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Partial Orders are. . .

1. Partial Orders are Important

e One of the main objectives of science and engineering
is to select the most beneficial decisions. For that:

— we must know people’s preferences,

— we must have the information about different events
(possible consequences of different decisions), and

— since information is never absolutely accurate, we
must have information about uncertainty.

e All these types of information naturally lead to partial
orders:

— For preferences, a < b means that b is preferable to
a. This relation is used in decision theory.

— For events, a < b means that a can influence b. This
causality relation is used in space-time physics.

— For uncertain statements, a < b means that a is
less certain than b (fuzzy logic etc.).




2.

Overview

e In each of the three areas, there is a lot of research
about studying the corresponding partial orders.

e This research has revealed that some ideas are common
in all three applications of partial orders.

e In our research, we analyze:

— general properties, operations, and algorithms

— related to partial orders for representing uncertainty;,
causality, and decision making.

e In our analysis, we will be most interested in uncer-
tainty — the computer-science aspect of partial orders.

e In our presentation:

— we first give a general outline,

— then present the main algorithmic result in detail.

Uncertainty is. . .




3.

Brief Outline

e Introduction: partial orders are important

e Uncertainty is ubiquitous in applications of partial or-
ders

e Original order relation and the uncertainty-motivated
experimentally confirmable relation

e From potentially confirmable relation to actually con-
firmable one: extending Allen’s interval algebra

e Properties of ordered spaces: when is the resulting or-
dered space a lattice

e How to combine ordered sets

e How to tell when a product of two partially ordered
spaces has a certain property

First Result: Possible. ..




4. Uncertainty is Ubiquitous in Applications of
Partial Orders

Uncertainty- . . .

e Uncertainty is explicitly mentioned only in the computer-
science example of partial orders.

e However, uncertainty is ubiquitous in describing our
knowledge about all three types of partial orders.

e For example, we may want to check what is happening
exactly 1 second after a certain reaction.

e However, in practice, we cannot measure time exactly.

e So, we can only observe an event which is close to b —
e.g., that occurs 1 £ 0.001 sec after the reaction.

e In general, we can only guarantee that the observed
event is within a certain neighborhood Uy, of the event b.

e In decision making, we similarly know the user’s pref-
erences only with some accuracy.




5. First Result: Possible and Necessary Orders

e Due to uncertainty, there is usually a whole class C of
different ordering relations consistent with data. Reconstructing Open ..

e It is desirable to check when it is possible that a < b,
i.e., when ar b for some r from a given class C' of orders.

e [t is desirable to check when it is necessary that a < b,
i.e., when arb for all r from a given class of orders.

e A relation a Rb is called a possible order if for some
class C of orders, a Rb < 3r € C'(arb).

e A relation a R is called a necessary order if for some
class C of orders, a Rb < Vr € C(arb).

e Theorem. R is a possible order < R is reflexive.

e Theorem. R is a necessary order < R is an order.




6. Uncertainty-Motivated Experimentally
Confirmable Relation

e Because of the uncertainty:

Extending Allen’s . . .

— the only possibility to experimentally confirm that
a precedes b (e.g., that a can causally influence b)

— is when for some neighborhood U, of the event b,
we have a < <bforalbc Us.

e In topological terms, this “experimentally confirmable”
relation a < b means that:

— the element b is contained in the future cone Cf =
{c:a < ¢} of the event a

— together with some neighborhood.

e In other words, b belongs to the interior K of the
closed cone C..

e Such relation, in which future cones are open, are called
open.




7. Uncertainty-Motivated Experimentally
Confirmable Relation (cont-d)

e In usual space-time models:

— once we know the open cone K,

When Special-. ..

— we can reconstruct the original cone C;f as the clo-
sure of K/: Cf = K.

e A natural question is: vice versa,

— can we uniquely reconstruct an open order

— if we know the corresponding closed order?

e In Chapter 3, we prove that this reconstruction is pos-
sible.

e This result provides a partial solution to a known open
problem.




8. Reconstructing Open Order from the Closed
Order

e A set X with a partial order < is called a kinematic
space if is satisfies the following conditions:

Vada_,ay (a- <a<ay); Ya,b(a<b— Jc(a <c=<Db));

Describing All Possible.. . .

