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1.

Introduction

e In many practical problems, we deal with joint distri-
butions of several quantities (multi-D distributions).

e There are many different ways to represent such a dis-
tribution in a computer.

e In many practical applications, it turns out to be ben-
eficial to use a representation in which we store:

e the marginal distributions (that describe the distri-
bution of each quantity) and

e a copula (that describe the relation between differ-
ent quantities; definitions are given below).

e While this representation is, in many cases, empirically
successful, this empirical success is largely a mystery.

e We explain this success by showing that the copula
representation is the most computationally efficient.
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2.

How to Represent Probability Distributions:
Idea

e The main purpose of knowledge is to make decisions.

e According to decision theory, a consistent decision
comes from the following:

e we assign a numerical value u (called utility) to each
possible consequence, and then
e we select a decision for which the expected value

E[u] of utility is the largest possible.

e We should select a representation that facilitates deci-
sion making.

e So, we need a representation that allows us to compute
the expected utility as efficiently as possible.

How to Represent. . .




3. Case of 1-D Probability Distributions

Case of 1-D. ..

e Example — transportation: we want to get from point
A to point B as fact as possible.

e Often, a small increase in travel time z leads to a small
decrease in utility u(x): u(z) is smooth.

e Usually, we can predict x with some accuracy, so the
actual x is in a small vicinity of the predicted value x.

e In this vicinity:
1

u(z) = u(x0)+u’(x0)-(:c—xo)+§-u"(:1:0)-(x—x0)2+. .., 8O

Elu] = u(xo)—l—u’(xo)-E[x—:co]—l—%-u"(xo)-E[(:c—xo)2]+. iy

e So, to compute F[ul, it is sufficient to know the first
few moments of the probability distribution.




4.

1-D Distributions (cont-d)

e Sometimes, e.g., if we are driving to the airport to take
a flight — a small delay can make us miss a flight.

e In such situations, we have a threshold x; such that:

e the utility is high for x < z; and

e low for x > x;.

e The difference between two high values is much smaller
than between high and low values.

e Thus, we can simply say that u = u™ for z < x; and
u=u" <u' for z > .

e In this case, Efu] = v~ + (" — u~) - F(x¢), where
F(x;) = Prob(z < z;) is the probability that x < x;.

e So, to deal with situations of this type, we need to
know the cdf F(z).

Multi-D Case




5.

1-D Distributions: Conclusion

e Our analysis shows that in the 1-D case, to compute
the expected utilities, we need to know: From 1-D to Multi-D

e the cdf and

e the moments.

e Moments can be computed based on cdf, as
El(z — 20)"] = / (2 — o) dF ().

e So, it is thus sufficient to have a cdf; hence:
e the most appropriate way to represent a 1-D prob-
ability distribution in the computer is

e to store the values of its cumulative distribution
function F'(z).




6.

Multi-D Case

e When small changes in x; lead to small changes in
u(zxy, ..., x,), it’s enough to know first few moments.

e In the situations of the second type, we want all the
values not to exceed appropriate thresholds; e.g.:
e the travel time does not exceed Tj, and
e the overall cost of all the tolls does not exceed Cj.
e So, it is desirable to know the following probabilities —
that form the corresponding multi-D cdf:

F(xy,...,xy,) def Prob(X; <z & ... & X, < z,,).

e Hence, in the multi-D case, we need to compute both
the moments and the multi-D cdf.

e Since the moments can be computed based on the cdf,
it is thus sufficient to represent a cdf.

What is an Algorithm: . ..




7.

From 1-D to Multi-D

e The above analysis of is appropriate when we acquire
all our knowledge about the probabilities in one step.

e However, often, first we are interested in each z;, so we
first learn the marginals Fj(z;).

e Later, we become interested in the relation between
these x;, so we need the cdf F(zy,...,x,).

e But storing F(x1,...,x,) and marginals wastes mem-
ory: marginals can be reconstructed from F'.

e An alternative is to store a copula, i.e., a function
C(z1,...,x,) s.t.

F(xy,...,x,) = C(Fi(x1), ..., Fy(z,)).

e Copula representation avoids memory waste, but is it
optimal? is it the only optimal one?

e Let us formulate this question in precise terms.

What Is An Algorithm: . . .
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8.

What is an Algorithm: Reminder

e We want to be able, given the marginals and the addi-
tional function(s), to reconstruct F'(x1,...,z,).

e This reconstruction has to be done by a computer al-
gorithm, a sequence of steps, in each of which we:

e cither apply some operation (+, —, sin, given func-
tion) to previously computed values,
e or decide where to go further (or stop).

e In computations, we can use inputs, previous compu-
tation results, and constants (including +00).

e We can also use NaN (undefined): if one of the inputs
is undefined, the result is also undefined.

Computationally . . .
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9.

