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Introduction

1. Introduction

e A fuzzy set is usually defined as function A from a
certain set U (Universe of discourse) to [0, 1].

e Traditional — “crisp” — sets can be viewed as particular
cases of fuzzy sets, for which A(a) € {0,1} for all .

e In most applications, we consider normalized fuzzy sets,
i.e., fuzzy sets for which A(z) =1 for some = € U.

e For crisp sets, this corresponds to considering non-
empty sets.

e For two crisp sets, A is a subset or B if and only if
A(z) < B(x) for all x.

e The same condition is used as a definition of the sub-
sethood ordering between fuzzy sets:

e a fuzzy set A is a subset of a fuzzy set B
o if A(x) < B(x) for all x.




Results

2. Introduction (cont-d)

e Subsets B C A which are different from the set A are
called proper subsets of A.

e A natural question is:

e if we have a class of all normalized fuzzy sets with
the subsethood relation,

e can we detect which of these fuzzy sets are crisp?
e [t is known that:

e if we alow all possible fuzzy sets — even non-normalized
ones,
e then we can detect crisp sets.

e In this talk, we show that such a detection is possible
even if we restrict ourselves only to normalized sets.




3.

Results

e We want to describe general crisp sets in terms of sub-
sethood relation C between fuzzy sets.

e For this purpose, let us first describe some auxiliary
notions in these terms.

e In this part of the talk, we only consider normalized
fuzzy sets.

e Proposition.

e A normalized fuzzy set is a 1-element crisp set

e if and only if it has no proper normalized fuzzy sub-
sets, i.e., if and only if B C A implies B = A.

e Let us first prove that:

e a l-element crisp set A = {x} (i.e., a set for which
A(zg) =1 and A(z) = 0 for all = # x)
e has the desired property.

Second Auxiliary Result




4. Proof of the First Auxiliary Result (cont-d)

[ J Indeed, lf B g A, then B(I’) S A(x) fOI‘ all xT. Third Auxiliary Result

e For = # x, we have A(x) = 0, so we have B(z) = 0 as
well.

e Since B is a normalized fuzzy set, it has to attain value
1 somewhere.

e We have B(z) = 0 for all z # .

e So, the only point z € U at which B(x) = 1 is the
point x.

e Thus, we have B(xy) =

1.
e So, indeed, we have B(z) = A(z) for all z, i.e., B = A.




5.

Proof of the First Auxiliary Result (cont-d)

e Vice versa, let us prove that:

e cach normalized fuzzy set A which is different from
a l-element crisp set

e has a proper normalized fuzzy subset.

e Indeed, since A is normalized, we have A(xg) = 1 for
some .

e Then, we can take B = {z}.

e Clearly, B C A, and, since A is not a l-element crisp
set, B # A.

e The proposition is proven.

Main Result




6. Second Auxiliary Result

e Definition. By a 2-element set, we mean a normalized
fuzzy set A for which A(x) > 0 for exactly two x € U,

Interval-Valued Case

e Proposition.
o Let A be a normalized fuzzy set A which is not a
1-element crisp set.

e Then, the following two conditions are equivalent
to each other:

e A is a non-crisp 2-element set, and
e the class {B : B C A} is linearly ordered, i.e.:

Zf Bl,Bg g A then B1 g B2 or Bg Q Bl.




7.

Third Auxiliary Result

e Proposition. A normalized fuzzy set A is a crisp 2-
element set < the following 2 conditions hold:

o the set A itself is not a 1-element crisp set and not
a 2-element non-crisp set, but

e cach proper norm. fuzzy subset B C A is either a
crisp 1-element sets or a non-crisp 2-element set.

First Conclusion




8.

Main Result

e Proposition. A normalized fuzzy set is crisp if and
only if we have one of the following two cases:
e A is a I-element fuzzy set, or
o for every subset B C A which is a non-crisp 2-
element set, 4 a crisp 2-element set C' for which

BCCCA.

e Previous propositions show that the following proper-
ties can be described in terms of subsethood:
e of being a crisp 1-element set,
e of being a crisp 2-element set, and
e of being a non-crisp 2-element set.

e Thus, this Proposition shows that crispness can indeed
be described in terms of subsethood.

Second Conclusion
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9.

Interval-Valued Case

e The traditional fuzzy logic assumes that:
e experts can meaningfully describe their degrees of
certainty
e by numbers from the interval [0, 1].

e In practice, however, experts cannot meaningfully se-
lect a single number describing their certainty.

e Indeed, it is not possible to distinguish between, say,
degrees 0.80 and 0.81.

e A more adequate description of the expert’s uncer-
tainty is:
e when we allow to characterize the uncertainty

e by a whole range of possible numbers, i.e., by an
interval [A(z), A(z)].

Possible Future Work
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10. Interval-Valued Case (cont-d)

e This idea leads to interval-valued fuzzy numbers, i.e.,
mappings that assign,

e to each element x from the Universe of discourse,
e an interval A(z) = [A(z), A(z)].
e For two interval-valued degrees A = [A,m and B =
[Q, E], it is reasonable to say that A < B if
A< Band A< B.
e Thus, we can define a subsethood relation between two
interval-valued fuzzy sets A and B as
A(z) < B(x) for all x.
e An interval-valued fuzzy set is normalized if A(xg) = 1

for some x.

e Traditional (type-1) fuzzy sets can be viewed as partic-
ular cases of interval-valued fuzzy sets.




11. Interval-Valued Case (cont-d)

e Namely, they correspond to “degenerate” intervals
[A(2), A(z)].

e Here, we have a similar problem:

e can we detect traditional fuzzy sets

e based only on the subsethood relation between interval-
valued fuzzy sets?

e Let us show that this is indeed possible.




