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The second-order differential equation

p(Ou""(t) + q(®)u'(t) € Au(t) + f(t) fora.a. t € R, :=[0, o) (E)
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The second-order differential equation

second-order positive half-line

p(Ou""(t) + q®)u'(t) € Au(t) + f(t) fora.a. te R, :=[0, o) (E)

with the condition
u(0) = x € D(4) initial data (B)

(H1) conditions for A
(H2) conditions for p,q

— Monotone type: A maximal monotone operator
— Homogenous: f(t) =0
— Pp,q are constants

— p,q are real functions, ...
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p(@Ou" () + q)u'(t) € Au(t) + f(t) fora.a. te R, :=[0,0) (E)
with the condition
u(0) = x € D(A) (B)
Where A 1s a maximal monotone operator in a real Hilbert space H.
p,q are real valued functions defined on [0,0).

(H1) A:D(A) c H > H, A maximal monotone operator
(H2) p,q € L (R}), ess infp > 0, gt e LY(R,),qt = max{q(t), 0}

[E1] G. Morosanu, Existence results for second-order monotone differential inclusions on the positive
half-line, J.Math. Appl. 419 (2014) 94-113
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p(@Ou" () + q)u'(t) € Au(t) + f(t) fora.a. te R, :=[0,0) (E)
with the condition
u(0) = x € D(A) (B)
Where A 1s a maximal monotone operator in a real Hilbert space H.
p,q are real valued functions defined on [0,0).

(H1) A:D(A) c H > H, A maximal monotone operator
(H2) p,q € L (R}), ess infp > 0, gt e LY(R,),qt = max{q(t), 0}

p(t)=a>0

L*(R,) := space, of
essential bounded
functions

[E1] G. Morosanu, Existence results for second-order monotone differential inclusions on the positive
half-line, J.Math. Appl. 419 (2014) 94-113
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u''(t) € Au(t) fora.a. teR, :=[0,0) (E)
with the condition
u(0) = x € D(4) (B)
Where A 1s a maximal monotone operator in a real Hilbert space H.

(H1) A:D(A) c H - H, A maximal monotone operator

[E2] V. Barbu, Sur un probleme aux limites pour une classe d‘équations differentielles nonlinéaires
abstraites du deuxiémes ordre en t, C.R. Accad. Sci. Paris 27 (1972) 459 - 462

[E3] V. Barbu, A clase of boundary problems for second-order abstract differential equations, J. Fae. Sci.
Univ. Tokyo, Sect. I 19 (1972) 295-319
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pu’'(t) +qu'(t) € Au(t) fora.a. te€ R, =[0, o) (E)
with the condition
u(0) = x € D(4) (B)
Where A 1s a in a real

(H1) p,q € R, are constants

[E4] H.Brezis, E’quations d'evolution du second ordre associées a des opérateurs monotones, Isreal J.
Math. 12 (1972) 51-60.

[E5] N. Pavel, Boundary value problems on [0, +o0] for second-order differential equations associated to
monotone operators in Hilber spaces, in: Proceedings of the Institute of Mathematics Iasi (1974),
Editura Acad. R. S. R., Bucharest, 1976, pp.145-154.

[E6] L. Véron, Problemes d‘évolution du second ordre associées a des opérateurs monotones, C.R. Acad.
Sci. Paris 278 (1974) 1099-1101.

[E7] L. Véron, Equations d‘evolution du second ordre associées a des opérateurs maximaux monotones,
Proc. Roy. Soc. Edinburgh Sect. A 75 (2) (1975/1976) 131-147.

[E8] E.I. Poffald, S.Reich, An incomplete Cauchy problem, J. Math. Anal. Appl. 113 (2) (1986) 514-543.
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p(@Ou" () + q)u'(t) € Au(t) + f(t) fora.a. te R, :=[0,0) (E)
with the condition
u(0) = x € D(A) (B)
Where A 1s a maximal monotone operator in a real Hilbert space H.
p,q are real valued functions defined on [0,0).

(H1) A:D(A) c H > H, A maximal monotone operator
(H2) p,q € L*(R,), essinfp > 0,q* € L}(R,), gt = max{q(t), 0}

[1] G. Morosanu, Existence results for second-order monotone differential inclusions on the positive half-
line, J. Math. Appl. 419 (2014) 94-113
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Nonlinear second order evolution equation:
p(u’'(t) + r(t)u'(t) € Au(t) fora.a. te R, =[0, o) (E)
with the condition
u(0) =ug, suplu(t)| <+oo (B)

Where A 1s a maximal monotone operator in a real Hilbert space H.