What Is An Algorithm: Definition

e Let I be a finite list of functions f;(z1, ..., 2,,).

e Let vy,...,v, be a finite list of real-valued variables
called tnputs.

e Let ay,...,a, be a finite list of real-valued variables
called auxiliary variables.

e Let 7q,...,7, be real-valued variables; they will be
called the results of the computations.

e An algorithm A is a finite sequence of instructions
I, ..., Iy each of which has one of the following forms:

Y

or Y« filyr,--  yn)7
e branching: “go to I;”; or “if y1 ® yo, then to I; else
go to I;”, where © is =, #, <, >, <, or >;

e assignment: “y < yi’

PY ((Stop 77.

Conclusions
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10. Example

e Suppose that we have a copula
fi(z1, oo zn) = C21, .0, 2n).

e Suppose also that we can use the values v,4; = Fj(x;)
as additional inputs.

e Then, the corresponding algorithm for computing the
cdf has a running time of 1:

I m fl(’Un+1, . 7U2n);

I5: stop.




11. What is a Computer Representation of a
Multi-D Distribution

e By a representation of an n-dimensional probability
distribution, we mean a tuple consisting of:

e finitely many fixed functions G;(z, ..., 2,,), same
for all distributions (such as +, -, etc.);

e finitely many functions H;(z1, ..., z,,) which may
differ for different distributions; and

e an algorithm (same for all distributions) that:
e using the above functions and 2n inputs
X1, ooy Ty, F1(x1), -0 Eulzn),
e computes the values of the cdf F(xy,...,z,).
e Frxamples of representations:
e original cdf one: Hi(z1,...,2,) = F(21,...,2n);

e copula one: Hy(z1,...,2,) = C(21,..., 2y).




12. A Representation Must Be Duplication-Free
and Time-Efficient

e We say that a representation is duplication-free if no
algorithm is possible that computes a marginal, given
e the functions H; representing the distribution and

e the inputs x1,...,x,.

e We say that a duplication-free representation is time-
efficient if for each combination of inputs:

e the running time of the corresponding algorithm
does not exceed

e the running time of any other duplication-free al-
gorithm.




13. Computationally Efficient Representations

o Let R = (Hi(z1,..y2my)s .- Hi(21,. .., 2, )) and

R = (H{(z,..., Zm’l)7 Cee ;C,(Zl, . ,Zm;cl».
e We say that R if more space-efficient than R’ if:
o k£ <k and

e we can sort the value m; and m; in such as way
that m; < m, for all i < k.

e We say that a time-efficient duplication-free represen-
tation is computationally efficient if:

e it is more space-efficient

e than any other time-efficient duplication-free rep-
resentation.

e Main Result. The only computationally efficient
duplication-free representation is the copula one.

e This explains why copulas have been efficient.




14. Conclusions

e The need for representing multi-D distributions in a
computer comes from the fact that:
e to make decisions,
e we need to be able to compute (and compare) the
expected values of different utility functions.
e So:
e from all possible computer representations of multi-
D distributions,
e we should select the ones for which the correspond-
ing computations are the most efficient.

e We have shown that:

e in situations where we already know the marginals,

e copulas are indeed the most computationally effi-
cient representation.




15. Possible Future Work
e In this paper, we have concentrated on computing the
cumulative distribution function (cdf).

e This computation corresponds to binary utility func-
tions, that take only two values u™ > u™.

e Such binary functions provide a good first approxima-
tion to the user’s utilities and user’s preferences.

e It is therefore desirable to find out,

e for wider classes of utility functions,
e which computer representations are the most com-
putationally efficient for computing Flu].

e Maybe copula-based computer representations will still
be the most computationally efficient?
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17. Proof: Main Idea
e The copula representation is duplication-free and has
running time ¢ = 1.

e Thus, a time-efficient algorithm must have ¢t = 1, i.e.,
it must have exactly one non-step instruction.

e We did not have time to compute any auxiliary values,
so this instruction 71 < fi1(y1,...,yn,) uses inputs.

e Copula representation uses one function of n variables.
e Thus, a space-efficient repr. must have ny < n.
e If one of the inputs y; is x;, then:

e by taking y; = 1 or oo, we would be able to compute
the i-th marginal,
e but we consider duplication-free representations.

e Thus, all inputs are marginals, so the rule is
r1 < Hy(Fi(x1), ..., Fy(x,)), hence H; is a copula.




	Introduction
	How to Represent Probability Distributions: Idea
	Case of 1-D Probability Distributions
	1-D Distributions (cont-d)
	1-D Distributions: Conclusion
	Multi-D Case
	From 1-D to Multi-D
	What is an Algorithm: Reminder
	What Is An Algorithm: Definition
	Example
	What is a Computer Representation of a Multi-D Distribution
	A Representation Must Be Duplication-Free and Time-Efficient
	Computationally Efficient Representations
	Conclusions
	Possible Future Work
	Acknowledgments
	Proof: Main Idea