12. Interval-Valued: First Auxiliary Result

e Definition. By an uncertain 1-element set, we mean
a normalized interval-valued fuzzy set A for which

dzg € U (A(xp) = [0,1] & (A(z) = [0,0] for all other x)).

e Proposition. A normalized interval-valued fuzzy set A:

e is an uncertain 1-element set if and only if

e it has no proper normalized subsets.

e So, we can determine uncertain 1l-element sets based
on the subsethood relation.




13. Interval-Valued: Second Auxiliary Result

e Definition. By a basic 1-element set, we mean a nor-
malized interval-valued fuzzy set A for which:

dzg € U ((A(xo) = [a, 1] for some a > 0) &
(A(x) = [0,0] for all x # xy)).

e Definition. By a basic 2-element set, we mean a norm.
interval-valued fuzzy set A s.t. for some xg # xq:

d A(xo) - [07 1]7
o A(x1) =[0,a] for some a € (0,1), and
o A(x) =10,0] for all other x.




14. Interval-Valued: 2nd Aux. Result (cont-d)

e Proposition.

e Let A be a normalized interval-valued fuzzy set which
1s not an uncertain 1-element set.

e Then, the following two conditions are equivalent
to each other:
e the class {B : B C A} of all subsets of A is
linearly ordered;

e A is either a basic 1-element set or a basic 2-
element set.

e So, we can determine, based on the subsethood rela-
tion, whether A is a basic set.




15. Interval-Valued: Third Auxiliary Result

e Proposition. If A is a basic 1- or 2-element set, then
the following properties are equivalent:
e A is a crisp 1-element set;
e no proper superset of A is a basic 1-element set or

a basic 2-element set.

e So, we can determine crisp 1-element sets based only
on the subsethood relation.




16. Interval-Valued: Fourth Auxiliary Result
e Proposition. For a normalized interval-valued fuzzy
set, the following two conditions are satisfied:

e A is either an uncertain I1-element set or a basic
1-element set;

e A is a subset of a crisp 1-element set.
e Proof: straightforward.

e We know how to describe, based on the subsethood
relation:

e when A is an uncertain 1-element set, and

e when A is a basic set,

e We can therefore determine basic 1-element sets and
basic 2-element sets based on subsethood relation only.




17. Interval-Valued: Fifth Auxiliary Result

e Definition.

o Let A be a basic 2-element set, with:
o A(xg) =10,1],
o A(x1) =10,a] for some a € (0,1), and
e A(x) =[0,0] for all other x.

e Then, by its type-1 cover, we mean a normalized
interval-valued fuzzy set A" for which:

o Al(zo) = [1,1],
o Al(z1) =a,a], and
o A'(x) =[0,0] for all other x.

e Let us show that the type-1 cover can be determined
in terms of the subsethood relation.




18. Fifth Auxiliary Result (cont-d)

e Proposition. Let A be a basic 2-element set. Then:

o its type-1 cover A’ is the C-smallest normalized
interval-valued fuzzy set
e that contains all the normalized interval-valued sets
B D A for which the following conditions hold:
e the set B is not a basic 2-element set;
e the class of all basic 2-element subsets of B is
linearly ordered;
e the class {C : C is normalized & A C C' C B}
15 linearly ordered; and
e the set B has only one uncertain 1-element sub-
set.




19. Interval-Valued: Main Result

e Definition.

o Let A be an uncertain 1-element set, with A(xy) =
[0,1], and A(x) = [0,0] for all other x.

e Then, by its type-1 cover, we mean a crisp set
A, = {ZII()}
e Proposition. A normalized interval-valued fuzzy set
s a type-1 set < the following conditions hold:

o if B C A for some uncertain I1-element set, then
B ' C A, and

o if B C A for some basic 2-element set, then

B' C A.




20. Interval-Valued: Main Result (cont-d)

e We have shown that following can all be described in
terms of the subsethood relation:
e the operation B,
e uncertain l-element sets, and

e basic 2-element sets.
e We can thus conclude that:

e we can detect type-1 sets

e based on the subsethood relation between normal-
ized interval-valued fuzzy sets.




21. First Conclusion

e In this talk, we consider the following situation.

e We are given the class of all possible normalized fuzzy
sets A on a given Universe of discourse X.

e We do not know the values A(x) for z € X.

e We do not even know which of these fuzzy sets are
actually crisp and which are not.

e The only information we have about these fuzzy sets
in which of them are subsets of others.

e Based on this information, can we detect crisp sets?

e The first conclusion of this talk is that yes, such detec-
tion s possible.




22. Second Conclusion

e Suppose now that:
e instead of the class of all “usual” (type-1) normal-
ized fuzzy sets,

e we now have the class of all normalized interval-
valued fuzzy sets.

e We do not know the values A(z) = [A(x), A(x)].

e We do not even know which of these interval-valued
fuzzy sets are actually regular (type-1) fuzzy sets.

e The only information that we have about these sets in
which of them are subsets of others.

e Based on this information, can we detect type-1 fuzzy
sets?

e The second conclusion of this talk is that yes, such
detection is also possible.




23. Possible Future Work

e The above results assume that we know ezactly:

e which pairs (A, B) of given fuzzy sets are subsets
of each other (A C B) and

e which are not (A Z B).
e Sometimes:

e while a fuzzy set A is, strictly speaking, not a subset
of a fuzzy set B,

e it is “almost” a subset, in the sense that few ele-
ments of A are outside B.

e To capture this intuition, researchers have developed
subsethood measures o(A, B).




24. Possible Future Work (cont-d)

e For such measures:

o if a fuzzy set A is a subset of a fuzzy set B, then
o(A,B) =1, and

o if a fuzzy set A is “almost” a subset of a fuzzy set
B, then o(A, B) is smaller than 1 but close to 1;

e These measures turned out to be very useful in image
processing.

e The first seemingly natural question is then: what if

e instead of simply knowing which fuzzy set is a sub-
set of which,

e we know, for each pair (A, B), the degree o(A, B)
to which A is a subset of B.

e Can we then detect crisp set?

e The answer to this question is: definitely yes.




