 𝑡 + 𝑞 𝑡 𝑢′ 𝑡 ∈ 𝐴𝑢 𝑡 + 𝑓 𝑡 𝑓𝑜𝑟 𝑎. 𝑎. 𝑡 ∈ ℝ+ ≔ [0, ∞)    (E) 

initial data

positive half-linesecond-order



with the condition

𝑢 0 = 𝑥 ∈ 𝐷(𝐴) (B)      

(H1) conditions for A

(H2) conditions for p, q
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The second-order differential equation

𝑝 𝑡 𝑢′′ 𝑡 + 𝑞 𝑡 𝑢′ 𝑡 ∈ 𝐴𝑢 𝑡 + 𝑓 𝑡 𝑓𝑜𝑟 𝑎. 𝑎. 𝑡 ∈ ℝ+ ≔ [0, ∞)    (E) 

initial data

positive half-linesecond-order

A in Hilbert space H is monotone: 

𝐴𝑥1 − 𝐴𝑥2, 𝑥1 − 𝑥2 ≥ 0 ∀𝑥1, 𝑥2 ∈ 𝐷 𝐴

A is maximal monotone:

A is maximal monotone, if it is maximal in the set of monotone 

operators. ⟺ 𝑅 𝐼 + 𝜆𝐴 = 𝐻, ∀𝜆 > 0
[Brézis, 2010]
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𝑝 𝑡 𝑢′′ 𝑡 + 𝑞 𝑡 𝑢′ 𝑡 ∈ 𝐴𝑢 𝑡 + 𝑓 𝑡 𝑓𝑜𝑟 𝑎. 𝑎. 𝑡 ∈ ℝ+ ≔ [0, ∞)    (E) 

with the condition

𝑢 0 = 𝑥 ∈ 𝐷(𝐴) (B)      

Where A is a maximal monotone operator in a real Hilbert space H.

p,q are real valued functions defined on [0,∞). 

(H1) 𝐴:𝐷 𝐴 ⊂ 𝐻 → 𝐻, 𝐴 maximal monotone operator

(H2) 𝑝, 𝑞 ∈ 𝐿∞ ℝ+ , 𝑒𝑠𝑠 inf 𝑝 > 0, 𝑞+∈ 𝐿1 ℝ+ , 𝑞
+ = max{𝑞 𝑡 , 0}
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Recent Results: Existence and

uniqueness of a bounded solution

[E1] G. Moroşanu, Existence results for second-order monotone differential inclusions on the positive 

half-line, J.Math. Appl. 419 (2014) 94-113
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Recent Results: Existence and

uniqueness of a bounded solution

[E1] G. Moroşanu, Existence results for second-order monotone differential inclusions on the positive 

half-line, J.Math. Appl. 419 (2014) 94-113

Existence and uniqueness of bounded solution

• non-homogenous f t ≠ 0

• Non-constant functions q,p & mild condition

p(𝑡) ≥ 𝛼 > 0

𝐿∞ ℝ+ ≔ space, of

essential bounded

functions



𝑢′′ 𝑡 ∈ 𝐴𝑢 𝑡 𝑓𝑜𝑟 𝑎. 𝑎. 𝑡 ∈ ℝ+ ≔ [0, ∞)    (E) 

with the condition

𝑢 0 = 𝑥 ∈ 𝐷(𝐴) (B)      

Where A is a maximal monotone operator in a real Hilbert space H.

(H1) 𝐴:𝐷 𝐴 ⊂ 𝐻 → 𝐻, 𝐴 maximal monotone operator
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Existence of a unique bounded solution
Case: 𝑝 ≡ 1, 𝑞 ≡ 0, 𝑓 ≡ 0

[E2] V. Barbu, Sur un problème aux limites pour une classe d‘équations differentielles nonlinéaires

abstraites du deuxièmes ordre en t, C.R. Accad. Sci. Paris 27 (1972) 459 - 462

[E3] V. Barbu, A clase of boundary problems for second-order abstract differential equations, J. Fae. Sci. 