Va,b,c(a < b,c— Id(a <d=<b,c));
Va,b,c(b,c <a— 3Ad(b,c < d < a)).
e A kinematic space is called separable if there exists a

countable set {x,} such that

Va,b(a < b= Fi(a < z; <b)).

e For every separable kinematic space, we define conver-
gence s, — a as follows:

Va_,ay (a- <a<ar=3INVn(n>N=a_<s,<as))).




9.

Reconstructing Open Order from the Closed
Order (cont-d)

e For each set S, its closure S is defined as the set of all
the points a for which s, — a for some {s,} C S.

e A kinematic space is called normal if
be{c:a<ct<sac{c:c<b}.
e This relation is called closed order and denoted by

a<b.
e We say that a separable kinematic space is complete if
every <-decreasing bounded sequence has a limit.

e Theorem. [f =<' for two complete separable normal
kinematic orders < and <', then <=<'.

Combining Orders: . ..
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10. From Potentially Experimentally Confirmable
(EC) Relation to Actually EC One

e It is also important to check what can be confirmed
when we only have observations with a given accuracy.
e For example:

— instead of the knowing the exact time location of
an an event a,

— we only know an event a that preceded a and an
event @ that follows a.

e In this case, the only information that we have about
the actual event a is that it belongs to the interval

la, a] & {a:a<a<xa}l.

e [t is desirable to describe possible relations between
such intervals.




11. From Potentially Experimentally Confirmable
(EC) Relation to Actually EC One (cont-d)

e [t is desirable to describe possible relations between
such intervals.

e Such a description has already been done for intervals
on the real line.

e The resulting description is known as Allen’s algebra.

e In these terms, what we want is to generalize Allen’s
algebra to intervals over an arbitrary poset.

e Such a generalization is given in Chapter 4.

e Instead of intervals, we can also consider more general
sets.

e Some preliminary results are also given in this disser-
tation.




12. Extending Allen’s Result: Possible Relations
Between Intervals in Partially Ordered Sets

Theorem. For a combination of relations (r__,r_,ry_,riy),
the following two conditions are equivalent to each other:

e there exists a partially ordered set and values x < T
and y <7y from this set for which:
— r__ is the relation between x and y,
— r_, 1is the relation between x and 7,
— 4 18 the relation between T and y, and
— ro. is the relation between T and .
e the combination (r__,r_,,ry_,ry,) is equal to one of
the following combinations:
(<< << (< <=9, (< < <), (< <>, <),
(<7 < ”7 H)? ) (<> <>, :)7 (<7 <, >, ||)7 (<7 <>, >)7 R
(full list is given in Chapter 4).




13. Properties of Ordered Spaces

e Once a new ordered set is defined, we may be interested
in its properties.

e For example, we may want to know when such an order
is a lattice, i.e., when:

— for every two elements,

— there is the greatest lower bound and the least up-
per bound.

e If this set is not a lattice, we may want to know:

— when the order is a semi-lattice, i.e., e.g.,

— when every two elements have the least upper bound.
e The lattice property is analyzed in Chapter 5.

e In particular, we describe when special relativity-type
ordered spaces are lattices.




14. When Special-Relativity-Type Spaces Are Lat-
tices
e Let X be a metric space with distance d.

e A set IR x X with an ordering relation (¢,z) < (s,y) <
s —t>d(z,y) is called a Busemann product.

e A geodesic arc connecting two points xz,y is a set of
points z, for which xo =z, x1 = y, and

d(zq, xp) = |a — [
e A metric space is called a real tree if its every two points
can be connected by exactly one geodesic arc.

e Theorem. For each metric space X, the following
conditions are equivalent to each other:

— the Busemann product IR x X is a lattice;

— the space X 1is a real tree.




15. Towards Combining Ordered Spaces: Fuzzy
Logic

e In the traditional 2-valued logic, every statement is
either true or false.

e Thus, the set of possible truth values consists of two
elements: true (1) and false (0).

e Fuzzy logic takes into account that people have differ-
ent degrees of certainty in their statements.

e Traditionally, fuzzy logic uses values from the interval
[0, 1] to describe uncertainty.

e In this interval, the order is total (linear) in the sense
that for every a,a’ € [0, 1], either a < @’ or d’ X a.

e However, often, partial orders provide a more adequate
description of the expert’s degree of confidence.