25. Possible Future Work (cont-d)

e Indeed:

e if we know the values o(A, B) for all A and B,

e then, by checking when o(A, B) = 1, we will also
know when A C B,

e and thus, based on our first result, we can detect
crisp sets.

e But what if only know the degrees o(A, B) with some
uncertainty € > 07

e This is a natural assumption, taking into account that
in practice, all the values are usually known with some
uncertainty.

e In this case, we probably cannot exactly detect which
fuzzy sets are crisp.




26. Possible Future Work (cont-d)

e But can we then,

e based on the imprecisely known subsethood de-
grees,

e detect fuzzy sets which are, in some reasonable
sense, almost crisp?

e This would be interesting to find out.
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28. Second Auxiliary Result: Reminder

e Definition. By a 2-element set, we mean a normalized
fuzzy set A for which A(x) > 0 for exactly two x € U,

e Proposition.
o Let A be a normalized fuzzy set A which is not a

1-element crisp set.

e Then, the following two conditions are equivalent
to each other:

e A is a non-crisp 2-element set, and
e the class {B : B C A} is linearly ordered, i.e.:

Zf Bl,Bg g A then B1 g B2 or Bg Q Bl.




29. Proof of the Second Auxiliary Result

e Let us first prove that if A is a 2-element non-crisp set,
then the class of all its subsets is linearly ordered.

e Indeed, since A is a normalized fuzzy set, we must have
A(zy) =1 for some zy € U.

e Since A is a 2-element set, there must be one more
value x € U for which A(z) > 0.

e Let us denote this value by z;. So, we have:
o A(xg) =1,
e A(x1) > 0 and
e A(z) =0 for all other z € U.

o If we had A(z1) = 1, then A would be a crisp set —
namely, we would have A = {x¢, z1}.




30. Proof of the Second Auxiliary Result (cont-d)

e Since A is a non-crisp set, we thus cannot have A(x;) =
1, so we have 0 < A(z1) < 1.

e If B is a normalized fuzzy set for which B C A, then:

e for all x different from zy and 1,
e we have B(x) < A(z) = 0 and thus, B(x) = 0.
e Since B is normalized, we have B(x) = 1 for some .

e This x cannot be different from xy and z; — because
then B(z) = 0.

e This x cannot be equal to x1, since then we would
have 1 = B(z1) < A(x1) <land 1 < 1.

e Thus, this z must be equal to zy, B(xy) = 1.




31. Proof of the Second Auxiliary Result (cont-d)

e So, all fuzzy normalized subsets B of the set A have
the following form:

e B(xy) =1,
e B(x1) < A(zy), and
e B(z) = 0 for all other z.

e For two such subsets, we can have:

e cither By(z1) < By(11),
e or By(z1) < Bi(my).
e One can easily check that:
o if Bi(z1) < By(xq1), then Bi(z) < Bs(x) for all x
and thus, B; C By;

e similarly, if By(x1) < Bi(xy), then By(z) < Bi(x)
for all x and thus, By C B;.




32. Proof of the Second Auxiliary Result (cont-d)

e So, for every two normalized fuzzy subsets B; and B,
of the set A, we have either B; C By or By C Bj.

e Thus, the class of all such subsets is indeed linearly
ordered.

e To complete the proof, let us now prove that:

e if a normalized fuzzy set A is not a 1-element fuzzy
set and not a non-crisp 2-element set,

e then the class {B: B C A} is not linearly ordered,
e i.e., there exists normalized fuzzy subsets B; C A
and Bg g A for which Bl g BQ and Bg SZ Bl.

e The fact that the set A is not a 1-element set means
that A(z) > 0 for at least two different values x.




33. Proof of the Second Auxiliary Result (cont-d)

e By definition, a non-crisp 2-element set is a normalized
fuzzy set:

e which is a 2-element set and

e which is not crisp.

e So, if a normalized fuzzy set A is not a non-crisp 2-
element set, this means that it is:

e cither not a 2-element set

e or it is a crisp 2-element set.

e Let us show that in both cases, we can find subsets
B1 C Aand By C A for which By € By and By € B;.




34. Proof of the Second Auxiliary Result (cont-d)

e Let us first consider the case when A is not a 2-element
set, i.e., when,
e in addition to the point zy at which A(xy) = 1,
e there exist at least two other points x; and x9 for
which A(z1) > 0 and A(z1) > 0.
e In this case, we can take the following sets B; and Bs:
[ Bl(.’E()) BQ(.CE()) = ].
e Bi(x1) = A(x1) and By(z1) = 0;
e By(x1) =0 and By(xs) = A(x3), and
e Bi(x) = By(x) for all other z.

e One can see that By(z) < A(x) and By(x) < A(z) for
all z, so indeed B; C A and By C A.




35. Proof of the Second Auxiliary Result (cont-d)

e However, here:

e Bi(x1) = A(z1) > 0 = Bs(x1), so we cannot have
By C By, because that would imply By (x1) < Bs(x1);

e similarly, By(z2) = A(xg) > 0 = Bi(x2),

e so we cannot have By C Bj, because that would
imply Bs(zg) < Bi(z2).

e So, we indeed have By € B, and By € Bj.

e Let us now consider the case when A is a 2-element
crisp set, i.e., when A = {xg, z1}.

e In this case, we can take By = {z¢} and By = {z1}.
® Clearly, Bl Q A, Bg Q A, Bl g BQ, and BQ Q Bl.

e So, the proposition is proven.




