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Abstract

In many areas of human knowledge, symmetries and invariances play an important role.

In fundamental physics, starting with Relativity Theory, new physical theories have been

formulated in terms of invariances and of the corresponding transformation groups – i.e., in

terms what a mathematician would call an algebraic approach. In engineering, devices like

wind tunnels, which are based on scale-invariance, enable us to test smaller-scale models

of the actual designs. In biological sciences, symmetries and invariances are extremely

important in analyzing the shape and functioning of living beings, from mammals to viruses.

Invariance and symmetry – in the form of fairness – are an extremely important topic in

social sciences.

Because of ubiquity of invariances, it is reasonable to take them into account when pro-

cessing data corresponding to different domains. In this thesis, we show, on examples from

various application domains – physics, engineering, medicine, economics, social sciences,

education, even mathematics itself – that the algebraic approach is indeed very helpful in

data processing, both in providing theoretical justifications for heuristic techniques and in

coming up with new more efficient data processing methods. We also show that algebraic

approach is helpful not only in specific applications, but also in analyzing and develop-

ing computational methods leading to these applications – methods ranging from deep

learning to fuzzy and probabilistic techniques to other promising techniques such as DNA

computing.
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Chapter 1

Introduction

1.1 What Is Data Processing and Why Do We Need

It?

One of the main objectives of science and engineering is:

� to predict the future state of the world – i.e., the future values of the quantities that

characterize this state, and

� to find the way to make this future state better – by finding the appropriate values

of the parameters of the gadgets and of their controls.

To make these predictions – and to find the appropriate designs and controls – we need

to take into account the current state of the world and the knowledge of how the world

changes. The values of the quantities describing the current state of the world come from

measurements or from expert estimates. Based on our knowledge of how the world changes,

we design algorithms for processing the resulting data. This, in a nutshell, is what data

processing is about.

1.2 Why Algebraic Approach?

How do we gain knowledge about the world? For example, how did we learn that if we drop

an object, it will fall with the acceleration of 9.81 m/sec2? Well, the scientists dropped an

object once, and observed this fall. Then they moved to a different location and repeated

1



the same experiment – and got the exact same result. Then they turned by an angle – and

also got the same result. After several such experiments, they concluded that the result of

this experiment does not change if we move to a different location or turn by some angle.

In other words, they concluded that this process is invariant with respect to shifts and

rotations.

In other cases, other transformations are appropriate. For example, the whole idea

of a wind tunnel – in which smaller-size airplane models used to be tested – is that the

corresponding processes do not change if we re-scale the objects. In electrodynamics, all

interactions remain the same if we replace all positive charges with negative ones, and vice

versa. According to Special Relativity theory, processes do not change if everything starts

moving with a constant speed, etc.

In all these cases, we have some transformations with respect to which processes are

invariant. In mathematics, studying the classes of such transformation is classified as part

of algebra. From this viewpoint, algebraic approach to designing (and optimizing) data

processing algorithms is a very natural idea.

In this thesis, we describe applications of this idea to various aspects of algorithmics.

Comment. An important particular case of invariance is invariance with respect to ge-

ometric transformations. Such invariances are known as symmetries. Based of this, all

invariances are often called symmetries. Under this name, they are one of the most impor-

tant tools in physics (see, e.g., [68, 180]) to the extent that nowadays, new physical theories

are usually formulated not in terms of differential equations – as in Newton’s times – but

in terms of the corresponding symmetries.

1.3 What We Do in This Thesis: An Overview

We start with the general analysis of the situation:

� what are the most natural and the most frequent transformations (Chapter 2),

2



� which functions and which families of functions are invariant with respect to these

transformations (Chapter 3), and

� what is the general relation between invariance and optimality (Chapter 4).

Once we have presented the corresponding results, we describe applications of algebraic

approach – applications both to providing theoretical justifications for the existing heuristic

application techniques and to developing new techniques. In particular, we list the following

applications:

� to dynamic systems in general – in Chapter 5;

� to physics – in Chapters 6 and 7;

� to engineering – in Chapters 8 and 9;

� to medicine – in Chapters 10–15;

� to economics – in Chapters 16–22;

� to social sciences – in Chapter 23;

� to education – in Chapter 24–25; and

� to mathematics – in Chapter 26.

In addition to specific applications, we also apply algebraic techniques to computational

methods leading to such applications. At present, the most promising data processing

techniques are techniques corresponding to machine learning, especially to neural networks,

in particular, to deep neural networks. These techniques are very successful, but they are

not perfect.

One of the problems is that these techniques are largely heuristic, many of their features

lack a solid theoretical foundation – a foundation that would increase our trust in these

techniques. In Chapter 27, we use algebraic approach to provide a justification for some

3



of these features – and we show that this justification also explains a successful heuristic

modification of some of these features. Another modification is justified in Chapter 28.

Yet another problem of deep learning is that it is a black box, its results do not come with

any explanations. If we could add some natural-language explanations, that would make

these results more convincing and thus, more acceptable. Need for such explanations – i.e.,

for understandability of the results – leads to considering fuzzy techniques, see Chapter 29.

In Chapter 30, we show that this leads to a new justification for rectified linear activation

functions which are so successfully used in deep learning; we also explain which versions of

fuzzy techniques is computationally the fastest. In Chapter 31, we analyze which versions

are the best if we use different criteria. Two auxiliary fuzzy-related results are described in

Chapters 32 and 33: which degrees to use and how to explain some features of commonsense

reasoning.

A known alternative to fuzzy techniques are probabilistic techniques. They work per-

fectly well when we have the full information about the corresponding probabilities, but

in many practical situations, we do not have this information. In this case, as we show in

Chapters 34 and 35, algebraic approach can help select the corresponding probability dis-

tributions; limitations of this selection are described in Chapter 36. Finally, in Chapter 37,

we explore data processing techniques beyond neural and fuzzy: namely, DNA computing.

1.4 Thanks

Many thanks to committee members Vladik Kreinovich, Martine Ceberio, and Piotr Woj-

ciechowski for their guidance and help. Thanks to Departments of Mathematical Sciences

and Computer Science and to their Chairs Maria Christina Mariani, Salamah Salamah,

and Shahriar Hossain for their support.

Last but not the least, many thanks for my beloved wife Esmeralda and to our children

Alexander and Andrea for their love and patience.

4



Chapter 2

What Are the Most Natural and the

Most Frequent Transformations

2.1 Main Idea: Numerical Values Change When We

Change a Measuring Unit And/Or Starting Point

In data processing, we deal with numerical values of different physical quantities. Com-

puters just treat these values as numbers, but from the physical viewpoint, it is important

to understand that the numerical values are not absolute: they change if we change the

measuring unit and/or the starting point for measuring the corresponding quantity.

2.2 Scaling Transformations

Let us first analyze what happens if we change the measuring unit. For example, we can

measure a person’s height in meters or in centimeters. The same height of 1.7 m, when

described in centimeters, becomes 170 cm. In general, if we replace the original measuring

unit with a new unit which is λ times smaller, then for each physical quantity, instead of the

original numerical value x, we get a new numerical value λ · x – while the actual quantity

remains the same. The corresponding transformation x → λ · x is known as scaling.
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2.3 Shifts

For some physical quantities, e.g., for time or temperature, the numerical value also depends

on the starting point. For example, we can measure the time by counting how much

time has passed during the flight – i.e., by using the flight start time as a starting point.

Alternatively, we can use the usual calendar time, in which Year 0 is the starting point. In

general, if we replace the original starting point with the new one which is x0 units earlier,

than each original numerical value x is replaced by a new numerical value x + x0. The

corresponding transformation x → x+ x0 is known as a shift.

2.4 Linear Transformations

In general, if we change both the measuring unit and the starting point, we get a linear

transformation: from the original value x, we get to λ · x+ x0. A usual example of such a

transformation is a transition from Celsius to Fahrenheit temperature scales: if we know the

temperature tC is Celsius, then the Fahrenheit temperature tF is equal to tF = 1.8 · tC +32.

2.5 Geometric Transformations

In the previous text, we only considered transformations that transform the value of a

single variable. In addition to such transformations, we also have natural transformation

that transform two or more variables. For example, a planar rotation transforms the

coordinates (x, y) into new coordinates (X, Y ) which are related to the original ones by

linear formulas.