Univ. Tokyo, Sect. I 19 (1972) 295-319



𝑝 𝑢′′ 𝑡 + 𝑞 𝑢′ 𝑡 ∈ 𝐴𝑢 𝑡 𝑓𝑜𝑟 𝑎. 𝑎. 𝑡 ∈ ℝ+ ≔ [0, ∞)    (E) 

with the condition

𝑢 0 = 𝑥 ∈ 𝐷(𝐴) (B)      

Where A is a m-accretive operator in a real Banach space.

(H1) 𝑝 , 𝑞 ∈ ℝ+ are constants
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Existence of a unique bounded solution
Homogenous case: 𝑓 ≡ 0

[E4] H.Brezis, Équations d‘évolution du second ordre associées à des opérateurs monotones, Isreal J. 

Math. 12 (1972) 51-60.
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Editura Acad. R. S. R., Bucharest, 1976, pp.145-154.
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Recent Results: Existence and

uniqueness of a bounded solution

[1] G. Moroşanu, Existence results for second-order monotone differential inclusions on the positive half-

line, J.Math. Appl. 419 (2014) 94-113

Existence and uniqueness of bounded solution

• non-homogenous f t ≠ 0

• Non-constant functions q,p & mild condition
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Development: Existence and uniqueness

of a bounded solution

[E1, E2] [E4, E5, E6, E7, E8] [1]

1972 72 74 75/76 82 2014
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Nonlinear second order evolution equation:

𝑝 𝑡 𝑢′′ 𝑡 + 𝑟 𝑡 𝑢′ 𝑡 ∈ 𝐴𝑢 𝑡 𝑓𝑜𝑟 𝑎. 𝑎. 𝑡 ∈ ℝ+ ≔ [0, ∞)    (E) 

with the condition

𝑢 0 = 𝑢0,       sup|u(t)| < +∞ (B)    

Where A is a maximal monotone operator in a real Hilbert space H.
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RECENT RESULTS: Asymptotic behaviour

[3] B. Djafari-Rouhani, H. Khatibzadeh, A note on the strong convergence of solutions to a second order

evolution equation, J. Math. Anal. Appl. 401 (2013) 963–966. 



Nonlinear second order evolution equation:

𝑝 𝑡 𝑢′′ 𝑡 + 𝑟 𝑡 𝑢′ 𝑡 ∈ 𝐴𝑢 𝑡 𝑓𝑜𝑟 𝑎. 𝑎. 𝑡 ∈ ℝ+ ≔ [0, ∞)    (E) 

with the condition

𝑢 0 = 𝑢0,       sup|u(t)| < +∞ (B)    

Where A is a maximal monotone operator in a real Hilbert space H.
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RECENT RESULTS: Asymptotic behaviour

[3] B. Djafari-Rouhani, H. Khatibzadeh, A note on the strong convergence of solutions to a second order

evolution equation, J. Math. Anal. Appl. 401 (2013) 963–966. 

bounded solution

𝑓 ≡ 0 𝑝, 𝑟 time dependant



Nonlinear second order evolution equation:

𝑝 𝑡 𝑢′′ 𝑡 + 𝑟 𝑡 𝑢′ 𝑡 ∈ 𝐴𝑢 𝑡 𝑓𝑜𝑟 𝑎. 𝑎. 𝑡 ∈ ℝ+ ≔ [0, ∞)    (E) 

with the condition

𝑢 0 = 𝑢0,       sup|u(t)| < +∞ (B)    

Where A is a maximal monotone operator in a real Hilbert space H.