16. Towards General Partial Orders

e For example, an expert cannot describe her degree of
certainty by an exact number.

e Thus, it makes sense to describe this degree by an n-

terval [d, d] of possible numbers.

e Intervals are only partially ordered; e.g., the intervals
[0.5,0.5] and [0, 1] are not easy to compare.

e More complex sets of possible degrees are also some-
times useful.

e Not to miss any new options, in this section, we con-
sider general partially ordered spaces.




17. Need for Product Operations

e Often, two (or more) experts evaluate a statement S.

e Then, our certainty in S is described by a pair (a1, as),
where a; € A; is the i-th expert’s degree of certainty:.

e To compare such pairs, we must therefore define a par-
tial order on the set A; x Ay of all such pairs.

e One example of a partial order on Ay x A, is a Cartesian
product: (ay,a9) < (af,d)) & ((a1 < a)) & (ag < dfy)).

e This is a cautious approach, when our confidence in S’
is higher than in S < it is higher for both experts.

e Lexicographic product: (a1,as) < (a},ab) <

(a1 < a)) &ay # ay) V (a1 = @) & (a2 < a)))).

e Here, we are absolutely confident in the 1st expert —
and only use the 2nd when the 1st is not sure.




18. Possible Physical Meaning of Lexicographic
Order

Idea:
e A, is macroscopic space-time,

e A, is microscopic space-time:




19. Products of Ordered Sets: What Is Known

e At present, two product operations are known:
e Cartesian product
(a1, a2) < (a}, ay) & (a1 <1 a) &ag <2 ay);

and

e [exicographic product
(a1,a2) < (a},a3) &
(a1 <1 ai & ay #ay) V(a1 = a) & ay <9 ab).

e (Question: what other operations are possible?




20. Describing All Possible Products: A Theorem

e By a product operation, we mean a Boolean function
P {T F}* = {T,F}.

e For every two partially ordered sets A; and Ay, we
define the following relation on A; x As:

def
(a17a2) < (a/17a/2) -

/ / / /
P(a; <1 aj,ay X1 a1, a2 <2 Ay, ay <2 a).

e We say that a product operation is consistent if < is
always a partial order, and

(a1 <1 a'l&ag <2 a'Q) = (a1,a2) < (allaaé)‘

e Theorem: FEvery consistent product operation is the
Cartesian or the lexicographic product.




21. Products: Natural Questions
e (Question: when does the resulting partially ordered set
Ay X Ay satisfy a certain property?
e Eramples: is it a total order? is it a lattice order?

e [t is desirable to reduce the question about A; x Ay to
questions about properties of component spaces A,.

e Some such reductions are known; e.g.:

— A Cartesian product is a total order < one of A; is
a total order, and the other has only one element.

— A lexicographic product is a total order if and only
if both components are totally ordered.

e In this dissertation, we provide a general algorithm for
such reduction.




22. Similar Questions in Other Areas

e Similar questions arise in other applications of ordered
sets.

e Fxample: in space-time geometry, a < b means that an
event a can influence the event b.

e Our algorithm does not use the fact that the original
relations are orders.

e Thus, our algorithm is applicable to a general binary
relation — equivalence, similarity, etc.

e Moreover, this algorithm can be applied to the case
when we have a space with several binary relations.

e Frample: we may have an order relation and a simi-
larity relation.




23. Definitions

e By a space, we mean a set A with m binary relations
Pi(a,d), ..., Pyla,d).

e By a 1st order property, we mean a formula F' obtained
from P;(x,2") by using logical V, &, =, —, Iz and V.

e Note: most properties of interest are 1st order; e.g. to
be a total order means Yava' ((a < a') V (d' % a)).

e By a product operation, we mean a collection of m
propositional formulas that

— describe the relation Pi((ay, az), (a), ay)) between the
elements (a1, az), (ay, ay) € A; x Ay

—in terms of the relations between the components
ai,a) € Ay and ag, al, € Ay of these elements.

e Note: both Cartesian and lexicographic order are prod-
uct operations in this sense.