In addition to rotations, it sometimes makes sense to consider more general linear

transformations xi → ai +
n∑

j=1

aij · xj known as affine transformations.
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2.6 Beyond Linear Transformations

In the previous text, we considered linear transformations between different scales. In some

cases, the relation between different scales is non-linear. For example, we can measure the

earthquake energy is Joules (i.e., in the usual scale) or in a logarithmic (Richter) scale.

The possibility of non-linear transformations raises a natural question: what are the

natural transformations between different scales?

� First, as we have argued in the previous text, all linear transformations are natural.

� Second, if we have a natural transformation f(x) from scale A to another B, then

the inverse transformation f−1(x) from scale B to scale A should also be natural.

� Third, if f(x) and g(x) are natural scale transformation, then we can apply first g(x)

to get y = g(x) and then f to get f(y) = f(g(x)). Thus, the composition f(g(x)) of

two natural transformations should also be natural.

In mathematical terms, the class of transformations that contain an identity mapping

f(x) = x and that satisfies the second and third properties is called a transformation

group. In these terms, the above properties can be reformulated as follows: the class T of

natural transformations is a transformation group that contains all linear transformations.

We also need to take into account that in a computer, at any given moment of time, we

can only store the values of finitely many parameters. Thus, the transformations from the

desired transformation group T should be determined by a finite number of parameters.

In mathematical terms, the smallest number of parameters needed to describe a family is

known as the dimension of this family – just like the fact that we need 3 coordinates to

describe any point in space means that the physical space is 3-dimensional. In these terms,

the transformation group T must be finite-dimensional.

Interestingly, the above requirements uniquely determine the class of all possible natural

transformation. This result can be traced back to Norbert Wiener, the father of cybernetics.

In his seminal book Cybernetics [212] that started this research area, he noticed that when
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we approach an object form afar, our perception of this object goes through several distinct

phases:

� first, we see a blob; this means that at a large distance, we cannot distinguish be-

tween images obtained each other by all possible continuous transformations; in other

words, this phase corresponds to the group of all possible continuous transformations;

transformations);

� as we get closer, we start distinguishing angular parts from smooth parts, but still

cannot compare sizes; this corresponds to the group of all projective transformations;

� after that, we become able to detect parallel lines; this corresponds to the group of all

transformations that preserve parallel lines – i.e., to the group of all linear (= affine)

transformations;

� when we get even closer, we become able to detect the shapes, but we still cannot

distinguish between larger objects that are further away and smaller objects which

are closer – our binocular vision (that enables us to make this distinction) only starts

working at shorter distances; this corresponds to the group of all homotheties;

� finally, as we get much closer, we see the exact shapes and sizes; this means that only

the identity transformation remains.

Wiener argued that there are no other transformation groups – since if there were other

transformation groups, after billions years of evolutions, we would use them. In precise

terms, he conjectured that the only two finite-dimensional transformation groups that

contain all linear transformations are the groups of all linear transformations and the group

of all projective transformations.

Interestingly, this was proven to be true, so we need to consider projective transfor-

mations. In particular, for transformations of the real line, projective transformations are

simply fractional-linear transformations; see, e.g., [111, 137] and references therein:

f(x) =
a · x+ b

c · x+ d
.
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2.7 Permutations

In the discrete case, it is often natural to consider permutations π : {1, . . . , n} → {1, . . . , n}.

For example, if we are considering solutions to economic situations involving several par-

ticipants, then fairness means, in particular, that the solution should not depend on the

order in which these participants are presented, i.e., that this solution should be invariant

with respect to all possible permutations.
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Chapter 3

Which Functions and Which Families

of Functions Are Invariant

3.1 Why Do We Need Invariant Functions

As we have mentioned earlier, our main objective is to study the relation between

several quantities. In computational terms, this relation corresponds to an algorithm

y = f(x1, . . . , xn) that transforms the inputs x1, . . . , xn into the result y. In mathematical

terms, this dependence represents a function, so we need to study functions.

In line with what we discussed, we want to analyze processes which are invariant with

respect to certain transformations. Thus, we need to study functions which are invariant

with respect to these transformations.

In particular, since changing the measuring unit and/or starting point changes the

numerical values but does not change the actual quantity, it is therefore reasonable to

require that physical equations do not change if we simply change the measuring unit

and/or change the starting point.

3.2 What Does It Mean for a Function to Be Invariant

Of course, to preserve the physical equations, if we change the measuring unit and/or

starting point for one quantity, we may need to change the measuring units and/or starting

points for other quantities as well. For example, there is a well-known relation v = d/t

between average velocity v and time t. If we change the measuring unit for measuring time,
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this formula remains valid – but only if we accordingly change the unit for velocity. For

example, if we replace hours with seconds, then, to preserve this formula, we also need to

change the unit for velocity from km/h to km/sec.

In general, a dependence y = f(x1, . . . , xn) is invariant if whatever appropriate natural

transformation (x1, . . . , xn) → (X1, . . . , Xn) we apply to the inputs, we should still have

Y = f(X1, . . . , Xn), where Y is obtained from y by a corresponding natural transformation.

3.3 Example: Scale-Invariant Functions of One Vari-

able

Let us consider the simplest case when we have a function of one variable y = f(x), and we

consider the simplest transformations – scaling. Which are then the invariant functions?

According to the above general definition, in this case, invariance means that for each

λ > 0, if we changing all numerical values of the variable x to re-scaled values X = λ · x,

then the formula y = f(x) should remain valid – i.e., we should have Y = f(X) – once

we appropriately re-scale the weight function y as well, from y to Y = µ(λ) · y, for some

function µ(λ).

In other words, if in the original units, we have f(x) = y, then in the new units, we will

have f(X) = Y . Substituting the expressions for Y and X into this formula, we conclude

that f(λ · x) = µ(λ) · y and thus,

f(λ · x) = µ(λ) · f(x).

It is known that all measurable (in particular, all monotonic) solutions of this functional

equation have the form y = f(x) = A · xα for some values A and α; see, e.g., [2].

This dependence is known as the power law. Thus, power laws are the only possible

scale-invariant dependencies.
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3.4 What If We Have Both Shift- and Scale-

Invariance?

It is also natural to consider the dependence y = f(x) for which, for each linear re-scaling of

the x-scale, there is a corresponding linear re-scaling of the y-scale in which the dependence

looks exactly the same. In other words, for every ax and bx there exist such values ay and

by that for each x and y, y = f(x) implies that ỹ = f(x̃), where x̃ = ax · x + bx and

ỹ = ay · y + by.

It turns out that among all continuous dependencies – or, even more generally, among

all the functions f(x) which are, in some reasonable sense, definable – the only functions

f(x) satisfying this invariance property are linear functions

y = a · x+ b.

For linear functions, invariance is easy to prove. Indeed, suppose that y = a · x + b.

Multiplying both sides by ax, we conclude that ax ·y = a·(ax ·x)+ax ·b. Here, ax ·x = x̃−bx,

so we get ax · y = ax · x̃+ ax · b− a · bx. If we add a constant c = b− (ax · b− a · bx) to both

sides of this equality, we conclude that ax · y + c = a · x̃+ b, i.e., that ỹ = a · x̃+ b, where

the coefficients in the expression ỹ = ay · y + by are equal to ay = ax and by = c.

That only linear functions have this property is more difficult to prove; see, e.g., [1].

3.5 Which Families of Functions Are Invariant: Case

of Shift-Invariance

Why families of functions. In the previous sections, we considered the case when we

have a singe function f(x). In practice, in different situations, we may have different

functions, i.e., we have the whole family of functions.

How to describe a family of functions. A natural way to describe a family of functions
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is to select some basis e1(x), . . . , ed(x), and consider the family h of all the functions of

the type d(x) = c1 · e1(x) + . . .+ cd · ed(x).

Which families are shift-invariant? Shift-invariance means that for each function d(x)

from the family h and for each real number a, the function d(x + a) also belongs to h. In

particular, this is true for the basis functions e1(x), . . . , ed(x). Thus, for each i and a, there

exist coefficients cij(a) depending on a for which

ei(x+ a) = ci1(a) · e1(x) + . . .+ cid(a) · ed(x). (3.1)

In particular, for each i, if we select d different values x1, . . . , xd, then we get the following

system of d linear equations for determining the coefficients cij(a):

ei(x1 + a) = ci1(a) · e1(x1) + . . .+ cid(a) · ed(x1),

. . .

ei(xd + a) = ci1(a) · e1(xd) + . . .+ cid(a) · ed(xd).