36. Third Auxiliary Result

e Proposition. A normalized fuzzy set A is a crisp 2-
element set < the following 2 conditions hold:

o the set A itself is not a 1-element crisp set and not
a 2-element non-crisp set, but
e cach proper norm. fuzzy subset B C A is either a

crisp 1-element sets or a non-crisp 2-element set.

o If A is a 2-element crisp set, i.e., if A = {zg,z,} for
some xg # x1, then it is clearly:

e not a l-element crisp set, and

e not a non-crisp 2-element set.

e Let us prove that in this case, every proper normalized
fuzzy subset B C A is

e cither a 1-element crisp set

e or a non-crisp 2-element set.




37. Third Auxiliary Result (cont-d)

e Here, A(z) > 0 for only two values z = xy and = = xy,
and B(z) < A(z) for all .

e So, the value B(x) can be positive also for at most two
values z;.

e If B(z) > 0 for only one value z, then, since B is
normalized, for this x, we must have B(x) = 1.

e Thus, we have B = {z}, i.e., B is a 1-element crisp set.

o If B(x) > 0 for two different values z, this means that
we have B(zg) > 0 and B(z1) > 0.

e Since the set B is normalized, one of these value must
be equal to 1.

e If the second one is equal to 1, we will have B = A —
but B is a proper subset.




38. Third Auxiliary Result (cont-d)

e Thus, one of the values B(x;) is smaller than 1 — thus,
B is a non-crisp 2-element set.

e Let us now prove that:

e if a normalized fuzzy set A is not a 2-element crisp
set,

e then one of the above properties is not satisfied.
e In other words, in this case:

e cither A is 1-element crisp set or a 2-element non-
crisp set,

e or one of its proper subsets B C A is not a non-crisp
2-element set.




39. Third Auxiliary Result (cont-d)

e In other words, we want to prove that if A is:

e not a crisp 1-element set, not a crisp 2-element set,
and not a non-crisp 2-element set,

e then one of its proper subsets B C A is not a non-
crisp 2-element set.

e The condition on A means that it is:

e not a l-element set and

e not a 2-element set.

e This means that there must exist at least three different
values o € U for which A(z) > 0.

e For one of these values, we have A(z) = 1.

e Let us denote the other two values by xy and x5, then
A(z1) > 0 and A(xs) > 0.




40. Third Auxiliary Result (cont-d)

e Let us now take the following normalized fuzzy set B:
e B(x1) =0.5- A(xy),
e B(x9) =0.5- A(zy), and
e B(z) = A(z) for all other x.

e Here, B(zy) = A(zg) = 1, so B is indeed a normalized
fuzzy set.

e One can easily check that B(x) < A(x) for all z, so it
is indeed a subset of A.

e Since A(x1) > 0, we have B(x1) = 0.5 A(z1) # A(xy),
so B is a proper subset of A.

e However, B(xg) =1 > 0, B(z1) > 0, and B(x2) > 0,
so B is not a 2-element set.

e The proposition is proven.




41. Main Result

e Proposition. A normalized fuzzy set is crisp if and
only if we have one of the following two cases:

e A is a I-element fuzzy set, or

o for every subset B C A which is a non-crisp 2-
element set, 4 a crisp 2-element set C' for which

BCCCA.

e Let us first prove that if A is a crisp set, then:

e cither it is a 1-element crisp set,

e or for every non-crisp 2-element set B C A, there
exists a crisp 2-element set C' for which B C C' C A.

e Indeed, let B be a non-crisp 2-element set.




42. Main Result (cont-d)

e This means that for some elements o € U and z; € U,
we have:

e B(xy) =1,
e 0 < B(x1) <1, and
e B(z) = 0 for all other z.

e Since B C A, we have:

o 1 = B(xy) < A(zg) — thus A(xy) = 1; and
e 0 < B(zy) < A(z1) — thus A(xy) > 0.

e The set A is crisp, so A(z1) can be either 0 or 1.
e Since A(zq1) > 0, we must have A(z;) = 1.
e Thus, for a 2-element crisp set C' = {xg, z1}, we have

BCCCA.




43. Main Result (cont-d)

e To complete our proof, let us prove that:

e if a normalized crisp set A is not a crisp set,

e then d a non-crisp 2-element set B C A

e for which no crisp 2-element set C' satisfies the
property B C C' C A.

e By definition, for a crisp set, all the values A(x) are
either Os or 1s.

e So, the fact that A is not crisp means that we have
0 < A(x1) < 1 for some x; € U.

e Since A is normalized, 3z (A(xg) = 1).




44. Main Result (cont-d)

e Let us now take the following set B:
e B(xg) =1,
e 0 < B(x1) = A(z1) < 1, and
e B(x) =0 for all other x.

e Clearly, B is a non-crisp 2-element set and B C A.

e If we had B C C' C A for some crisp 2-element set C,
then

e due to 1 = B(xy) < C(xg) and B(x1) < C(z1),

e we would have C(xy) = 1 and C(z1) > 0 — hence
C(z1) =1 (since C is crisp).

e But in this case, C(z1) = 1 > A(z1), so we cannot
have C' C A.

e The proposition is proven.




45. Interval-Valued: First Auxiliary Result

e Definition. By an uncertain 1-element set, we mean
a normalized interval-valued fuzzy set A for which

dzg € U (A(xp) = [0,1] & (A(z) = [0,0] for all other x)).

e Proposition. A normalized interval-valued fuzzy set A:

e is an uncertain 1-element set if and only if

e it has no proper normalized subsets.

e Let us first prove that for an uncertain 1l-element set
A, there are no proper subsets.




46. Interval-Valued: 1st Auxiliary Result (cont-d)

e Indeed, if A(zg) = [0,1], A(z) = [0,0] for all x # =z,
and B(z) < A(x), then:

o for x # xp, from B(z) < A(x)

< and B(x) <
A(x) = 0, it follows that B(x) 0

B =

o for x = xp, from A(zg) < A(xy) = 0, it follows that
B(rp) = 0= A(xy).

e On the other hand, B is a normalized interval-valued
fuzzy set, so we must have B(z) = 1 for some z.

e This cannot be for x # x, since then B(z) = 0.
e So, the only remaining option is x = x.

e Hence, B(zq) = 1, thus, B(zy) = A(xo).