24. Combining Orders: Main Result

e Theorem. There exists an algorithm that, given
e a product operation and
e a property I,
generates a list of properties Fi1, Fia, ..., Fp1, Fpp s.t.:
F(A1xAs) < ((F11(A1) & Fia(Ag))V. . V(F (A1) & Fje(Ag))).

e Erample: For Cartesian product and total order F', we

have
F(A1xAs) < (F11(A1) & F1a(A2))V(Fo (A1) & Fra(A9))) -

e F11(A;) means that A; is a total order,

e [5(As) means that Ay is a one-element set,

e F51(A;) means that A; is a one-element set, and
(As)

e [59(As) means that A, is a total order.




25. Proof of the Main Result

e The desired property F(A; x Ay) uses:

— relations P;(a, a’) between elements a,a’ € A; X Ay;

— quantifiers Ya and da over elements a € A; x As.

e Every element a € A; x Ay is, by definition, a pair
(a1, as) in which a1 € Ay and as € As.

e Let us explicitly replace each variable with such a pair.
e By definition of a product operation:

— each relation P;((a1, as), (af,a}))

— is a propositional combination of relations betw. el-
ements ap,a) € Ay and betw. elements as, a) € As.

e Let us perform the corresponding replacement.

e Each quantifier can be replaced by quantifiers corre-
sponding to components: e.g., V(ay, as) < VaVas.




26. Proof of the Main Result (cont-d)

e So, we get an equivalent reformulation of F' s.t.:

— elementary formulas are relations between elements
of Ay or between As, and

— quantifiers are over A; or over As.

e We use induction to reduce to the desired form
((F11(A1) & F12(A2)) V...V (Fpl(Al) & sz(Az))).

e Elementary formulas are already of the desired form —
provided, of course, that we allow free variables.

e We will show that:
— if we apply a propositional connective or a quanti-

fier to a formula of this type,

— then we can reduce the result again to the formula
of this type.




27. Applying Propositional Connectives

e We apply propositional connectives to formulas of the
type
((F11(A1) & Fia(Ag)) V...V (Fpi(Ar) & Fa(Ag))).
e We thus get a propositional combination of the formu-
las of the type Fi;(A4;).
e An arbitrary propositional combination can be described

as a disjunction of conjunctions (DNF form).

e Fach conjunction combines properties related to A;
and properties related to Ay, i.e., has the form

GLA) & ... &Gp(A) & i1 (As) & ... & Gy(Ay).

e Thus, each conjunction has the from G(A4;) & G'(A,),
where G(Al) ~ (Gl(Al) & ... &Gp(A1>)

e Thus, the disjunction of such properties has the desired
form.




28. Applying Existential Quantifiers

e When we apply da;, we get a formula

Jday (F11(A1) & Fia(A2)) V...V (Fp1 (A1) & Fia(Asg))).
e It is known that Ja (AV B) is equivalent to da AVda B.
e Thus, the above formula is equivalent to a disjunction

E|a1 (Fll(Al) & F12<A2>) V.. .\/3(11 (Fpl(Al) & Fpg(Az)).

e Thus, it is sufficient to prove that each formula
Jday (Fi1(A1) & Fio(Ay)) has the desired form.

e The term Fj3(As) does not depend on a; at all, it is all
about elements of As.

e Thus, the above formula is equivalent to
(Ja1 Fi1(Ar)) & Fia(As).

e So, it is equivalent to the formula F|(A;) & Fi2(As),
where F}; < Jay Fi1(Ay).




29. Applying Universal Quantifiers
e When we apply a universal quantifier, e.g., Vay, then
we can use the fact that Va, F' is equivalent to ~da; - F.

e We assumed that the formula F' is of the desired type
(F11(A1) & Fia(A2)) V...V (Fp (A1) & Fa(A)).
e By using the propositional part of this proof, we con-

clude that —F' can be reduced to the desired type.

e Now, by applying the 3 part of this proof, we conclude
that Ja; (—F") can also be reduced to the desired type.

e By using the propositional part again, we conclude that
—(da; —F) can be reduced to the desired type.

e By induction, we can now conclude that the original
formula can be reduced to the desired type.

e The main result is proven.