Here, the coefficients ej(xk) are constants, so the values cij(a) are linear combinations of

the right-hand sides ei(xk + a). Since the functions ei(x) are differentiable, we conclude

that the values cij(a) are also differentiable functions of a.

So, both sides of the equality (3.1) are differentiable. Thus, we can differentiate them

with respect to a and then plug in a = 0. As a result, we get the following system of

differential equations:

e′1(x) = C11 · e1(x) + . . .+ C1d · ed(x),

. . .

e′d(x) = Cd1 · e1(x) + . . .+ Cdd · ed(x),

where Cij
def
= c′ij(0).

In other words, for the functions e1(x), . . . , ed(x), we get a system of linear differential

equations with constant coefficients. It is known that each solution of such system is a

linear coefficient of the functions

xp · exp(α · x), (3.2)
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where α is an eigenvalue of the matrix ∥Cij∥ – which is, in general, a complex number α =

a+i ·b, and p is a natural number which does not exceed the multiplicity of this eigenvalue.

In real-number terms, we get a linear combination of the expressions tp·exp(a·t)·sin(b·t+φ).

So, every function form a shift-invariant family is a linear combination of such functions.

3.6 Which Families of Functions Are Invariant: Case

of Scale-Invariance

Scale-invariance means that for each function d(x) from the family h and for each positive

real number λ > 0, the function d(λ · x) also belongs to h. In particular, this is true for

the basis functions ei(x).

If we introduce an auxiliary variable X
def
= ln(x), then replacing x with λ ·x corresponds

to replacing X with X+a, where a
def
= ln(λ). So, for the correspondingly re-scaled functions

Ei(X)
def
= ei(exp(X)), we conclude that for each such function and for each real number

a, the function Ei(X + a) is a linear combination of functions E1(X), . . . , Ed(X). We

already know, from Part 8 of this proof, that this implies that each function Ei(X) is a

linear combination of the functions Xp · exp(α ·X). Thus, each function ei(x) = Ei(ln(x))

is a linear combination of expressions

(ln(x))p · exp(α · ln(x)) = (ln(x))p · xα, (3.3)

In real-number terms, taking into account that α = a+ i · b, we get a linear combination of

the expressions

(ln(f))p · exp(a · ln(f)) · (cos(b · ln(f)) + i · sin(b · ln(f))).

Here, exp(a · ln(f)) = (exp(ln(f))a = fa, so the above expression has the form

(ln(f))p · fa · (cos(b · ln(f)) + i · sin(b · ln(f))).

So, every function form a scale-invariant family is a linear combination of such functions.
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3.7 What If We Have Both Shift- and Scale-Invariance

We have shown that a function from a shift-invariant family can be represented as linear

combinations of the expressions (3.2), while a function from a scale-invariant family is a

linear combination of expressions (3.3). One can see that the only possibility for a function

to be represented both in forms (3.2) and (3.3) is to avoid logarithms and exponential

functions altogether, i.e., to have ei(x) equal to a linear combination of the terms xp for

natural p, i.e., to have all functions ei(x) polynomials.

Thus, if we have a shift- and scale-invariant family, then each function from this class

is a polynomial – as a linear combination of d polynomials ei(x).

3.8 Which Linear Transformations Are Shift-

Invariant

In the previous sections of this chapter, we considered the case when a quantity y depends

on the values of the quantities xi – meaning that the values y(t) of the quantity y at moment

t is determined by the values xi(t) of the quantities xi at this same moment of time.

In practice, sometimes, the value y(t) depends also on the previous values of the quan-

tities xi, i.e., on the values xi(s) for moments s < t. This is typical, e.g., in medical and

social applications: the current state of population health y(t) is determined not only by

the current factor such as current nutrition, pollution, etc., but also by the past events.

In many cases, this dependence is linear. A general linear dependence has the form

y(t) = y0(t) +
n∑

i=1

∫
ci(t, s) · xi(s) ds

for some coefficients ci(t, s).

In many practical situation, the system does not change much during the time when

measurements are performed. So if we consider similar external factors that started t0 mo-

ments earlier, i.e., if we take x̃i(t) = xi(t+t0) instead of xi(t), then the output should change
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accordingly, to ỹ(t) = y(t+t0). How can we describe such invariant linear transformations?

Here, on the one hand, we have

ỹ(t) = y0(t) +
n∑

i=1

∫
ci(t, s) · x̃i(s) ds = y0(t) +

n∑
i=1

∫
ci(t, s) · xi(s+ t0) ds,

which, if we introduce a new variable s̃ = s+ t0 for which ds̃ = ds, leads to

ỹ(t) = y0(t) +
n∑

i=1

∫
ci(t, s̃− t0) · xi(s̃) ds̃.

On the other hand,

ỹ(t) = y(t+ t0) = y0(t+ t0) +
n∑

i=1

∫
ci(t+ t0, s) · xi(s) ds.

So, for all inputs xi(t), we should have

y0(t) +
n∑

i=1

∫
ci(t+ t0, s) · xi(s) ds = y0(t+ t0) +

n∑
i=1

∫
ci(t, s− t0) · xi(s) ds.

Two linear functions coincide if:

� their free terms coincide, i.e., in this case, y0(t) = y0(t+ t0) for all t and t0, and

� the coefficients at all the unknown (in this case, xi(s)) coincide, so we must have

ci(t+ t0, s) = ci(t, s− t0).

From the equality y0(t) = y0(t+ t0), we conclude that y0(t) is constant.

From the equality ci(t + t0, s) = ci(t, s − t0), for every two values v1 and v2, we can

take s = t0 = v2 and t = v1 − v2 and conclude that ci(v1, v2) = ci(v1 − v2, 0), i.e., that

ci(v1, v2) = zi(v1 − v2), where we denoted zi(v)
def
= ci(v, 0). Substituting y0(t) = const and

the above expression for ci(v1, v2) into the formula that describes the relation between xi(t)

and y(t), we conclude that

y(t) = y0 +
n∑

i=1

∫
zi(t− s) · xi(s) ds.

Comment. Each term
∫
zi(t− s) · xi(s) ds is known as a convolution of functions z(t) and

xi(t).
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Chapter 4

What Is the General Relation

Between Invariance And Optimality

4.1 What Is an Optimality Criterion

Out of all possible alternatives, we want to select an alternative which is, in some reasonable

sense, optimal. For this, we need to be able to describe when some alternatives are better

than others.

In practice, usually, optimality criteria are described in numerical form: we have an

objective function f(a) that assigns a numerical value to each possible alternative a, and

we want to select an alternative for which this value is the largest possible (or, depending

on the context, the smallest possible). For example, a company want to maximize its profit,

a city wants to upgrade its road system so as to minimize the average travel time, etc.

However, often, we need to go somewhat beyond this approach. Indeed, for example,

a company may have two (or more) different projects that lead to the same expected

profit. In this case, we can use this non-uniqueness to optimize something else – e.g.,

out of all most-profitable projects, select the one that leads to the smallest possible long-

term environmental impact. In this case, we have a more complex criterion for comparing

alternatives: instead of saying that an alternative a is better than the alternative b if

f(a) > f(b), we say that a is better if either f(a) > f(b) or f(a) = f(b), and g(a) > g(b)

for some other numerical criterion g(a). If this still does not select us a unique alternative,

we can optimize yet something else, etc. In view of this possibility, in this chapter, we do

not restrict ourselves to numerical optimization criteria and use the most general definition
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of the optimality criterion, when:

� for some pairs of alternatives a and b, we know that a is better (we will denote it by

b < a),

� for some pairs of alternatives a and b, we know that b is better (a < b), and

� for some pairs of alternatives a and b, a and b are of the same value (we will denote

it by a ∼ b).

Clearly, if b is better than a and c is better than b, then c should be better than a, etc.

Thus, we arrive at the following definition:

Definition 4.1. Let A be a set; elements of this set will be called alternatives. By an

optimality criterion, we mean a pair of binary relations (<,∼) on the set A for which the

following properties hold:

� if a < b and b < c, then a < c;

� if a < b and b ∼ c, then a < c;

� if a ∼ b and b < c, then a < c;

� if a ∼ b and b ∼ c, then a ∼ c;

� if a ∼ b, then b ∼ a;

� if a < b, then we cannot have b < a or a ∼ b.

Comment. Such a pair of relations is sometimes called a partial pre-order.