47. Interval-Valued: 1st Auxiliary Result (cont-d)

e Therefore, if B C A, then B = A.

e So, the normalized interval-valued fuzzy sets A does
not have any proper subsets.

e To complete the proof, let us prove that:

e if a normalized interval-valued fuzzy set has no
proper subsets,

e then it is an uncertain 1-element set.

e Indeed, since A is normalized, there exists an element
xq for which A(zy) = 1.

e Then, as one can easily check, we have B C A, where:

e B(xy) =[0,1], and
e B(x) =|0,0] for all other x

e Since A has no proper subsets, we thus conclude that
A = B, i.e., that A is an uncertain 1-element set. QED




48. Interval-Valued: 2nd Auxiliary Result

e Definition. By a basic 1-element set, we mean a nor-
malized interval-valued fuzzy set A for which:

dzg € U ((A(xo) = [a, 1] for some a > 0) &
(A(x) = [0,0] for all x # xy)).

e Definition. By a basic 2-element set, we mean a norm.
interval-valued fuzzy set A s.t. for some xg # xq:

d A(xo) - [07 1]7
o A(x1) =[0,a] for some a € (0,1), and
o A(x) =10,0] for all other x.




49. Interval-Valued: 2nd Aux. Result (cont-d)

e Proposition.
e Let A be a normalized interval-valued fuzzy set which
1s not an uncertain 1-element set.

e Then, the following two conditions are equivalent
to each other:

e the class {B : B C A} of all subsets of A is
linearly ordered;

e A is either a basic 1-element set or a basic 2-
element set.

e Let us first prove that:

e if A is a basic l-element set or a basic 2-element
set,

e then the class of all its subsets is linearly ordered.




50. Interval-Valued: 2nd Aux. Result (cont-d)

e Let us first consider the case when A is a basic 1-
element set.

e In this case, B C A implies B(z)
x # .

e Since B is normalized, then, similarly to the previous
proofs, we get B(xg) = 1.

B(x) = 0 for all

e The final inequality B(z) < A(x¢) = a implies that
def

for b = B(xg), we have b < a.
e So, the set B has the following form:
e B(x)=10,0] for all = # z, and
e B(xg) = [b, 1], where we denoted b = B(x).

e One can easily check that the class of such sets is lin-
early ordered.




51. Interval-Valued: 2nd Aux. Result (cont-d)

e Namely, if for two such sets B; and Bs, we denote the
corresponding values b by b; and bs, then:

e if by < by, then B; C By, and
e vice versa, if by < by, then By C B;.

e et us consider the case when A is a basic 2-element
set.

e Let B C A. Then, from B(z) < A(z), we conclude:
e that B(x) = [0,0] when x # xy and = # x1, and
e that B(z) = B(z1) =0.

e The set B is normalized, so B(z) = 1 for some .

e This x cannot be different from xy and x1, since for
such z, we have B(z) =0 < 1.

e It cannot be equal to x1, since we have
B(x) < A(z)) =a < 1.




52. Interval-Valued: 2nd Aux. Result (cont-d)

e Thus, the only possible element x is * = z(, hence we
have B(xg) = 1.
e The final inequality B(z) < A(x1) = a implies that

for b & B(z1), we have b < a.

e So, the set B has the following form:
e B(x) =10,0] when z # 2y and x # xq;
e B(zy) =1[0,1], and
e B(x1) = [0,b], where b = B(x1).

e One can easily check that the class of such sets is lin-
early ordered.




53. Interval-Valued: 2nd Aux. Result (cont-d)

e Namely, if for two such sets B; and Bs, we denote the
corresponding values b by b; and bs, then:

e if by < by, then B; C By, and
e vice versa, if by < by, then By C B;.

e Let us now prove that:

e if the class of all normalized subsets of a normalized
fuzzy interval-valued set A is linearly ordered,

e then A is either a basic 1-element set or a basic
2-element set.

e Since the set A is normalized, there exists an element
xo € U for which A(xzg) = 1.

e Let us consider two possible cases: A(zg) > 0 and

A(IIJ()) = 0.




54. Interval-Valued: 2nd Aux. Result (cont-d)

e Let us first consider he case when A(zg) > 0.

e Let us prove that in this case, we have a basic 1-element
set, i.e., that A(z) = [0, 0] for all x # z.

e We will prove this by contradiction.
e Let us assume that A(z) > 0 for some z # xy.

e Then, we can consider the following two subsets of A:
® Bl(aﬁo) = A(l‘o), Bg(xo) = [O, 1],
[ J Bg(l‘l) = [0,0], BQ(ZEl) = A(LEl), and
e A(x) = B;(x) =1[0,0] for al other x € U.

e One can easily check that By C A and By C A.




55. Interval-Valued: 2nd Aux. Result (cont-d)

e However:

e we have B;(xg) = A(xg) > 0 = By(zg), hence we
cannot have By C By;

e on the other hand, By(z;) = A(x1) > 0 = By(11),
hence we cannot have By C Bj.

e The fact that here By € By and By € By shows that
A(z) > 0 is impossible.

e Thus, A(x) = 0 for all x # x, so A is indeed a basic
1-element set.

e Let us now consider he case when A(xzg) = 0.

e Let us prove that in this case, we have a basic 2-element
set, i.e., that:

e A(x1) = [0, a] for some z; € U and some a € (0,1),
e and A(x) = [0,0] for all other x.