30. Example of Applying the Algorithm

e Let us apply our algorithm to checking whether a Carte-
sian product is totally ordered.

e In this case, F has the form VaVa' ((a < ')V (d' X a)).
e We first replace each variable a,a’ € Ay x Ay with the

corresponding pair:
V(a1, a2)V(ay, az) (a1, a2) < (ah, a3))V((ay, a3) < (a1, a2))).

e Replacing the ordering relation on the Cartesian prod-
uct with its definition, we get

V(ar,a9)¥(ay, ay) (a1 < @) &as < ay)V(a) < a1 & ay < as)).
e Replacing Va over pairs with individual Va;, we get:
VaiVasVa Vay ((a1 < aj & as < ay))V((a] < a1 & ay < as))).

e By using the V < —d—, we get an equivalent form

—Jai3asTaiTay —((a1 < a] & as < ay)V(a] < a1 & ahy < as))).




31. Example (cont-d)

e So far, we got:
—JaidasTa)Tag —((a; < @) &as < ay)V(a) < a1 & ay < as))).
e Moving — inside the propositional formula, we get
—Jai3aydaiFasy ((a1 £ ajVas £ ay) & (a] £ a1Vay £ as))).
e The formula (a1 £ a} V as £ a)) & (a] £ a1 V al, £ as)
must now be transformed into a DNF form.
e Theresultis (a; £ aj & a) £ a1)V(ay £ d} & a)y £ az)V
(a2 £ ay & ay £ a1) V (a2 £ ay & ay £ az).
e Thus, our formula is < —(Fy V Fy V F3 V Fy), where
Fi & JaydasTa’Fas (ay £ a) & ay £
Fy & Jaj3asda)Fas (a1 £ a) & aly £ as
F3 < JaydasTa’Fas (ag £ ab & ay %
Fy & Jai3az3a’Tal (az £ ah & aly %

Y

Y

a)
),
a)
az).




32. Example (cont-d)

e So far, we got < —(FyV Fy, V F3V Fy), where
Fy & Ja13as3a)Fa;y (a1 £ a) & a) £ ay),
Fy < JajdasTaiFasy (ag £ a) & al £ as),
F3 < JaydasTa)Fas (ag £ ab & ay £ ay)
Fy & Jai3as3a’Tal (az £ ay & aly £ as).

1

Y

e By applying the quantifiers to the corresponding parts
of the formulas, we get

Fi & Jay3d] (a1 £ d} &a) £ ay),
Fy & (a13a) ay £ a}) & (FasTas ay £ as),
F3 & (3a13a) a) £ a1) & (FasTay as £ aj),
Fy & Jay3ai3al (as £ aj&ay £ ag).
e Then, we again reduce =(F V Fy V F3 V Fy) to DNF.
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38. Case Study: Lattice Order in Fuzzy Logic
e Traditionally: fuzzy logic uses numbers d € [0, 1] as
truth values.

e These numbers are easy to compare: if d < d', this
means more confidence in the statement S’ than in S.

e One way to get the value d is by polling: if m out of n
experts believe in S, take d = m/n.

e Problem:

— if 4 out of 5 believe in S, we take d = 4/5 = 0.8,
but

— if we ask the 6th person, we never get 0.8 as m/6.

e Solution: instead of a single number d, use an interval

[d,d] C [0, 1] of possible values of d.
e Challenge: how to compare different intervals?

e FEzample: how to compare [0, 1] and [0.5,0.5]7




39. Extending < from Numbers to Intervals as a
Particular Case of a General Problem

e How to extend an order between numbers to intervals?
e Such problems are typical in fuzzy computations:

— we have a f-n f(xy,...,x,) defined for real numbers,

— we need to extend it to fuzzy numbers Xy,..., X,
(e.g., to intervals).

e Solution: Zadeh’s extension principle (ZEP).

e For intervals: according to Zadeh’s EP, we return the
range of all possible values of f(z1,...,x,):

def
F(Xy, ., X)) S {f(@n,. . x) i1 € X1, € Xy )

e The task of computing this range for different f(x1,...,z,)
and X; constitutes interval computations.