[3] B. Djafari-Rouhani, H. Khatibzadeh, A note on the strong convergence of solutions to a second order
evolution equation, J. Math. Anal. Appl. 401 (2013) 963—-966.
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: _ _ f=0 p, r time dependant
Nonlinear second order evolution equation:

p(Hu""(t) +r(t)u'(t) € Au(t) fora.a. te€ R, =[0, o) (E)
with the condition
u(O) = U, sup | U.(t) | < 400 bounded solution (B)

Where A 1s a maximal monotone operator in a real Hilbert space H.

[3] B. Djafari-Rouhani, H. Khatibzadeh, A note on the strong convergence of solutions to a second order
evolution equation, J. Math. Anal. Appl. 401 (2013) 963—-966.
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Nonlinear second order evolution equation:
p(u’'(t) + r(t)u'(t) € Au(t) fora.a. te R, =[0, o) (E)
with the condition
u(0) =ug, suplu(t)| <+oo (B)

Where A 1s a maximal monotone operator in a real Hilbert space H.

0€eA(p) cH

fs r(T)

[u(t) —pl = 0(J." e” @ ds)

- u®)oped(0)=>410) -0
(not assumed, now a consequence)

[3] B. Djafari-Rouhani, H. Khatibzadeh, A note on the strong convergence of solutions to a second order
evolution equation, J. Math. Anal. Appl. 401 (2013) 963—-966.
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RECENT RESULTS: Asymptotic behaviour

Theorem 2.1. [3]
u(t) is solution of (E), (B)

s (D) L u@)-»peAdA0)+0
o0 —f ——dTt
v fO e 92p(1)7 ds < o - —fsﬂdr
v r'(t) <0 L |u(t) — pl = O(ft e “02p(M" (s)
conditions consequences

[3] B. Djafari-Rouhani, H. Khatibzadeh, A note on the strong convergence of solutions to a second order
evolution equation, J. Math. Anal. Appl. 401 (2013) 963—966.
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Example

Ordinary differential equation

p(t) =1,7r(t) =

t+1
144 3 / E
u +?u = 3us, t e R,
5
Au = 3u3

Theorem 2.1, [3]
u(t) is solution of (E), (B)

_sr(@®
fe OZP(T)deS < oo
0
r'@) <0
conditions

u(t) > p €A L0) =0

s (T

_psr@
4@ - pl = 0([ ¢~ Rz as)
t

consequences

Klara Loos - Universitat der Bundeswehr Miinchen
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Example S—

u(t) is solution of (E), (B)

Ordinary differential equation

© u(t) > p €A L0) =0
p(t) == 1 r(t) — i fe_foszrp(g)d‘fds<oo u(®) | O(f _fgs%d‘fd)
- _ utlt) =pl = e °2r(W)" ds
t+1 AR J
conditions consequences
3 5
uII + _u' — 3u3, = ]R+
t+1
o . 1
Verify solution u(t) = e
, —
ut) =————
(®) (t+1)*
”(t) 12
u = —
(t+1)°
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p(t) =1,r() =

u(t) is solution of (E), (B)

3 @ u(t)—>p€A1(0)¢®
f e‘foszrp((rr))d’ds < o e s7(T)
) — 5]l = O f V2% g5

t + 1 ’ r'() <0

Ul

3 S
"+ ——u' = 3us3, t € R,
t

+1

Verify solution

—3
14 t —
w(t) = T
)
144 t —
) (t+1)°
11.01.2014

- 3 . 12 3 3 3
w t+1.  (+15 (E+D(E+D*  (t+ 1)

w|ul

= 3u

—
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Example

Ordinary differential equation

3
t)=1,7r(t) =——
p(t) =17(t) ===
3 5
144 I= §
u +—t+1u 3us, t e R,

Verify condition I:

3
r'(t) = —WSO /

Theorem 2.1, [3]
u(t) is solution of (E), (B)

s r(1)

f e OZP(T)des < o
0

r'() <0
conditions

u(t) > p €A L0) =0

_ (€3
4@ - pl = 0([ ¢~ Rz as)
t

consequences
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Example S—

u(t) is solution of (E), (B)