56. Interval-Valued: 2nd Aux. Result (cont-d)
e Indeed, since A(xg) = [0,1], but the set A is not an
uncertain l-element set, 3r; # xo (A(z1) > 0).

e Let us prove that in this case, A(x) = [0,0] for all
other z.

e We prove this by contradiction.

e Let us assume that for some wz9, we have xy # x,
x9 # w1 and A(xe) > 0.

e In this case, we can form the following B; and Bs;
(] Bl(ZC()) Bz(x()) [0 1]
° Bl<1131) ( ) BQ(xl) [070]
® Bi(x2) = 10,0}, Ba(x2) = A(w2); and
e Bi(x) = By(x) = [0,0] or all other z.




57. Interval-Valued: 2nd Aux. Result (cont-d)

e Clearly, B; C A and By, C A, but:
e Bi(x1) > 0 = By(r1), so we cannot have B; C By;

e By(m3) = A(z2) > 0 = B;(x2), so we cannot have
By C B;.

e This contradicts to our assumption that the class of all
subsets of A is linearly ordered.

e Thus, A(x) = [0, 0] for all element = which are different
from xy and z7.

e Let us prove, by contradiction, that A(x;) = 0.

e Indeed, if A(z1) > 0, then we can form the following
sets By and Bs:
o Bi(xp) = Bz(fo) = [0,1];
® Bl(fljl) = [O,A(xl)], Bz(ﬂﬁl) =05- A(IBl);
e Bi(z) = By(x) = [0,0] for all other x.




58. Interval-Valued: 2nd Aux. Result (cont-d)

e One can easily check that By C A and By, C A, but:

e Bi(z1) = A(xy) > A(z1) > 0.5- A(x1) = Ba(x1), s0
we do not have B; C By;

e on the other hand, By(z1) = 0.5 A(z1) > 0 =
B(z1), so we do not have By C Bj either.

e This contradicts to our assumption that the class of all
subsets of A is linearly ordered.

e This contradiction shows that A;(z;) = 0.
e Finally, let us prove that A(z;) < 1.




59. Interval-Valued: 2nd Aux. Result (cont-d)
e Indeed, if A(z;) = 1, i.e., if A(x1) = [0, 1], then we can
find Bl, BQ Q A for which Bl g BQ and B2 Z Bli

® Bi(x0) = [0, 1], By(o) = [0,0];
e Bi(x1) =[0,0], Bo(z1) = A(z1) = [0, 1], and
e Bi(x) = By(x) = [0,0] for all other z.

e Then:

e Bi(z0) = 1 > By(g), so we cannot have B; C By;
° Eg(xl) =1>0= El(iEl), so By Q B;.

e Contradiction show that we cannot have A(x) = 1,
thus A(z1) < 1.

e Thus, in this case, A is a basic 2-element set.

e The proposition is proven.




60. Interval-Valued: 3rd Auxiliary Result

e Proposition. If A is a basic 1- or 2-element set, then
the following properties are equivalent:
e A is a crisp 1-element set;
e no proper superset of A is a basic 1-element set or

a basic 2-element set.

o If A = {x¢}, then clearly A cannot have any proper
supersets which are basic 1- or 2-element sets.

e Vice versa:

e if A is a basic 1-element set with A(xg) < 1,

e then B = {x¢} is its proper superset which is a a
1-element basic set.




61. Interval-Valued: 3rd Aux. Result (cont-d)

e Similarly,
e if A is a basic 2-element set, with A(zg) = [0, 1],
A(zy) =0, and A(xy) < 1,

e then we can have the following proper superset B D
A which is also a basic 2-element set:

* B(zo) = [0,1];
e B(x) = [O, %W], and
e B(z) =0 for all other z.

e The proposition is proven.




62. Interval-Valued: 5th Auxiliary Result

e Definition.

o Let A be a basic 2-element set, with:
o A(xg) =10,1],
o A(x1) =10,a] for some a € (0,1), and
e A(x) =[0,0] for all other x.

e Then, by its type-1 cover, we mean a normalized
interval-valued fuzzy set A" for which:

o Al(zo) = [1,1],
o Al(z1) =a,a], and
o A'(x) =[0,0] for all other x.

e Let us show that the type-1 cover can be determined
in terms of the subsethood relation.




63. Interval-Valued: 5th Aux. Result (cont-d)

e Proposition. Let A be a basic 2-element set. Then:

o its type-1 cover A’ is the C-smallest normalized
interval-valued fuzzy set
e that contains all the normalized interval-valued sets
B D A for which the following conditions hold:
e the set B is not a basic 2-element set;
e the class of all basic 2-element subsets of B is
linearly ordered;
e the class {C : C is normalized & A C C' C B}
15 linearly ordered; and
e the set B has only one uncertain 1-element sub-
set.




64. Interval-Valued: 5th Aux. Result (cont-d)

e Let us first prove that B satisfies the above four con-
ditions < it has one the following 2 forms:

e cither it has the form B(xy) = [b, 1] for some b > 0,
B(z1) = A(z1), and B(z) = [0, 0] for all other x;

e we will call these B of the first form;

e or it has the form B(xy) = A(xg), B(z1) = [b, a] for
some b > 0, and B(z) = [0, 0] for all other z;

e we will call these B of the second form.

e Let us first prove that the all the sets B of the first
form satisfy all the above four conditions.

e Indeed, clearly, such B is not a basic 2-element set.




65. Interval-Valued: 5th Aux. Result (cont-d)

e If C is a basic 2-element set for which C' C B, then we
have:

e C(z9) =10,1],
e C(z)=10,0] for all z different from xy and x;, and
e C(x1) = [0, ] for some ¢ < a.

e Clearly, the set of all such C' is linearly ordered.

e Indeed, if we have two such sets, corresponding to ele-
ments ¢; and ¢y, then:

e if ¢c; < ¢9, then we have C; C (s, and
e if ¢y < ¢q, then we have Cy C (.