40. Zadeh’s Extension Principle Approach Applied
to the Original Ordering Relation <
e There are three possible situations:

— every a € [a,a] is smaller than or equal than every

b € [b,b]; then, the set < (a,b) = {1} (“true”);

— if none of a € [a,a] is smaller than or equal than
any b € [b,b], then < (a,b) = {0} (“false”);

—in all other case, the set < (a,b) contains both 1
and 0, i.e., we have < (a,b) = {0, 1}.

e So, < (a,b) is true if and only if

Va € aVb e b (a <D).

e This is, in turn, equivalent to

< (la.al, [b,0]) ®a<b.




41. Zadeh’s Extension Principle Applied to the
Function max(a, b)
e max(a, b) is non-strictly increasing in a and b.
e Thus, when a € [a,a], and b € [b, b]:

— the smallest possible value of max(a, b) is attained
when both a and b are the smallest:

a=a and b= b;

— the largest possible value of max(a,b) is attained
when both @ and b are the largest: @ = @ and b = b;
e So, max([a, ), [b, b]) = [max(a,b), max(a, b)].

e Now the relation a < b, defined as b = max(a, b),
takes the form ¢ < b and @ < b.

e This relation is actively used in interval-valued fuzzy
logic.




42. What We Do
e For the ordering relation @ < b (obtained by applying
Zadeh’s EP to <) we have a logical interpretation.

e The relation a < b and @ < b coming from max(a, b) is
different.

e Operations max(a,b) and min(a,b) form a lattice, so
this relation is called a lattice order.

e Problem: how to interpret the lattice order in logical
terms?

e In this paper: we provide the desired logical explana-
tion for the lattice order.

e For that, we use modal intervals, a practice-motivated
generalization of intervals.




43. Modal Intervals: A Brief Reminder

e Traditional interval computations:

— we know the intervals X1, ..., X,, containing z1, . .., x,;
— we know that a quantity z dependson z = (x1, ..., z,):
2= f(x1,...,2,);

— we want to find the range Z of possible values of z:

Z = |min f(z), max f(z)| .

e Control situations:

— the value z = f(x,u) also depends on the control
variables v = (u1, ..., Un);

— we want to find Z for which, for every x; € X;, we
can get z € Z by selecting appropriate u; € U;:

Ve Ju(z = f(z,u) € Z).




44. Reformulation in Logical Terms — of Modal
Intervals
e Reminder: we want Vzey Juey (f(x,u) € Z).
e There is a logical difference between intervals X and U.
e The property f(x,u) € Z must hold
— for all possible values x; € X;, but

— for some values u; € Uj.

e We can thus consider pairs of intervals and quantifiers
(modal intervals):

— each original interval X; is a pair (X;,V), while
— controlled interval is a pair (U;, 3).

e We can treat the resulting interval Z as the range de-
fined over modal intervals:

Z = f((X,V), ... . (Xp, V), (U1, 3), ..., (Ui, ).




45. Modal Intervals Explain Lattice Order

e The relation @ < b means that

Va € aVb € b (a <b).
e This corresponds to traditional interval computation
with V-intervals a and b.

e If we replace one of the traditional V-intervals with the
modal F-interval, we get two formulas:

Vacadbeb(a<b) (1)
Vbebdacala<h). (2)
e One can prove that:

— the first formula is equivalent to @ < b; and

— the second formula is equivalent to a < b.

e Thus, modal intervals indeed explain lattice order.




46. Proof: First Formula

Vaecadbeb(a<b)

e If ¢ < b for some b for which b < b < b then, by
transitivity, we get a < b.

e Vice versa, if a < b, then a < b for some b € [b,b]:
namely, for b = b.

e Every value a from the interval [a, @] is smaller than or
equal to b.

e If @ < b, this implies that for every value a < @, we
have a < b;

e Vice versa, if every a € [a,a] satisfies the inequality
a < b, then this inequality holds for @ € [a, a).

e Thus, the first formula is equivalent to @ < b.




47. Proof: Second Formula

Vbebda e a(a<b).

o If a < b for some a for which a < a < @ then, by
transitivity, we get a < b.

e Vice versa, if ¢ < b, then a < b for some a € [a,qal:
namely, for a = a.

e Every value b from the interval [b,b] is larger than or
equal to a.

e If o < b, this implies that for every value b > b, we
have a < b.

e Vice versa, if every b € [b,b] satisfies the inequality
a < b, then this inequality holds for b € [b, b].

e Thus, the second formula is equivalent to a < b.