- Strong convergence for 𝑡 → ∞:  u t → 𝑝 ∈ 𝐴−1(0)

- rate of convergence: 𝑢 𝑡 − 𝑝 = Ο( 𝑡
∞
𝑒
−  0

𝑠 𝑟 𝜏

2𝑝 𝜏
𝑑𝜏
𝑑𝑠)

- u t → 𝑝 ∈ 𝐴−1 0 ⇒ 𝐴−1 0 ≠ ∅

(not assumed, now a consequence) 
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RECENT RESULTS: Asymptotic behaviour

[3] B. Djafari-Rouhani, H. Khatibzadeh, A note on the strong convergence of solutions to a second order

evolution equation, J. Math. Anal. Appl. 401 (2013) 963–966. 

0 ∈ 𝐴 𝑝 ⊂ 𝐻



Theorem 2.1. [3]

u(t) is solution of (E), (B)
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RECENT RESULTS: Asymptotic behaviour

[3] B. Djafari-Rouhani, H. Khatibzadeh, A note on the strong convergence of solutions to a second order

evolution equation, J. Math. Anal. Appl. 401 (2013) 963–966. 

I. 𝑢 𝑡 → 𝑝 ∈ 𝐴−1 0 ≠ ∅

II. 𝑢 𝑡 − 𝑝 = Ο( 𝑡
∞
𝑒
−  0

𝑠 𝑟 𝜏

2𝑝 𝜏
𝑑𝜏
𝑑𝑠)

consequences

  0
∞
𝑒
−  0

𝑠 𝑟 𝜏

2𝑝 𝜏
𝑑𝜏
𝑑𝑠 < ∞

 𝑟′ 𝑡 ≤ 0

conditions
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Example
Ordinary differential equation

Theorem 2.1, [3]

u(t) is solution of (E), (B)

u t → 𝑝 ∈ 𝐴−1 0 ≠ ∅

𝑢 𝑡 − 𝑝 = Ο( 

𝑡

∞

𝑒
−  0

𝑠 𝑟 𝜏
2𝑝 𝜏

𝑑𝜏
𝑑𝑠)

consequences

 

0

∞

𝑒
−  0

𝑠 𝑟 𝜏
2𝑝 𝜏

𝑑𝜏
𝑑𝑠 < ∞

𝑟′ 𝑡 ≤ 0

conditions

𝑝 𝑡 = 1, 𝑟 𝑡 =
3

𝑡 + 1

𝑢′′ +
3

𝑡 + 1
𝑢′ = 3𝑢

5
3, 𝑡 ∈ ℝ+

𝐴𝑢 = 3𝑢
5
3
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Theorem 2.1, [3]

u(t) is solution of (E), (B)

u t → 𝑝 ∈ 𝐴−1 0 ≠ ∅

𝑢 𝑡 − 𝑝 = Ο( 

𝑡

∞

𝑒
−  0

𝑠 𝑟 𝜏
2𝑝 𝜏

𝑑𝜏
𝑑𝑠)

consequences

 

0

∞

𝑒
−  0

𝑠 𝑟 𝜏
2𝑝 𝜏

𝑑𝜏
𝑑𝑠 < ∞

𝑟′ 𝑡 ≤ 0

conditions

Verify solution 𝑢 𝑡 =
1

𝑡+1 3
:

𝑢′ 𝑡 =
−3

𝑡 + 1 4

𝑢′′ 𝑡 =
12

𝑡 + 1 5

𝑝 𝑡 = 1, 𝑟 𝑡 =
3

𝑡 + 1

𝑢′′ +
3

𝑡 + 1
𝑢′ = 3𝑢

5
3, 𝑡 ∈ ℝ+

Example
Ordinary differential equation
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Theorem 2.1, [3]
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𝑡+1 3
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𝑢′ 𝑡 =
−3

𝑡 + 1 4

𝑢′′ 𝑡 =
12

𝑡 + 1 5

𝑢′′ +
3

𝑡 + 1
𝑢′ =

12

𝑡 + 1 5 −
3

(𝑡 + 1)