66. Interval-Valued: 5th Aux. Result (cont-d)

o If AC C C B, then we have:
e C(xg) = [c, 1] for some ¢ € [b, 1],
e C(r1) = A(x1), and
e C(x) =10,0] for all other x.

e Thus, if we have two such sets, corresponding to ele-
ments ¢; and ¢y, then:

e if ¢c; < ¢, then we have C) C (s, and
e if ¢y < ¢y, then we have Cy C (.

e Of course, the only uncertain 1-element set contained
in B is the set corresponding to z.

e All four conditions are proven.

e Let us now prove that the all the sets B of the second
form satisfy all the above four conditions.




67. Interval-Valued: 5th Aux. Result (cont-d)

e Indeed, clearly, such B is not a basic 2-element set.
e If C' C B is a basic 2-element set, then we have:
o C(xo) = [0,1],
e C(x) =10,0] for all z different from z( and xy, and

e C(x1) = [0, ] for some ¢ < a.
e Clearly, the set of all such (' is linearly ordered.

e Indeed, if we have two such sets, corresponding to ele-
ments ¢; and ¢y, then:

e if ¢c; < ¢9, then we have C; C (s, and
o if Co S Cq, then we have 02 Q 01.




68. Interval-Valued: 5th Aux. Result (cont-d)

o If AC C C B, then we have:
® C(ZC()) = A(JI()),

e C (1) = [c,a] for some ¢ € [b,al], and

e C(x) =10,0] for all other x.

e Thus, if we have two such sets, corresponding to ele-
ments ¢; and ¢y, then:

e if ¢c; < ¢, then we have C) C (s, and
e if ¢y < ¢y, then we have Cy C (.

e Of course, the only uncertain 1-element set contained
in B is the set corresponding to z.

e All four conditions are proven.

e Let us now prove that if B satisfies the above condi-
tions, then B is of the first or of the second form.




69. Interval-Valued: 5th Aux. Result (cont-d)
e Let us first prove that we must have B(z) = [0, 0] for
all elements x which are different from xy and z;.
e We will prove this by contradiction.

e Assume that B(wz3) > 0 for some element x5 which is
different from zy and x;.

e Then, in addition to a basic 2-element set A C B, we
also have another basic 2-element set C' C B for which:

o C(zo) =[0,1],

o C(x2) = [0, B(z2)], and

e C(c) =[0,0] for all other elements .
e Then:

(351)

[ J
gl =
n

a>0=C(z1),s0 AZ C; and
> 0 = A(w3), so we cannot have C' Z A.




70. Interval-Valued: 5th Aux. Result (cont-d)

e This contradicts to the condition that set of all basic 2-
element sets which are subsets of B is linearly ordered.

e Thus, B(x) > 0 is impossible.

e So, indeed, B(x) = [0,0] for all elements x which are
different from zo and x;.

e Thus, the set B is uniquely described by its values
B(zg) and B(x1).

e The condition that A C B implies that A(zy) = 1 and
that:
® E(IE()) Z 0,
i E(xl) 2 07 and
e that B(x1) > a = A(xy).

e Since B is not a basic 2-element set and A is such a
set, we have B # A.




71. Interval-Valued: 5th Aux. Result (cont-d)

e Thus, at least one of the above inequalities must be
strict.
e Let us consider these three inequalities one by one.

e Let us first consider the case when B(zg) > 0.

e Let us prove that in this case, we have B(z1) = A(z1),
i.e., that we have a set of the first form.

e We will first prove, by contradiction, that B(z;) = 0.

e Indeed, if B(x1) > 0, then we can form Cy, Cs for which
ACC CB,ACCy,CB,C; €0y, and Cy € Ci:
e Ci(zg) = A(xg) = [0,1], Ci(x1) = B(z1), and
C1(z) = [0, 0] for all other z;
® 02(330) = B(x()), Cg(xl) = A(Qfl), and CQ(ZC) = [0, 0]

for all other x.




72. Interval-Valued: 5th Aux. Result (cont-d)

e Here:
o Ci(71) = B(x1) > 0= Cy(1), so C £ Co;
o Cy(x9) = B(wg) > 0= (), s0 Ca  C1.

e This contradicts to our assumption that the class of all
intermediate fuzzy sets C' is linearly ordered.

e Thus, we must have B(z;) = 0.
e Let us now prove, by contradiction, that B(z;) = A(z1).
e Indeed, suppose that B(z1) > A(x).

e Then we can form C4,Cy for which A C C, C B, A C
CQ g B, 01 ,@ Cg, and CQ Z 01:
o Ci(xg) = A(xg) = [0,1], Ci(x1) = B(x1), and
Ci(x) = [0,0] for all other z;
o C5(xg) = B(xp), Co(x1) = A(x1), and Cy(x) = [0, 0]
for all other z.




73. Interval-Valued: 5th Aux. Result (cont-d)

e Here:

° 61(:1:1) = E(xl) > Z(Zlﬁl) = 62(371), so C1 € Cy;
o Cy(xg) = B(xg) > 0= C,(xp), so Cy  Ch.

e This contradicts to our assumption that the class of all
intermediate fuzzy sets C' is linearly ordered.

e Thus, we must have B(x;) = A(z;).
e So, in this case, we indeed have a set of the first form.
e Let us now consider the case when B(z1) > 0.

e Let us prove that in this case, we have B(zy) = 0 and

B(I’l) = A(:L‘l)
e This would mean that we have a set of the second form.

e We will first prove, by contradiction, that B(z() = 0.




74. Interval-Valued: 5th Aux. Result (cont-d)

e Indeed, if B(xg) > 0, then we can form C4, Cy for which
AQC’lgB,AQC’2§B,ClgCQ,andCQQC’l:

® Cl(fﬁo) = A(.’L'()) = [O, 1], Cl(.:rzl) = B(:(:l), and
Ci(z) = [0, 0] for all other z;

® CQ(CC()) = B(LU()), 02(56'1) = A(CL’l), and CQ(LE) = [0, 0]
for all other x.

e Here:

° Ql(xl) = ﬁ(xl) > 0= QQ(CL'l), SO Cl Q Cg;
o Cy(x9) = B(xg) > 0= C,(xg), so Cy  C}.

e This contradicts to our assumption that the class of all
intermediate fuzzy sets C is linearly ordered.

e Thus, we must have B(z) = 0.

e Let us now prove, by contradiction, that B(z;) = A(z1).