Definition 4.2. Let (<,∼) be an optimality criterion on a set A. An alternative aopt is

called optimal with respect to this criterion if for every alternative a ∈ A, we have a < aopt

or a ∼ aopt.
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4.2 We Need a Final Optimality Criterion

If an optimality criterion does not select any alternative as optimal, this means that this

criterion still needs work – this may happen if for most pairs of alternatives, this criterion

does not tell us which alternative is better. So, for the optimality criterion to be useful, it

must select at least one optimal alternative.

If the criterion selects several alternatives as optimal, this means – as we have mentioned

earlier – that this criterion is not final: we can use the resulting non-uniqueness to optimize

something else, i.e., in effect, to come up with a better optimality criterion. If for this

better criterion, we still have several optimal alternatives, we can (and should) modify this

criterion even further, etc., until we finally get a criterion for which there is exactly one

optimal alternative. Thus, we arrive at the following natural definition.

Definition 4.3. We say that an optimality criterion is final if there exists exactly one

alternative which is optimal with respect to this criterion.

4.3 It Is Often Reasonable to Require That the Opti-

mality Criterion Be Invariant

In the situations, when there are natural transformations T that do not change the situation

– e.g., changing the measuring unit – it makes sense to require expect that which alternative

is better should not change after this transformation.

Definition 4.4. Let A be a set of alternatives, let (<,∼) be an optimality criterion of the

set A, and let T be a class of transformations A → A. We say that the optimality criterion

(<,∼) is T -invariant if for every T ∈ T and for all a, b ∈ A, the following two properties

hold:

� if a < b then T (a) < T (b), and

� If a ∼ b, then T (a) ∼ T (b).
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4.4 Main Result of This Chapter

Proposition 4.1. Let Let A be a set of alternatives, and let (<,∼) be a final T -invariant

optimality criterion on the set A. Then the optimal alternative aopt is also T -invariant,

i.e., T (aopt) = aopt for all T ∈ T .

Proof. Since the optimality criterion is final, there exists exactly one alternative aopt which

is optimal with respect to this criterion, i.e., for which a < aopt or a ∼ aopt for all other

alternatives a.

Due to optimality, for each alternative a and for each transformation T ∈ T , for the

alternative T−1(a), we have either T−1(a) < aopt or T
−1(a) ∼ aopt.

Since the optimality criterion is T -invariant, we thus have either T (T−1(a)) < T (aopt) or

T (T−1(a)) ∼ T (aopt). Here, by the definition of the inverse transformation, T (T−1(a)) = a,

so we conclude that for every alternative a, we have either a < T (aopt) or a ∼ T (aopt). By

definition of optimality, this means that the alternative T (aopt) is optimal. However, our

optimality criterion is final, which means that there is only one optimal alternative. Thus,

indeed, T (aopt) = aopt.
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Chapter 5

General Application: Dynamical

Systems

It can be proven that linear dynamical systems exhibit either stable behavior, or unstable

behavior, or oscillatory behavior, or transitional behavior. Interesting, the same classifi-

cation often applies to nonlinear dynamical systems as well. In this paper, we provide a

possible explanation for this phenomenon, i.e., we explain why a classification based on

linear approximation to dynamical systems often works well in nonlinear cases.

Results from this chapter first appeared in [198].

5.1 Problem: Why a Linear-Based Classification Of-

ten Works in Nonlinear Cases

Dynamical systems are ubiquitous. To describe the state of a real-life system at any

given moment of time, we need to know the values x = (x1, . . . , xn) of all the quantities

that characterize this system. For example, to describe the state of a mechanical system

consisting of several pointwise objects, we need to know the position and velocities of all

these objects. To describe the state of an electric circuit, we need to know the currents and

voltages, etc.

In many real-life situation, the corresponding systems are deterministic – in the sense

that the future states of the system are uniquely determined by its current state. Some-

times, to make the system deterministic, we need to enlarge its description so that it

21



incorporates all the objects that affect its dynamics. For example, the system consisting

of Earth and Moon is not deterministic in its original form – since the Sun affects its

dynamics, but once we add the Sun, we get a system with a deterministic behavior.

The fact that the future dynamics of the system is uniquely determined by its current

state means, in particular, that the rate ẋ with which the system changes is also uniquely

determined by its current state, i.e., that we have ẋ = f(x), for some function f(x). This

equation can be described coordinate-wise, as

ẋi = fi(x1, . . . , xn). (5.1)

Systems that satisfy such equations are known as dynamical systems; see, e.g., [76].

Simplest case: linear systems. The simplest case is when the rate of change

fi(x1, . . . , xn) of each variables is a linear function, i.e., when

ẋi = ai0 +
n∑

j=1

aij · xj. (5.2)

In almost all such cases – namely, in all the cases when the matrix aij is non-degenerate

– we can select constants si so that for the correspondingly shifted variables yi = xi + si,

the system gets an even simpler form

ẏi =
n∑

j=1

aij · yj. (5.3)

Indeed, substituting xi = yi−si into the formula (5.2), and taking into account that ẏi = ẋi,

we conclude that

ẋi = ai0 +
n∑

j=1

aij · (yj − sj) = ai0 +
n∑

j=1

aij · yj −
n∑

j=1

aij · sj.

Thus, if we select the value sj for which ai0 =
n∑

j=1

aij · sj for each i, we will indeed get the

formula (5.2).

For the equation (5.2), the general solution is well known: it is a linear combination of

expressions of the type tk ·exp(λ · t), where λ is an eigenvalue of the matrix ∥aij∥ – which is,
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in general, a complex number λ = a+i ·b, and k is a natural number which does not exceed

the multiplicity of this eigenvalue. In real-number terms, we get a linear combination of

the expressions tk · exp(a · t) · sin(b · t+ φ).

Depending on the values of λ, we have the following types of behavior:

� when a < 0 for all the eigenvalues, then the system is stable: no matter what state

we start with, it asymptotically tends to the state y1 = . . . = yn = 0;

� when a > 0 for at least one eigenvalue, then the system is unstable: the deviation

from the 0 state exponentially grows with time;

� when a = 0 and b ̸= 0, we get an oscillatory behavior; and

� when a = b = 0, we get a transitional behavior, when a system linearly (or quadrati-

cally etc.) moves from one state to another.

A similar classification works well in non-linear cases, but why? Interestingly, a

similar classification works well for nonlinear dynamical systems as well, but why? In this

chapter, we will try to explain this fact.

5.2 Our Explanation

We need finite-dimensional approximations. We want to describe how the state

x(t) = (x1(t), . . . , xn(t)) of a dynamical system changes with time t. In general, the set

of all possible smooth functions xi(t) is infinite-dimensional, i.e., we need infinitely many

parameters to describe it. However, in practice, at any given moment, we can only have

finitely many parameters. Thus, it is reasonable to look for finite-parametric approxima-

tions. A natural idea is to fix some smooth functions ek(t) = (ek1(t), . . . , ekn(t)), 1 ≤ k ≤ K,

and consider linear combinations

x(t) =
K∑
k=1

ck · ek(t). (5.4)
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Shift-invariance. For dynamical systems, there is no fixed moment of time. The equations

remain the same if we change the starting point for measuring time, i.e., if we replace the

original temporal variable t with the new variable t′ = t+ t0.

It is therefore reasonable to require that the approximating family (5.4) be invariant

with respect to the same transformation, i.e., in other words, that all shifted functions

ek(t+ t0) can also be represented in the same form (5.4). As we have shown in Chapter 3,

this implies that the functions eki(t) satisfy the system of linear differential equations with

constant coefficients – and we have already mentioned that the solutions to such systems are

exactly the functions leading to a known classification of linear dynamical system behaviors.

This explains why for nonlinear systems, we also naturally observe similar types of

behavior.

24



Chapter 6

First Application to Physics: Why

Liquids?

6.1 Two Applications to Physics: Summary

In this chapter and in the following chapter, we describe applications of algebraic approach

to physics. While physics has had many successes, it also has many remaining challenges

– this can be seen from the fact that every year, new spectacular results get Nobel Prizes.

However, most of these challenges require a large amount of preliminary knowledge to

explain. To illustrate the efficiency of the algebraic approach, we decided to select two

problems from two different areas of physics for which the corresponding challenge is easy

to understand.

The first challenge may be surprising to most readers: how to explain why liquids exist.

