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Formulation of the problem

Fair division: a problem. Let us assume that a
eroup IV, « {1,...,n} of n people jointly gets some
benefit v(N,,). What is the fair way to distribute
this benefit between the participants, i.e., to assign

values 1, ..., @, whose sum is v(N,,)?

What do we need to know to make a fair
division. To make a fair distribution, it is impor-
tant to know what is the contribution of each partic-
ipant. This can be described by providing, for each
subset S C N, a value v(S) that people from S
would have gained if they acted on their own, with-
out help of others. So, we get a function S +— v(5)
that characterizes the situation.

Shapley value. A Nobelist Lloyd Shapley found
out that under reasonable conditions, there is only
one way ;(v) to assign the distribution to each such
function v(S); see, e.g., |7, 2,7, 2 7 7?|. This dis-
tribution has many equivalent forms, In this paper,

we use the following form
t(S)
T) (1)
S:ES | ‘
where |S| denotes the number of elements in the set

S and

pi(v) =

H(S) € 3 (~)FL u(R). (2)
RCS

What are the requirements behind Shap-
ley value. Shapley’s first condition is symmetry:
if two participants ¢ and j contribute equally, i.e., if
the values v(.S) do not change when we swap ¢ and
7, then these participants should get equal amounts:
pi(v) = @j(v).

Shapley’s second condition is that if a person 7 is
not contributing, i.e., if v(SU{t}) = v(5) for all S
then we should have p;(v) = 0.

Shapley’s third condition is additivity: it we have
two situations u(S) and v(S), then we can:
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e either consider them separately

e or view them as a single situation with gain

w(S) = u(S) + v(S).

The outcome should not depend on how we view
this, so we should have ¢;(w) = ¢;(u) + @;(v).
Comment. In this paper, we will only deal with eco-
nomic applications of Shapley value. It should be
mentioned that Shapley value is now also actively
used in machine learning, to find the importance
pi(v) of each of n features based on the effective-
ness v(S) of solving the problem when we only use
features from the set .S.

Why go beyond Shapley value. Symmetry
makes perfect sense it all participants are equally
productive. In reality, people have different pro-
ductivity: e.g.. some programmers are several times
more productive than others. If we naively ap-
ply Shapley value to compute each person’s bonus,
more productive participants will get the exact same
amount as less productive ones, which is not fair. It
is therefore desirable to take productivity p; of each
participant into account. In other words, we need

to determine the values ¢; based on both v(S) and

the values p = (p1, po, .. .): wi(v, p).

What we do in this paper. In this paper,
we show how to adjust the requirement behind the
Shapley value so that they would lead to a unique
determination of the desired distributions ;(v, p).

Comment. One can easily see that if all participants
have the same productivity, i.e., it p1 = ... = p,,
then the new formula (3) becomes the usual Shapley
value formula (1).

What we propose

Natural first requirement. If ¢’s productivity
is twice larger than 7’s, this means that the com-
pany can replace ¢ with two less productive workers
and get the same result. After this replacement, all
participants have the same productivity, so to this
replaced situation, we can apply symmetry and get
Shapley value — and then assign to ¢ the sum of
bonuses that Shapley value recommends for his/her
two replacements.

Similarly, if we replace person ¢ with 3 or more
workers, it makes sense to require that the amount
eiven to the person ¢ should be equal to the sum of
amounts given to these workers. It turns out that
it is sufficient to require this property only for sit-
uation which are |it simple — in some precise sense
described below.

Natural second requirement. If the produc-
tivity changes a little bit, the resulting distribution
should also change a little bit. In mathematical
terms, this means that the dependence of distribu-
tion on productivity should be continuous.

Main result. If impose these two additional re-
quirements, then we get the following result.

Definition 1. By a situation, we mean a triple
(n,v,p), where:

®n 1S a positive integer,

° v is a function that assigns a value v(S) > 0
to each subset S C N, < {1,...,n} and for
which R C S implies v(R) < v(S), and

op = (p1,...,Pn) is a tuple of n positive
numabers.

Definition 2. We say that the situation (n, v, p)
s simple if for some subset R C N,, we have
v(S) =04 REZ S and v(S) = v(R) otherwise.
We will call this set R basic.

Definition 3.

e By a division strategy, we mean a function
o(n,v,p) that assigns, to each situation
(n,v,p), an n-tuple of real numbers p;(n, v, p),
1 <1 <n, for which
p1(n,v,p) + ...+ pa(n,v,p) = v(N,).

e We say that a division strateqy is symmetric if
for every situation in which swapping @ and j
does not change v and p, i.e., in which p; = p;

and v(S U{t}) =v(SU{y}) for all sets S that

contain neither 1 nor j, we have
pi(n,v,p) = @j(n, v, p).

o We say that a division strateqy has the
null-player property if for each situation and
for each player i for which v(S U{1}) = v(S5)
for all S, we get p;(n,v,p) = 0.

o We say that a division strateqy is additive if
for all uw and v, we have
pi(n, u+v,p) = pin,u,p)+pi(n,v,p) for alli.

e We say that a division strateqy is contibuous if
©o(n,v,p) ia a continuous function of p.

e Wesa that a division strateqy 1s
productivity-based if for every simple situation
with a basic set R, if we combine participants
from a subset R' C R into a single participant
10 with productivity equal to the sum of
productivities of all members of R', then in
this new sttuation (n',v', p'),

Qp’io(nlv vlvp/) — Z Ui(nv nvp)'
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Proposition. There exists one and only one

division strateqy which 1s symmetric, has null-

player property, is additive, continuous, and
productivity-based. In this strateqy,

_ oy 1)
@(nvv7p)_pz S%E:Sp(s)’ (3)

where we denoted

p(S) = Y p. (4)