75. Interval-Valued: 5th Aux. Result (cont-d)

e Indeed, suppose that B(x1) > A(z;).
e Then we can form C;, Cy for which A C Cy C B, A C
Co C B, Cy € Co, and Cy € Ch:

e Ci(x9) = 10,1}, Ci(z1) = B(z1), and Cy(x) = [0, 0]

for all other x;

o Cy(xg) = B(xg), Co(z1) = A(z1), and Cy(z) = [0, 0]

for all other z.

e Here:
o Ci(z1) = B(z1) > A(w1) = Cy(x1), s0 C € Ob;
o Cy(xg) = B(wg) > 0 = C(mp), so Cy £ C.

e This contradicts to our assumption that the class of all
intermediate fuzzy sets C is linearly ordered.

e Thus, we must have B(x;) = A(z;).




76. Interval-Valued: 5th Aux. Result (cont-d)

e So, in this case, we indeed have a set of the second
form.

e Finally, let us prove that the case when B(z;1) > A(z)
is not possible.

e We will first prove, by contradiction, that in this case,
E(CII()) = 0.
e Indeed, if B(xy) > 0, then we can form Cj, C for which
AQClgB,AQngB,Cl,@C’Q,andCQQC’l:
o Ci(zg) = A(zg) = [0,1], Ci(x1) = B(zy), and
Ci(x) = [0,0] for all other x;

o Cy(xg) = B(xy), Co(z1) = A(z1), and Cy(z) = [0, 0]
for all other x.




77. Interval-Valued: 5th Aux. Result (cont-d)

e Here:
® 61(%1) = F(azl) > Z(wl) = 62(:171), SO 01 Q Cg;
o Cy(zg) = B(xg) > 0=C,(x0), so Ca € C.

e This contradicts to our assumption that the class of all
intermediate fuzzy sets C' is linearly ordered.

e Thus, we must have B(z) = 0.
e Let us now prove, by contradiction, that B(z1) = 0.
e Indeed, suppose that B(z1) > 0.

e Then we can form C4,Cy for which A C C; C B, A C
Co € B, Cy € Co, and Cy € Ch:
o Ci(z0) = A(w) = [0,1], Ci(x1) = [0, B(z1)], and
Ci(x) = [0,0] for all other z;
o Oy(xg) = A(xzo) = [0,1], Co(z1) = [B(x1), A(x1)],
and Cy(z) = [0, 0] for all other z.




78. Interval-Valued: 5th Aux. Result (cont-d)

e Here:
® 61(%1) = F(azl) > Z(wl) = 62(331), SO 01 Q Cg;
o Cy(z1) =B(x1) >0=C(z1),s0 Cy € C.

e This contradicts to our assumption that the class of all
intermediate fuzzy sets C' is linearly ordered.

e Thus, we must have B(z;) = 0.

e Finally, B(z;) < 1, since otherwise B would have two
uncertain 1-element subsets:
e a subset corresponding to xg, and
e a subset corresponding to xq,

e We know that B(z) = 1 and we have proved that
B(zy) = B(x1) =0 and B(x) < 1.

e So, we conclude that the set B is a basic 2-element set,
but we explicitly assumed that it is not.




79. Interval-Valued: 5th Aux. Result (cont-d)

e Thus, the third inequality cannot be strict, so B is
indeed either of the first form, or of the second form.

e One can check that the smallest set containing all such
sets is indeed the set A’

e The proposition is proven.




80. Interval-Valued: Main Result

e Definition.

o Let A be an uncertain 1-element set, with A(xy) =
0,1], and A(z) = [0,0] for all other x.

e Then, by its type-1 cover, we mean a crisp set
A/ = {.’L'()}
e Proposition. A normalized interval-valued fuzzy set

15 a type-1 set < the following conditions hold:

o if B C A for some uncertain I1-element set, then
B' ' C A, and
o if B C A for some basic 2-element set, then

B' C A.

e One can see that the type-1 cover of a set A(z) =
[A(z), A(x)] has the form A'(z) = [ A(x), A(z)].




81. Interval-Valued: Main Result (cont-d)

e For a type-1 set, A(x) = A(x), thus A = A, and
clearly, A C B implies A’ C B.

e Vice versa, let us prove that if the above two conditions
are satisfied, then A is a type-1 set.

e In other words, let’s prove that A(z) = A(z) for all x.
e To prove this, let us consider two possible cases:

e clements x for which A(x) = 1, and
e clements  for which A(x) < 1.

e Let us first consider an element x for which
Az) = 1.
e In this case, B C A for the uncertain 1-element set B
for which B(z) = [0, 1] and B(y) = [0, 0] for all y # =.
e Then, B' = {z}, i.e., B'(x) = [1,1].




82. Interval-Valued: Main Result (cont-d)

e Thus, from B’ C A it follows that 1 = B'(z) < A(x),

so A(x) =1= A(x).
e So, for such elements x, we indeed have A(z) = A(z).
e Finally, let’s consider an element x for which A(x) < 1.

e Since A is normalized, there exists an element z( for
which A(xy) = 1.

e Now, we can form the following basic 2-element set B:
B(xo) = [0,1], B(z) = [0, A()], and B(y) = [0,0] for
all other elements .

e Clearly, B C A, hence B’ C A.

e Here, B'(z) = [ B(z), B(z)] = [ A(z), A(z)].

e So, B’ C A implies B'(x) = A(z) < A(z), thus
A(z) = A(r). QED
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