In 1977, the renowned physicist Victor Weisskopf challenged the physics community to

provide a fundamental explanation for the existence of the liquid phase of matter. A recent

essay confirms that Weisskopf’s 1977 question remains a challenge. In this chapter, we use

natural symmetry ideas to show that liquids are actually a natural state between solids

and gases.

Main results from this chapter first appeared in [200].

The following chapter deals with another easy-to-understand challenge – how to explain

the observed warping of our Galaxy.
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6.2 Problem: Why Liquids?

Weisskopf’s challenge: original formulation. In his 1977 essay [209], the renowned

physicist Victor Weisskopf challenged the physics community to provide a fundamental ex-

planation for the existence of liquids. Solid bodies, in their crystal form, with their natural

symmetries, correspond to the state with the smallest possible energy – the state that most

materials take at the absolute zero temperature (0◦ Kelvin, which is approximately −273◦

C). Gases, with no restriction on their shapes, are also a natural state – they correspond

to high temperatures. When heated, solid bodies eventually become gases – usually, with

an intermediate liquid state. But how to explain this intermediate state?

Weisskopf’s challenge: current status. A recent essay [55], while overviewing the

progress in answering this question, confirms that Weisskopf’s 1977 question remains a

challenge.

What we do in this chapter. In this chapter, we use natural symmetry ideas to show

that liquids are actually a natural state between solids and gases.

6.3 Towards a Formulation of the Problem in Precise

Terms

Local transformations. In nature, most processes are smooth, so it makes sense to

consider only smooth (differentiable) transformations.

All states allow shifts, so we will look for transformations beyond shifts.

Locally, in the vicinity of each point (x
(0)
1 , . . . , x

(0)
n ), i.e., for points

(x1, . . . , xn) = (x
(0)
1 +∆x1, . . . , x

(0)
n +∆xn),

we can expand each smooth transformation

(x1, . . . , xn) → (y1, . . . , yn) = (f1(x1, . . . , xn), . . . , fn(x1, . . . , xn))

26



in Taylor series and keep only linear terms in this expansion. Then:

yi = fi(x1, . . . , xn) = fi(x
(0)
1 +∆x1, . . . , x

(0)
n +∆xn) ≈ y

(0)
i +

n∑
j=1

aij ·∆xj,

where y
(0)
i

def
= (x

(0)
1 , . . . , x

(0)
n ) and aij

def
=

∂fi
∂xj |(x(0)

1 ,...,x
(0)
n )

. Since shift is always possible, we can

apply the shift by x
(0)
i − y

(0)
i , thus getting a new transformation

(x
(0)
1 +∆x1, . . . , x

(0)
n +∆xn) → (y1, . . . , yn) =(

x
(0)
1 +

n∑
j=1

a1j ·∆xj, . . . , x
(0)
n +

n∑
j=1

anj ·∆xj

)
.

In terms of the differences ∆yi
def
= yi − x

(0)
i , this local transformation becomes linear homo-

geneous:

∆yi =
n∑

j=1

aij ·∆xj.

So, locally, it is sufficient to consider linear transformations.

Local Lie group: a brief reminder. Clearly, if two transformations are possible, then

their composition is also possible. Also, if a transformation is possible, then an inverse

transformation is also possible. In mathematics, classes of transformations which are closed

under composition and under taking the inverse are known as groups. In these terms,

transformations form a group.

The set of all possible transformations usually smoothly depends on some parameters.

In mathematics, such transformation groups are called Lie groups. Local transformations

form a local Lie group.

Local (linear) transformations are uniquely determined by the corresponding matrices

aij. One can easily see that the composition of two transformations corresponds to the

product of the two matrices, and the inverse transformation corresponds to an inverse

matrix. Thus, the local Lie group is a class of matrices which is closed under matrix

multiplication and taking the inverse.
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Lie algebras: a brief reminder. Each transformation occurs during a certain time

period T , during which the original state smoothly turns into the new state. At each

moment of time t ≤ T , we have some intermediate stage of this transformation. We can

thus divide the interval of width T into several small subintervals of size ∆t ≪ T , and

consider the whole transformation as a composition of transformations from moment 0 to

moment ∆t, from moment ∆t to moment 2∆t, etc., until we reach moment T . Let us

denote the transformation from moment t to moment t′ by aij(t, t
′). In these terms, the

transformation from a moment t to the next moment t + ∆t has the form aij(t, t + ∆t).

For t′ = t, the transformation is the identity matrix aij(t, t) = δij, where δii = 1 for all i

and δij = 0 for all i ̸= j.

Since the transformation is smooth, we can expand the dependence

aij(t, t+∆t)

in Taylor series and keep only terms linear in ∆t in this expansion:

aij(t, t+∆t) = aij(t, t) + bij(t) ·∆t = δij + bij(t) ·∆t, (6.1)

where bij(t)
def
=

∂aij(t, t
′)

∂t′ |t′=t
.

In mathematical terms, the above transformation (6.1) – corresponding to very small

time intervals ∆t – is called infinitesimal, and the class of all such transformations is known

as a Lie algebra.

Each transformation can be represented as a composition of transformations corresponds

to small time intervals ∆t. Once we know the corresponding Lie algebra, we can describe

each such transformation with good accuracy and thus, describe the original transformation

as their composition. The smaller ∆t, the more accurate this representation. This means

that, once we know the Lie algebra, we can determine all possible transformations with

any desired accuracy.

So, to describe the class of all possible transformations, it is sufficient to describe the

corresponding Lie algebra.
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Natural properties of Lie algebras: reminder. If we have two infinitesimal trans-

formations, with matrices a′ij = δij + b′ij · ∆t and a′′ij = δij + b′′ij · ∆t, then the matrix aij

describing their composition is equal to the product of these matrices:

aik =
n∑

j=1

a′ij · a′′jk =
n∑

j=1

(δij + b′ij ·∆t) · (δjk + b′′jk ·∆t).

Opening parentheses and ignoring terms proportional to (∆t)2, we conclude that

aik =
n∑

j=1

δij · δjk +
n∑

i=1

δij · b′′jk ·∆t+
n∑

j=1

b′ij · δjk ·∆t.

Taking into account that only the diagonal values of the unit matrix δij are non-zeros –

and that these diagonal elements are equal to 1 – we conclude that

aik = δik + (b′ik + b′′ik) ·∆t.

Thus, the composition of two transformations corresponds to the sum of the matrices from

Lie algebra. So, the Lie algebra should be closed under addition.

Similarly, one can show that the inverse corresponds to −bij, and that, in general, for

each real number λ and for each matrix bij, the Lie algebra also contains the matrix λ · bij.

Combining this property with addition, we can conclude that each Lie algebra contains an

arbitrary linear combination of its elements.

Resulting formulation of the problem. For a solid body, the only possible transforma-

tions are shifts and rotations. Thus, the only possible local transformations are rotations.

It is known that the corresponding Lie algebra As (s for solid) consists of all antisymmetric

matrices bij, i.e., matrices for which bji = −bij for all i and j.

For the gas, all smooth transformations are possible. Thus, the corresponding Lie

algebra Lg (g for gas) consists of all the matrices bij.

In these terms, the question is: what are the Lie algebras L which are strictly larger

than Ls but strictly smaller than Lg, i.e., algebras for which Ls ⊂ L ⊂ Lg?
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6.4 Main Result of This Chapter

Proposition 6.1. There are exactly two Lie algebras L that strictly contain the algebra

Ls of all antisymmetric matrices and that are strictly contained in the algebra Lg of all

matrices:

� the algebra Ll that consists of all matrices with zero trace Tr(b)
def
=

3∑
i=1

bii = 0, and

� the algebra La obtained by adding all scalar matrices λ · δij to antisymmetric ones.

Discussion. Liquids are (largely) incompressible – this is their main difference from gases.

This means that they are characterized by transformations that preserve volume. In terms

of Lie algebras, preserving volume means exactly Tr(b) = 0. Thus, our result indeed

explains the existence of liquids.

We also have another case. These additional elements of Lie algebra correspond to

increasing and decreasing the size of the object without changing its proportions. This

may correspond to some yet unknown state of nature.

Proof.

1◦. Let L be a Lie algebra that strictly contains Ls and that is strictly contained in Lg. Let

us first show that the algebra L contains a matrix bij if and only if it contains its symmetric

part bsymij
def
=

bij + bji
2

.