48. Combining the two formulas: the resulting
logical interpretation.

e The following two formulas together are equivalent to
lattice order:
— The first formula is equivalent to @ < b.
— The second formula is equivalent to a < b.

e Namely, the order ¢ < b means that every element
a € a is smaller than or equal to every element b € b.

e In contrast, the lattice order is equivalent to the fol-
lowing two statements:

— for a given value a € a, once we know this value,
we can always select b € b for which a < b;

— for a given value b € b, once we know this value,
we can always select a € a for which a < b.




49. Possible generalizations of this interpretation

e If we consider intervals from the real line, the following
relation forms a lattice:

la,a] < [b,b] & (a <b&a < b)
e For every two intervals, there is a least upper bound
and a greatest lower bound.

e A similar definition can be formulated for a more gen-
eral case of intervals over a partially ordered set:

[a,b]déf r:iaxz=<b}

e In this case, the above relation is no longer a lattice,
but we can still prove that it is equivalent to:

Vacadbeb(axb)andVbebdacala=xb).
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53. Auxiliary Results: (GGeneral Idea and First Ex-
ample

e For each property of intervals in an ordered set A, we
analyze:

— which properties need to be satisfied for A; and A,

— so that the corresponding property is satisfies for
intervals in A; x A,.

e Connectedness property (CP): for every two points a, a’ €
A, there exists an interval that contains a and a':

VaVa' 3o Jat (a” < a,d < a”).
e This property is equivalent to two properties:
— A is upward-directed: Ya¥a' Ja™ (a,d’ K a™);
— A is downward-directed: YaVa' da” (o~ % a,d’).

o Cartesian product: A is upward-(downward-) directed
< both A; and Ay are upward-(downward-) directed.




54. Connectedness Property Illustrated

Connectedness property (CP): for every two points a,a’ €
A, there exists an interval that contains a and a':

VaVa' da~ Jat (a” < a,d’ < a™).

a’

a




55. Upward and Downward Directed: Illustrated

Upward-directed: Ya¥a' Ja™t (a,a’ < a™);




56. First Example, Case of Cartesian Product: Proof

e Part 1:

— Let us assume that A; x A, is upward-directed.
— We want to prove that A; is upward-directed.
— For any aq,a} € Ay, take any as € Ay, then

Ja* = (af, a3 ) such that (a1, as), (a}, as) < a*.
— Hence ay,d} x4 af, i.e., Ay is upward-directed.
e Part 2:
— Assume that both A; are upward-directed.

— We want to prove that A; X A, is upward-directed.
— For any a = (ay,a9) and o’ = (a},d}), for i = 1,2,
Ja; (a;, a; i af).
— Hence (a1, a9), (a},ay) < (af,ay), i.e., A x Ay is
upward-directed.




57. First Example: Case of Lexicographic Prod-
uct

e Ay X Ay is upward-directed < the following two con-
ditions hold:
— the set A; is upward-directed, and
—if A; has a maximal element @; (= for which there

are no a; with @; <i aq), then A, is upward-directed.

e A x Ay is downward-directed < the following two con-
ditions hold:

— the set A; is downward-directed, and

— if Ay has a minimal element a; (= for which there
are no a; for which a; <; a,), then A, is downward-
directed.




58. Case of Lexicographic Product: Proof

e Let us assume that A; x Ay is upward-directed.
e Part 1:

— We want to prove that A; is upward-directed.
— For any aq,a} € Ay, take any as € Ay, then

Ja* = (af, ay) for which (ay,as), (a},a2) < a™.
— Hence ay, d} x4 af, i.e., Ay is upward-directed.
e Part 2:

— Let @; be a maximal element of Aj;.

— For any ay, a) € A, we have
Ja* = (af, af) for which (@1, a2), (@1, a)) < a

— Here, a1 x4 af and since @; is maximal, af =a.

— Hence ay, ab <2 aj , i.e., Ay is upward-directed.