3

𝑡 + 1 4 =
3

(𝑡 + 1)5
= 3𝑢

5
3

𝑝 𝑡 = 1, 𝑟 𝑡 =
3

𝑡 + 1

𝑢′′ +
3

𝑡 + 1
𝑢′ = 3𝑢
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Theorem 2.1, [3]

u(t) is solution of (E), (B)
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0

∞

𝑒
−  0

𝑠 𝑟 𝜏
2𝑝 𝜏

𝑑𝜏
𝑑𝑠 < ∞

𝑟′ 𝑡 ≤ 0

conditions

Verify condition I: 

𝑟′(𝑡) = −
3

𝑡 + 1 2
≤ 0

𝑝 𝑡 = 1, 𝑟 𝑡 =
3

𝑡 + 1

𝑢′′ +
3

𝑡 + 1
𝑢′ = 3𝑢

5
3, 𝑡 ∈ ℝ+

Example
Ordinary differential equation
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Theorem 2.1, [3]

u(t) is solution of (E), (B)

u t → 𝑝 ∈ 𝐴−1 0 ≠ ∅
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0

∞

𝑒
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𝑠 𝑟 𝜏
2𝑝 𝜏

𝑑𝜏
𝑑𝑠 < ∞

𝑟′ 𝑡 ≤ 0

conditions

Verify condition II: 

 

0

∞

𝑒
−  0

𝑠 3
2(𝜏+1)

𝑑𝜏
𝑑𝑠 =  

0

∞

𝑒
−
3
2ln(𝜏+1) 0

𝑠

𝑑𝑠 =  

0

∞

𝑒−
3
2
ln(𝑠+1)𝑑𝑠

𝑝 𝑡 = 1, 𝑟 𝑡 =
3

𝑡 + 1

𝑢′′ +
3

𝑡 + 1
𝑢′ = 3𝑢

5
3, 𝑡 ∈ ℝ+

Example
Ordinary differential equation
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Theorem 2.1, [3]

u(t) is solution of (E), (B)
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∞
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−
3
2ln(𝜏+1) 0

𝑠

𝑑𝑠 =  

0

∞

𝑒−
3
2
ln(𝑠+1)𝑑𝑠

=  

0

∞

𝑠 + 1 −
3
2𝑑𝑠 = lim

𝛽→∞
−

2

𝑠 + 1
1
2
0

𝛽

=0 + 2 < ∞

𝑝 𝑡 = 1, 𝑟 𝑡 =
3

𝑡 + 1

𝑢′′ +
3

𝑡 + 1
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Theorem 2.1, [3]
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conditions

𝑟′(𝑡) = −
3

𝑡 + 1 2 ≤ 0

 

0

∞

𝑒
−  0

𝑠 3
2(𝜏+1)

𝑑𝜏
𝑑𝑠 = 2 < ∞

𝑝 𝑡 = 1, 𝑟 𝑡 =
3

𝑡 + 1

𝑢′′ +
3

𝑡 + 1
𝑢′ = 3𝑢

5
3, 𝑡 ∈ ℝ+

conditions

Example
Ordinary differential equation



u t =
1

𝑡 + 1 3 𝑡→∞
0

0 = 𝐴 0 ≠ ∅

𝑢 𝑡 − 𝑝 = Ο( 

𝑡

∞

𝑒
−  0

𝑠 3
2(𝜏+1)

𝑑𝜏
𝑑𝑠)
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u t → 𝑝 ∈ 𝐴−1 0 ≠ ∅

𝑢 𝑡 − 𝑝 = Ο( 

𝑡

∞

𝑒
−  0

𝑠 𝑟 𝜏
2𝑝 𝜏

𝑑𝜏
𝑑𝑠)

consequences

 

0

∞

𝑒
−  0

𝑠 𝑟 𝜏
2𝑝 𝜏

𝑑𝜏
𝑑𝑠 < ∞

𝑟′ 𝑡 ≤ 0

conditions

𝑟′(𝑡) = −
3

𝑡 + 1 2 ≤ 0

 

0

∞

𝑒
−  0

𝑠 3
2(𝜏+1)