Indeed, each matrix bij can be represented as a sum of its symmetric part and an

antisymmetric part basymij
def
=

bij − bji
2

. Since the class L is closed under addition and

contains the class Lg of all antisymmetric matrices, this means that if the symmetric part

of bij is in L, then the original matrix bij is also in L, as the sum of two matrices bsymij and

basymij from the class L.

Vice versa, since the class L is closed under linear combination, for each matrix bij, the

class L contains the matrix bij − basymij , which is exactly the symmetric part of the matrix

bij.

30



2◦. Due to Part 1 of the proof, to describe all the matrices from the class L, it is sufficient

to describe all symmetric matrices from this class.

3◦. Since the Lie algebra contains all antisymmetric matrices, the corresponding trans-

formation group contains all rotations T . One can easily check that if we first apply the

rotation T , then an infinitesimal transformation with matrix B = ∥bij∥, and then inverse

rotation T−1, we get an infinitesimal transformation with matrix T−1BT . Thus, with each

matrix B, the Lie algebra L contains all the matrices obtained from it by a rotation.

It is known that each symmetric matrix, by an appropriate rotation – in which coordi-

nates axes are rotated into the matrix’s eigenvectors – can be transformed into a diagonal

form. Thus, to describe all symmetric matrices from L, it is sufficient to describe all

diagonal matrices from the class L.

4◦. Let us prove that if L contains at least one matrix with Tr(b) ̸= 0, then it contains all

scalar matrices.

Indeed, if the algebra A contains one matrix with non-zero trace, then its diagonal

form b = diag(b11, b22, b33) will have the same trace Tr(b) = b11 + b22 + b33 ̸= 0. Thus,

due to rotation-invariance, it also contains matrices diag(b22, b33, b11) and diag(b33, b11, b22)

obtained from the original one by a rotation that changes the coordinate axes. Hence, it

contains the sum of these three matrices – which is a scalar matrix Tr(b) · δij. Every other

scalar matrix can be obtained from this one by multiplying by a number; thus, every scalar

matrix indeed belongs to L.

5◦. Let us now prove that if L contains at least one non-scalar symmetric matrix, then it

contains all matrices with Tr(b) = 0.

Indeed, let us assume that L contains a non-scalar symmetric matrix. Then, its diagonal

form b = diag(b11, b22, b33) is also non-scalar and symmetric. If Tr(b) ̸= 0, then, by Part 4 of

this proof, all scalar matrices are also in L, in particular, a scalar matrix (Tr(b)/3) ·δij with

the same trace. Subtracting this scalar matrix from b, we get a new non-scalar symmetric

matrix from the algebra L whose trace is 0. Thus, without losing generality, we can assume
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that the original non-scalar symmetric matrix has trace 0. Since the matrix is non-scalar,

at least two diagonal values bii are different from each other. Without losing generality, we

can assume that b11 ̸= b22.

If we rotate by 90 degrees in the x1-x2 plane, we get a new diagonal matrix b′ij =

diag(b22, b11, b33). Subtracting b′ij from bij, we get yet another diagonal matrix from the

algebra L: the matrix diag(b11 − b22, b22 − b11, 0). Since the Lie algebra is closed under

multiplication by a scalar, we thus conclude that the diagonal matrix diag(1,−1, 0) also

belongs to L.

By rotation, we can conclude that diag(0, 1,−1) ∈ L. Now, each diagonal matrix with 0

trace has the form diag(p, q,−(p+q)). We can represent this matrix as a linear combination

of matrices from L:

diag(p, q,−(p+ q)) = p · diag(1,−1, 0) + (p+ q) · diag(0, 1,−1).

Thus, every diagonal matrix with 0 trace belongs to L, and hence, every symmetric matric

with 0 trace belongs to L.

6◦. Now, we are ready to prove the proposition. Since Ls ⊂ L and L ̸= Ls, we conclude

that L must contain at least one matrix which is not antisymmetric, and thus, must contain

at least one symmetric matrix – namely, the result of its symmetrization.

If L contains a non-scalar matrix and a matrix with non-zero trace, then L contains all

scalar matrices and all symmetric matrices with zero trace. Each symmetric matrix can be

represented as a sum of the corresponding scalar part and zero-trace part, so this would

mean that L contains all symmetric matrices – and thus, all of them. This contradicts to

our assumption that L ̸= Lg. So, L cannot contain both types of matrices.

Thus, we have two options:

� The first option is that L contains a non-scalar matrix. In this case, according to

Part 5 of the proof, L contains all matrices with 0 trace, and, as we have just proved,

it cannot contain any matrix with non-zero trace. In this case, L is the set of all

matrices with 0 trace, i.e., L = Ll.
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� The second option is that L contains a symmetric matrix with non-zero trace. In this

case, L contains all scalar matrices – and, as we have just shown, it cannot contain

any non-scalar symmetric matrix. This is the second case L = La.

The proposition is proven.
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Chapter 7

Second Application to Physics:

Warping of Our Galaxy

In the first approximation, the shape of our Galaxy – as well as the shape of many other

celestial bodies – can be naturally explained by geometric symmetries and the corresponding

invariances. As a result, we get the familiar shape of a planar spiral. A recent more detailed

analysis of our Galaxy’s shape has shown that the Galaxy somewhat deviates from this ideal

shape: namely, it is not perfectly planar, it is somewhat warped in the third dimension. In

this chapter, we show that the empirical formula for this warping can also be explained by

geometric symmetries and invariance.

Main results from this chapter first appeared in [192].

7.1 Formulation of the Problem

In the first approximation, geometry explains shapes of celestial bodies such as

galaxies. In modern physics, symmetries – including geometric symmetries – and related

invariances play a very important role; see, e.g. [68, 180].

As part of this general trend, it is known that the geometric shapes of most celestial

bodies can be explained by symmetry groups and corresponding invariances; see, e.g.,

[60, 61, 117]. Namely, in the beginning, the Universe was homogeneous, isotropic, and

scale-invariant – i.e., in geometric terms, it was invariant with respect to shifts, rotations,

and homotheties. Such highly symmetric matter distributions are, however, unstable, so

spontaneous symmetry breaking leads us to states with fewer invariances. In general, the
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more invariances are preserved, the more probable the corresponding transition. Thus,

the most probable transition from the original fully symmetric state is to a planar shape

(“pancake”, a typical shape of a proto-galaxy), and the next most probably transition is to

a planar logarithmic spiral – a generic planar shape with a 1-dimensional symmetry group.

In perfect accordance with this symmetry analysis, the shape of our Galaxy is indeed well

approximated by a planar logarithmic spiral.

Comment. It should be mentioned that eventually, each celestial body gets transformed

into the most stable state – of a sphere or, in case of rotation, of a rotating ellipsoid

[60, 61, 117].

A recent empirical formula for a more detailed description of our Galaxy’s

shape. A recent more detailed analysis of the Galaxy’s shape [171] has shown that this

shape somewhat deviates from the above symmetric form. Specifically, the spiral shape is

still there, but the Galaxy is not exactly planar. In the corresponding cylindrical coordi-

nates (r, φ, z) in which the plane has the form z = 0, the z-coordinate of the actual Galaxy

is only equal to 0 up to a certain threshold distance rd from the center (r ≤ rd). For the

distances r > rd, the following empirical formula describes the actual shape:

z = z0 · (r − rd)
2 · sin(φ− φ0), (7.1)

for some parameters z0 and φ0.

What we do in this chapter. In this chapter, we show that this empirical formula can

also be naturally explained by the corresponding geometric symmetries and invariances.

7.2 Analysis of the Problem and the Resulting Expla-

nation

Main idea. Instead of the plane z = 0, we have a warped shape. To be more precise, we

have a planar shape until r − rd, and then the shape z(r, φ) becomes warped.
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The original planar shape z = 0 is invariant with respect to all rotations

φ → φ+ α

around the Galaxy’s center. The observed shape (7.1) is, however, not rotation-invariant.

Thus, the corresponding function z(r, φ) is not rotation invariant. Since we cannot have

a single rotation-invariant function, a natural idea is to assume that the actual shape-

describing function z(r, φ) belongs to a few-parametric rotation-invariant family of functions

C1 · z1(r, φ) + . . .+ Ck · zk(r, φ),

where z1(r, φ), . . . , zk(r, φ) are fixed functions, and C1, . . . , Ck are arbitrary coefficients.

Let us select a family with as fewer parameters as possible – since in general, the

fewer parameters we need to describe a physical phenomenon, the more convincing our

explanation [68]: with a large number of parameters, we can explain anything by properly

adjusting the values of these parameters.