59. Proof (cont-d)

e Let us assume that A; is upward-directed.

e Let us assume that if A; has a maximal element, then
Ag is upward-directed.

e We want to prove that A; x A, is upward-directed.
e Take any a = (ay,a2) and o' = (a},a)) from Ay x As.
e Since A; is upward-directed, Jai (a1, a] <1 af).

o If a1 <y af, then (a1, a9), (a},dy) < (a7, db).

o If a} <1 af, then (a1, a9), (a},dy) < (aj,as).

e If a1 = af = d}, and @ is not a maximal element, then

daf (a1 <1 af), hence (a1, az), (af, ay) < (af, s9).

e If a; = af = a}, and @ is a maximal element, then A,

is upward-directed, hence Jay (ag, a} <9 a5 ) and

(a’la a2)7 (a’la a’/2) < <a17 CL;)




60. Second Example: Intersection Property

e The intersection of every two intervals is an interval.
e Comment: this is true for intervals on the real line.
e This can be similarly reduced to two properties:

— the intersection of every two future cones

Cr o {b:a < b} is a future cone;

- the intersection of every two past cones

dﬁf {b:b < a} is a past cone.

e If both properties hold, then the intersection of every
two intervals [a,b] = C N C} is an interval.

e Ordered sets with such C* and C~ properties are called
upper and lower semi-lattices.

e For Cartesian product: A; X Ay is an upper (lower)
semi-lattice <> both A; are upper (lower) semi-lattices.




61. Intersection Property Illustrated

Intersection property for intervals:

Upper and lower semi-lattice properties:

a ada
a a




	Partial Orders are Important
	Overview
	Brief Outline
	Uncertainty is Ubiquitous in Applications of Partial Orders
	First Result: Possible and Necessary Orders
	Uncertainty-Motivated Experimentally Confirmable Relation
	Uncertainty-Motivated Experimentally Confirmable Relation (cont-d)
	Reconstructing Open Order from the Closed Order
	Reconstructing Open Order from the Closed Order (cont-d)
	From Potentially Experimentally Confirmable (EC) Relation to Actually EC One
	From Potentially Experimentally Confirmable (EC) Relation to Actually EC One (cont-d)
	Extending Allen's Result: Possible Relations Between Intervals in Partially Ordered Sets
	Properties of Ordered Spaces
	When Special-Relativity-Type Spaces Are Lattices
	Towards Combining Ordered Spaces: Fuzzy Logic
	Towards General Partial Orders
	Need for Product Operations
	Possible Physical Meaning of Lexicographic Order
	Products of Ordered Sets: What Is Known
	Describing All Possible Products: A Theorem
	Products: Natural Questions
	Similar Questions in Other Areas
	Definitions
	Combining Orders: Main Result
	Proof of the Main Result
	Proof of the Main Result (cont-d)
	Applying Propositional Connectives
	Applying Existential Quantifiers
	Applying Universal Quantifiers
	Example of Applying the Algorithm
	Example (cont-d)
	Example (cont-d)
	Acknowledgments
	My Publications
	My Publications (cont-d)
	My Publications (cont-d)
	My Publications (cont-d)
	Case Study: Lattice Order in Fuzzy Logic
	Extending < from Numbers to Intervals as a Particular Case of a General Problem
	Zadeh's Extension Principle Approach Applied to the Original Ordering Relation 
	Zadeh's Extension Principle Applied to the Function max(a,b)
	What We Do
	Modal Intervals: A Brief Reminder
	Reformulation in Logical Terms – of Modal Intervals
	Modal Intervals Explain Lattice Order
	Proof: First Formula
	Proof: Second Formula
	Combining the two formulas: the resulting logical interpretation.
	Possible generalizations of this interpretation
	Space-Time Geometry: Physical References
	Space-Time Geometry: Mathematical and Computational References
	References: Uncertainty Logic
	Auxiliary Results: General Idea and First Example
	Connectedness Property Illustrated
	Upward and Downward Directed: Illustrated
	First Example, Case of Cartesian Product: Proof
	First Example: Case of Lexicographic Product
	Case of Lexicographic Product: Proof
	Proof (cont-d)
	Second Example: Intersection Property
	Intersection Property Illustrated