𝑑𝜏
𝑑𝑠 = 2 < ∞

𝑝 𝑡 = 1, 𝑟 𝑡 =
3

𝑡 + 1

𝑢′′ +
3

𝑡 + 1
𝑢′ = 3𝑢

5
3, 𝑡 ∈ ℝ+

conditions consequences

Example
Ordinary differential equation
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Time 

asymptotics
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OUTLOOK:
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• More generality

• Higher convergence

• Milder conditions on p(t),  r(t)

• Less assumptions

Existence of

solutions

Time 

asymptotics
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𝑝 𝑡 𝑢′′ 𝑡 + 𝑟 𝑡 𝑢′ 𝑡 ∈ 𝐴𝑢 𝑡 𝑓𝑜𝑟 𝑎. 𝑎. 𝑡 ∈ ℝ+ ≔ [0, ∞)         (E) 

with the condition

𝑢 0 = 𝑢0,       sup|u(t)| < +∞,     t ≥ 0                  (B)      

where A is a maximal monotone operator, following conditions hold

(C1) p ∈ 𝑊2,∞ 0,+∞ , 𝑟 ∈ 𝑊1,∞ 0,+∞

(C2) ∃ 𝛼 > 0, such that ∀𝑡 ≥ 0, 𝑝 𝑡 ≥ 𝛼

Additional results from Véron for solution u:

 𝑢′ ∈ 𝐻1 0,∞ ;𝐻

 u is unique if  0
∞
𝑒
−  0

𝑡𝑟(𝑠)

𝑝(𝑠)
𝑑𝑠
𝑑𝑡 = +∞
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homogenous

Sobolev spaces

p(𝑡) ≥ 𝛼 > 0

Sobolev space 𝐻1 Ω = 𝑊1,2(Ω)𝑢′, 𝑢′′ ∈ 𝐿2



2. Barbu proved the existence of solutions to the second order evolution equation:
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𝑢′′ 𝑡 ∈ 𝐴𝑢 𝑡 𝑓𝑜𝑟 𝑎. 𝑎. 𝑡 ∈ ℝ+ ≔ [0, ∞)         (E) 

with the condition

𝑢 0 = 𝑢0,       sup|u(t)| < +∞,     t ≥ 0      (B)      

Where A is a maximal monotone operator in Hilbert spaces.
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𝑢′′ 𝑡 ∈ 𝐴𝑢 𝑡 𝑓𝑜𝑟 𝑎. 𝑎. 𝑡 ∈ ℝ+ ≔ [0, ∞)         (E) 

with the condition
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Where A is a maximal monotone operator in Banach spaces.
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4. Bruck proved weak convergence in this special case.

5. Véron showed that the strong convergence does not hold in general for a maximal 
monotone operator A, for 𝑝 𝑡 ≡ 1, 𝑟 𝑡 ≡ 0.
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Strong convergence of solutions to the nonlinear second order evolution equation:

𝑝 𝑡 𝑢′′ 𝑡 + 𝑟 𝑡 𝑢′ 𝑡 ∈ 𝐴𝑢 𝑡 𝑓𝑜𝑟 𝑎. 𝑎. 𝑡 ∈ ℝ+ ≔ [0, ∞)    (E) 

with the condition

𝑢 0 = 𝑢0,       sup|u(t)| < +∞ (B)      

Where A is a maximal monotone operator in a real Hilbert space H.

𝐴−1 0 ≠ ∅ u(t)  → zero of A

- homogenous; 𝑓(𝑡) = 0

(H1) 𝐴:𝐷 𝐴 ⊂ 𝐻 → 𝐻, 𝐴 maximal monotone operator

(H2) 𝑝, 𝑞 ∈ 𝐿∞ 𝑅 , 𝑒𝑠𝑠 inf 𝑝 > 0, 𝑞+ ∈ 𝐿1 ℝ+ , 𝑞
+ = max{𝑞 𝑡 , 0}
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