Simplest case k = 1 does not help. The simplest case if k = 1, when we have a

family {C1 · z1(r, φ)}. For this family, invariance means that if we rotate by an angle α –

i.e., if we replace φ with φ + α – then we still get a function from the same family, i.e.,

z1(r, φ + α) = C(α) · z1(r, φ). For each r, we have a functional equation whose solutions

are known (see, e.g., [1]): z1(r, φ) = z1(r, 0) · exp(a(r) · φ) for some a(r). Since rotation by

α = 2π does not change anything, we should have z1(r, φ + 2π) = z1(r, φ). This implies

that a(r) = 0 and thus, that the corresponding function z1(r, φ) does not depend on the

angle φ at all – and we know that it depends.

Thus, to adequately describe the actual shape of our Galaxy, we need to consider families

with more parameters – at least k = 2.

Case of k = 2. In this case, we have a family {C1 · z1(r, φ) + C2 · z2(r, φ)}. The fact

that this family in rotation-invariant means that the rotated functions z1(r, φ + α) and

z2(r, φ + α) should also belong to this family, i.e., that we should have z1(r, φ + α) =

C11(α) · z1(r, φ) + C12(α) · z2(r, φ) and z2(r, φ+ α) = C21(α) · z1(r, φ) + C22(α) · z2(r, φ).
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From the physical viewpoint, it makes sense to assume that the shapes are smooth and

that, that the function z(r, φ) is differentiable. Thus, it makes sense to restrict ourselves

to the case when both functions zi(r, φ) are differentiable. By using Cramer’s formulas, we

can explicitly express all four values Cij(α) as rational expressions in terms of the values

of the functions zi(r, φ); thus, the corresponding functions Cij(α) are also differentiable.

Differentiating the above equations with respect to α and taking α = 0, we get, for each r,

the following system of linear differential equations with constant coefficients:

z′i(r, φ) = ci1 · z1(r, φ) + ci2 · z2(r, φ) (i = 1, 2),

where z′ denotes derivative with respect to φ and cij
def
= C ′

ij(0).

It is known that a general solution to such a system is a linear combination of functions

φm · exp(a · φ) · sin(b · φ + φ0). The requirement that zi(r, φ + 2π) = zi(r, φ) eliminates

powers and exponents and leaves only sines and cosines with integer b. In line with the

general argument about minimizing the number of parameters, let us restrict ourselves to

the simplest case b = 1. Then, for each i, we have zi(r, φ) = Ai(r) · sin(φ) + Bi(r) · cos(φ)

for some Ai(r) and Bi(r). The actual function z1(r, φ) is a linear combination of these

functions, so we have z(r, φ) = A(r) · sin(φ) +B(r) · cos(φ) for appropriate A(r) and B(r).

Which functions A(r) and B(r) should we choose? We know that z(r, φ) = 0 for

r ≤ rd and, in general, z(r, φ) ̸= 0 for r > rd. We have assumed that the function is

differentiable.

The difference z(r, φ) from planarity is relatively small, so for r > rd, it makes sense

to expand the dependence z(r, φ) in Taylor series and keep only the first few terms in this

expansion. We cannot keep only linear terms – otherwise, the resulting piece-wise linear

dependence z(r, φ) on r will not be differentiable at r = rd. Thus, we need to also keep

quadratic terms. One can easily check that the only quadratic functions that smoothly

transition to 0 at r = rd are functions c · (r− rd)
2 for some constant c. Both functions A(r)

and B(r) should have this form, for appropriate coefficients ca and cb – since they represent
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z1(r, φ) when φ = π/2 and when φ = 0. Thus, for r > rd, the above expression for z(r, φ)

has the form

z(r, φ) = ca · (r − rd)
2 · sin(φ) + cb · (r − rd)

2 · cos(φ) =

(r − rd)
2 · (ca · sin(φ) + cb · cos(φ)). (7.2)

So, we get the desired geometric explanation. The expression ca · sin(φ)+ cb · cos(φ)

can be easily transformed into the form z1 ·sin(φ−φ0), with z0 =
√

c2a + c2b and appropriate

φ0.

Thus, from the formula (7.2), we indeed get the desired expression (7.1).

Remaining open problems. In general, for celestial bodies, geometric invariances do

not just explain possible shapes; they also explain relative frequencies of different shapes,

prevalent directions of rotation and of the body’s magnetic field, etc. [60, 61, 117].

It would therefore be nice to similarly extend the above geometric explanation of our

Galaxy’s shape to an explanation of other related empirical formulas – starting with other

formulas presented in [171].
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Chapter 8

Application to Electrical Engineering:

Class-D Audio Amplifiers

8.1 Applications to Engineering: Summary

In this chapter and in the following chapter, we describe applications of algebraic methods to

different engineering challenges. Some engineering problems are well understood and well-

formalized, so solving these problems is just a matter of mathematics and computations.

However, there are many other important engineering problems for which formalization is

not easy:

� some of these problems deal with user perception which is not easy to formally de-

scribe: how do we describe the quality of sound? the smoothness of a ride?

� other problems deal with processing raw materials like wood for building or soil for

pavements, materials whose properties are not easy to describe in precise terms.

In these two chapters, we show that algebraic approach can be used to solve both types of

challenges.

In this chapter, we deal with the fact that most current high-quality electronic audio

systems use class-D audio amplifiers (D-amps, for short), in which a signal is represented

by a sequence of pulses of fixed height, pulses whose duration at any given moment of

time linearly depends on the amplitude of the input signal at this moment of time. In

this abstract, we explain the efficiency of this signal representation by showing that this
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representation is the least vulnerable to additive noise (that affect measuring the signal

itself) and to measurement errors corresponding to measuring time.

Results from this chapter first appeared in [9].

The next chapters deal with properties of wood.

8.2 Problem: Why Class-D Audio Amplifiers Work

Well?

Most current electronic audio systems use class-D audio amplifiers, where a signal x(t) is

represented by a sequence s(t) of pulses whose height is fixed and whose duration at time

t linearly depends on the amplitude x(t) of the input signal at this moment of time; see,

e.g., [160] and references therein. Starting with the first commercial applications in 2001,

D-amps have used in many successful devices.

However, why they are so efficient is not clear. In this chapter, we provide a possible

theoretical explanation for this efficiency.

We will do it in two sections. In the first of these sections, we explain why using pulses

makes sense. In the following section, we explain why the pulse’s duration should linearly

depend on the amplitude of the input signal x(t).

8.3 Why Pulses

Let us start with some preliminaries.

There are bounds on possible values of the signal. For each device, there are bounds

s and s on the amplitude of a signal that can be represented by this device. In other words,

for each signal s(t) represented by this device and for each moment of time t, we have

s ≤ s(t) ≤ s.

Noise is mostly additive. In every audio system, there is noise n(t). Most noises are
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additive: they add to the signal. For example, if we want to listen to a musical performance,

then someone talking or coughing or shuffling in a chair produce a noise signal that adds

to the original signal.

Similarly, if we have a weak signal s(t) which is being processed by an electronic system,

then additional signals from other electric and electronic devices act as an additive noise

n(t), so the actual amplitude is equal to the sum s(t) + n(t).

What do we know about the noise. In some cases – e.g., in a predictable industrial

environment – we know what devices produce the noise, so we can predict some statistical

characteristics of this noise.

However, in many other situations – e.g., in TV sets – noises are rather unpredictable.

All we may know is the upper bound n on possible values of the noise n(t): |n(t)| ≤ n.

We want to be the least vulnerable to noise. To improve the quality of the resulting

signal, it is desirable to select a signal’s representation in which this signal would be the

least vulnerable to noise.

Additive noise n(t) changes the original value s(t) of the signal to the modified value

s(t) + n(t). Ideally, we want to make sure that, based on this modified signal, we will be

able to uniquely reconstruct the original signal s(t).

For this to happen, not all signal values are possible. Let us show that for this

desired feature to happen, we must select a representation s(t) in which not all signal values

are possible.

Indeed, if we have two possible values s1 < s2 whose difference does not exceed 2n, i.e.,

for which
s2 − s1

2
≤ n, then we have a situation in which:

� to the first value s1, we add noise n1 =
s2 − s1

2
for which |n1| ≤ n, thus getting the

value s1 + n1 =
s1 + s2

2
; and

� to the second value s2, we add noise n2 = −s2 − s1
2

for which also |n2| ≤ n, thus also

getting the same value s2 + n2 =
s1 + s2

2
.
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Thus, based on the modified value si + ni =
s1 + s2

2
, we cannot uniquely determine the

original value of the signal: it could be s1 or it could be s2.