Ordinary differential equation

3 © ut) >p € A‘1(0°2 =)
- “h2p@ % 4s < oo _pr@ g
p(t) — 1,1'(1:) — ofe 2@ gs < |u(t)—p|=0(je i .
t+1 <0 )
conditions consequences
3 5
u" + ——u' = 3us, t € R,
t+1
Verify condition II:
(0.e) 3 (0'0) . s o0
S 3
— oy dt —|5In(T+1 —2] 1
f e fOZ(T'l'l) = f e [2 ( )]ods — j ) n(s+ )dS
0 0] 0]
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u(t) is solution of (E), (B)

u(t) > pe€ A‘l(O) * 0

3 [ _foszr((rr))
p(t) =1,7r() = T f r'it)jw |u(t)—p|=0(tf
u”+iu’=3ug t eR
t+1 ’ i
Verify condition II:
0o s 3 oo 3 s oo
j e_foz(r+1)deS — j e_[iln(”l)]ods — f e zln(S+1)dS
0] 0]
y) B
j(s+1) ZdS—ma ——| =0+2<
(s+1)2
11.01.2014 Klara Loos - Universitat der Bundeswehr Minchen
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Example

Ordinary differential equation

3
p(t) =1,7r() = ——

3
T"(t)=—(t+—1)2S0 /

s 3
j e_foz(f’fl)deS =2<o00 J

0

11.01.2014

conditions

Theorem 2.1, [3]
u(t) is solution of (E), (B)

2 _sr(@®
.f e fozz’(f)drds <
0
r'@) <0
conditions

u(t) > p €A L0) =0

_psr@
4@ - pl = 0([ ¢~ Rz as)
t

consequences

Klara Loos - Universitat der Bundeswehr Miinchen

25



Example

Ordinary differential equation

3

p(t) =1,7(t) = ]

+

Ul

u'’ + t—u' = 3us3, t € R,

+1

3
T"(t)=—(t+—1)2S0 /

s 3
j e_foz(’f’fl)deS =2<o00 J

0

11.01.2014

conditions

Theorem 2.1, [3]
u(t) is solution of (E), (B)

0

= _sr(@®
.f e foZP(T)des <

conditions

u(t) > p €A L0) =0
[y Lo
4@ - pl = 0([ ¢~ Rz as)
t

r'@) <0
consequences

1
u® = Tre o O v

0=A4(00)#0

r —fsidt
|u<t)—p|=0(j e~ hZEI ™ g5
t

consequences

Klara Loos - Universitat der Bundeswehr Miinchen
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OUTLOOK:

Further research & development

11.01.2014 Klara Loos - Universitat der Bundeswehr Minchen

27



OUTLOOK:

Further research & development

2014
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(1) G. Morosanu, Existence results for second-order

monotone differential inclusions on the positive
half-line, J. Math. Anal. Appl. 419 (2014) 94-113.

(2) B. Djafari-Rouhani, H. Khatibzadeh, A strong
convergence theorem for solutions to a
nonhomogeneous second order evolution
equation, J. Math. Anal. Appl. 363 (2010) 648—
654.

(3) B. Djafari-Rouhani, H. Khatibzadeh, A note on
the strong convergence of solutions to a second
order evolution equation, J. Math. Anal. Appl.

401 (2013) 963-966.

(4) B. Djafari-Rouhani, H. Khatibzadeh, Asymptotic
Behavior for a General Class of Homogeneous
Second Order Evolution Equations in a Hilbert
Space, To appear in Dynamic Systems and
Applications
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THANK YOU FOR YOUR ATTENTION

Please give a comment in order to discuss about the topic!
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BACKUP:

Development: Asymptotic behaviour
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Development — Overview timeline
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w ® P ® p(OU" () +r(Ou'(t) € Au(®)
Q u(0) =up,  suplu(®)| <+oo

+ Convergence rate

[A1, A2] [A3] [A4, A5]

Existence and uniqueness of a bounded solution

Asymptotic behaviour

[A6] [AT] [A6,A8, A9, A10, Al11, A12] [A13, Al14, A15] [A17]
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1. Véron proved the existence of solutions to the second order evolution equation:
p(u’"(t) + r(u'(t) € Au(t) fora.a. t € R, = [0, ) (E)
with the condition
u(0) = uy, sup|u(t)| < 4o, t=0 (B)
where A 1s a maximal monotone operator, following conditions hold
(C1) p e W2*(0,+), 7€ WL*(0,+00)
(C2) 3 a > 0,such that Vt =0, p(t) = «a

Additional results from Véron for solution u:
v u' € HY((0,0); H)

o c c 0 — tﬂds
v uis uniqueif [ e °P® 7 dt = +oo

[A1] L. Véron, Problemes d‘evolution du second ordre associés a opérateurs monotones, C. R. Acad. Sci.
Paris Sér. A 278 (1974) 1099-1101.

[A2] L. Véron, Equations d‘évolution du second ordre associés a opérateurs maximaux monotones, Proc.
Roy. Soc. Edinburgh Sect. A 75 (1975-1976) 131-147.

11.01.2014 Klara Loos - Universitat der Bundeswehr Miinchen 33



homogenous

1. Véron proved the existence of solutions to the second order evolution equation:

p(Hu'(t) + u'(t) € Au(t) fora.a. te R, := [0, o) (E)
with the condition

u(0) = uy, sup|u(t)| < 4o, t=0 (B)
where A 1s a maximal monotone operator, following conditions hold
(C1) p € W2*(0,+), 7€ W™ (0,+%) | Sobolev spaces
(C2) 3 a > 0,such that Vt =0, p(t) = «a
p(t)=a>0

Additional results from Véron for solution u:
v u' € HY((0,0);H) = u',u" € L2 Sobolev space H1(Q) = Wi2(Q)

o c c 0 — tﬁds
v uis uniqueif [ e °P® 7 dt = +oo

[A1] L. Véron, Problemes d‘evolution du second ordre associés a opérateurs monotones, C. R. Acad. Sci.
Paris Sér. A 278 (1974) 1099-1101.

[A2] L. Véron, Equations d‘évolution du second ordre associées a opérateurs maximaux monotones, Proc.
Roy. Soc. Edinburgh Sect. A 75 (1975-1976) 131-147.
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2. Barbu proved the existence of solutions to the second order evolution equation:

u'(t) € Au(t) fora.a. te R, := [0, o) (E)
with the condition
u(0) = uy, sup|u(t)| <4+, t=0 (B)
Where A is a maximal monotone operator in

[A3] V.Barbu, Nonlinear Semigroups and Differential Equations in Banach Spaces, Noordhoff
International Publishing, Leiden, 1976

11.01.2014 Klara Loos - Universitat der Bundeswehr Miinchen
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3. Poffald and Reich proved the existence of solutions to the second order evolution
equation:

u''(t) € Au(t) fora.a. te R, := [0, co) )
with the condition
u(0) = uy, sup|ut)| <4+, t=0 (B)

Where A is a maximal monotone operator in

[A4] E.I. Poffald, S. Reich, An incomplete Cauchy problem, J. Math. Anal. Appl. 113 (1986) 514-543
[A5] E.I. Poffald, S. Reich, A quasi-autonomous second-order differential inclusion, in: Trends in the
Theory and Practice of Nonlinear Analysis (Arlington, Tex., 1984), in: North-Holland Math. Stud., vol.
110, North-Holland, Amsterdam, 1985, pp. 387-392.

11.01.2014 Klara Loos - Universitat der Bundeswehr Miinchen 36



3. Poffald and Reich proved the existence of solutions to the second order evolution
equation:
p=1r=0
u''(t) € Au(t) fora.a. te R, := [0, co) (E)
with the condition
u(0) = uy, sup|ut)| <4+, t=0 (B)
Where A 1s a maximal monotone operator in Banach spaces.

4. Bruck proved in this special case.

[A6] R.E. Bruck, Asymptotic convergence of nonlinear contraction semigroups in Hilbert spaces, J.
Funct. Anal. 18 (1975) 15-26

11.01.2014 Klara Loos - Universitat der Bundeswehr Miinchen o



3. Poffald and Reich proved the existence of solutions to the second order evolution
equation:
p=1r=0
u''(t) € Au(t) fora.a. te R, := [0, co) (E)
with the condition
u(0) = uy, sup|ut)| <4+, t=0 (B)
Where A 1s a maximal monotone operator in Banach spaces.

4. Bruck proved weak convergence in this special case.

5. Véron showed that the does hold for a maximal
monotone operator 4, for p(t) = 1,r(t) = 0.

[A7] L. Véron, Un exemple concernant le comportement asymptotique de la solution bornée de
2
I‘équation % € dp(u), Monatsh. Math. 89 (1980) 57 -67.
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of solutions to the nonlinear second order evolution equation:
p(u''(t) + u'(t) € Au(t) fora.a. te R, :=[0,o) (E)
with the condition
u(0) =uy, suplu(t)| <+oo (B)
Where A 1s a maximal monotone operator in a real Hilbert space H.
A10)#0 u(t) — zeroof A

- homogenous; f(t) = 0

(H1) A:D(A) c H » H, A maximal monotone operator
(H2) p,q € L*(R), essinfp > 0,q% € L*(R,),q" = max{q(t), 0}

[3] B. Djafari-Rouhani, H. Khatibzadeh, A note on the strong convergence of solutions to a second order
evolution equation, J. Math. Anal. Appl. 401 (2013) 963—-966.
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