Resulting explanation of using pulses. The larger the noise level n against which we

are safe, the larger must be the difference between possible values of the signal. Thus, to

makes sure that the signal representation is safe against the strongest possible noise, we

must have the differences as large as possible.

On the interval [s, s], the largest possible difference between the possible values is when

one of these values is s and another value is s. Thus, we end up with a representation in

which at each moment of time, the signal is equal either to s or to s.

This signal can be equivalently represented as a constant level s and a sequence of pulses

of the same height (amplitude) s− s.

8.4 Why the Pulse’s Duration Should Linearly De-

pend on the Amplitude of the Input Signal

Pulse representation: reminder. As we concluded in the previous section, to make the

representation as noise-resistant as possible, we need represent the time-dependent input

signal x(t) by a sequence of pulses.

How can we encode the amplitude of the input signal. Since the height (amplitude)

of each pulse is the same, the only way that we can represent information about the input

signal’s amplitude x(t) at a given moment of time t is to make the pulse’s width (duration)

w – and the time interval between the pulses – dependent on x(t). Thus, we should select

w depending on the amplitude w = w(x).

Which dependence w = w(x) should we select: analysis of the problem. Which

dependence of the width w on the initial amplitude should we select?

Since the amplitude x of the input is encoded by the pulse’s width w(x), the only way

to reconstruct the original signal x is to measure the width w, and then find x for which
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w(x) = w.

We want this reconstruction to be as accurate as possible. Let ε > 0 be the accuracy

with which we can measure the pulse’s duration w. A change ∆x in the input signal – after

which the signal becomes equal to x + ∆x – leads to the changed width w(x + ∆x). For

small ∆x, we can expand the expression w(x + ∆x) in Taylor series and keep only linear

terms in this expansion:

w(x+∆x) ≈ w(x) + ∆w,

where we denoted ∆w
def
= w′(x) ·∆x. Differences in width which are smaller than ε will not

be detected. So the smallest difference in ∆x that will be detected comes from the formula

|∆w| = |w′(x) ·∆x| = ε, i.e., is equal to |∆x| = ε

|w′(x)|
.

In general, the guaranteed accuracy with which we can determine the signal is thus

equal to the largest of these values, i.e., to the value

δ = max
x

ε

|w′(x)|
=

ε

min
x

|w′(x)|
.

We want this value to be the smallest, so we want the denominator min
x

|w′(x)| to attain

the largest possible value.

The limitation is that the overall widths of all the pulses corresponding to times

0 = t1, t2 = t1 +∆t, . . . , tn = T

should fit within time T , i.e., we should have

n∑
i=1

w(x(ti)) ≤ T.

This inequality must be satisfied for all possible input signals. In real life, everything

is bounded, so at each moment of time, possible values x(t) of the input signal must be

between some bounds x and x: x ≤ x(t) ≤ x.

We want to be able to uniquely reconstruct x from w(x). Thus, the function w(x)

should be monotonic - either increasing or decreasing.
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If the function w(x) is increasing, then we have w(x(t)) ≤ w(x) for all t. Thus, to make

sure that the above inequality is satisfied for all possible input signals, it is sufficient to

require that this inequality is satisfied when x(t) = x for all t, i.e., that n · w(x) · T, or,

equivalently, that w(x) ≤ ∆t =
T

n
.

If the function w(x) is decreasing, then similarly, we conclude that the requirement that

the above inequality is satisfied for all possible input signals is equivalent to requiring that

w(x) ≤ ∆t.

Thus, to find the best dependence w(x), we must solve the following optimization

problem:

Which dependence w = w(x) should we select: precise formulation of the prob-

lem. To find the encoding w(x) that leads to the most accurate reconstruction of the input

signal x(t), we must solve the following two optimization problems.

� Of all increasing functions w(x) ≥ 0 defined for all x ∈ [x, x] and for which w(x) ≤ ∆t,

we must select a function for which the minimum min
x

|w′(x)| attains the largest

possible value.

� Of all decreasing functions w(x) ≥ 0 defined for all x ∈ [x, x] and for which w(x) ≤ ∆t,

we must select a function for which the minimum min
x

|w′(x)| attains the largest

possible value.

Solution to the above optimization problem. Let us first show how to solve the

problem for the case when the function w(x) is increasing. We will show that in this

case, the largest possible value of the minimum min
x

|w′(x)| is attained for the function

w(x) = ∆t · x− x

x− x
.

Indeed, in this case, the dependence w(x) on x is linear, so we have the same value of

w′(x) for all x – which is thus equal to the minimum:

min
x

|w′(x)| = w′(x) =
∆t

x− x
.
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Let us prove that the minimum cannot attain any larger value. Indeed, if we could have

m
def
= min

x
|w′(x)| > ∆t

x− x
,

then we will have, for each x,

w′(x) ≥ m >
∆t

x− x
.

Integrating both sides of this inequality by x from x to x, and taking into account that∫ x

x

w′(x) dx = w(x)− w(x)

and ∫ x

x

mdx = m · (x− x),

we conclude that w(x)− w(x) ≥ m · (x− x). Since m >
∆t

x− x
, we have m · (x− x) > ∆t

hence

w(x)− w(x) > ∆t.

On the other hand, from the fact that w(x) ≤ ∆ and w(x) ≥ 0, we conclude that

w(x)− w(x) ≤ ∆t, which contradicts to the previous inequality. This contradiction shows

that the minimum cannot attain any value larger than
∆t

x− x
, and thus, that the linear

function w(x) = ∆t · x− x

x− x
is indeed optimal.

Similarly, in the decreasing case, we can prove that in this case, the linear function

w(x) = ∆t · x− x

x− x
is optimal.

In both cases, we proved that the width of the pulse should linearly depend on the input

signal – i.e., that the encoding use in class-D audio amplifiers is indeed optimal.
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Chapter 9

Application to Mechanical

Engineering: Wood Structures

Wood is a very mechanically anisotropic material. At each point on the wooden beam,

both average values and fluctuations of the local mechanical properties corresponding to a

certain direction depend, e.g., on whether this direction is longitudinal, radial or tangential

with respect to the grain orientation of the original tree. This anisotropy can be described

in geometric terms, if we select a point x and form iso-correlation surfaces – i.e., surfaces

formed by points y with the same level of correlation ρ(x, y) between local changes in

the vicinities of the points x and y. Empirical analysis shows that for each point x, the

corresponding surfaces are well approximated by concentric homothetic ellipsoids. In this

chapter, we provide a theoretical explanation for this empirical fact.

Results from this chapter first appeared in [162].

9.1 Problem: Need for a Theoretical Explanation of

an Empirical Fact

Wood is a very mechanically anisotropic material. At each point on the wooden beam,

both average values and fluctuations of the local mechanical properties corresponding to a

certain direction depend, e.g., on whether this direction is longitudinal, radial or tangential

with respect to the grain orientation of the original tree. This anisotropy can be described

in geometric terms, if we select a point x and form iso-correlation surfaces – i.e., surfaces
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formed by points y with the same level of correlation ρ(x, y) between local changes in the

vicinities of the points x and y.

Empirical analysis shows that for each point x, the corresponding surfaces are well

approximated by concentric homothetic ellipsoids; see, e.g., [161]. How can we explain this

empirical fact?

9.2 Our Explanation: Main Idea

In this chapter, we provide a theoretical explanation for this empirical fact. The main ideas

behind our explanation are similar to the ideas used in [59, 117] to explain efficiency of

ellipsoid approximation in numerical analysis (see, e.g., [22, 33, 34, 58, 66, 144, 163, 164,

174, 203]); the main difference is that now we consider:

� not classes of sets (such as the class of all ellipsoids), but

� classes of families of sets (e.g., the class of all families of concentric homothetic ellip-

soids).

Specifically, we show that for the smallest dimension d for which it is possible to have an

affine-invariant optimality criterion on the space of all such d-dimensional classes, for any

such criterion, the optimal family consists of concentric homothetic ellipsoids. Thus, such

families of ellipsoids provide the optimal approximation to the actual surfaces – at least in

the first approximation, i.e., approximation corresponding to the smallest possible number

of parameters.

9.3 Our Explanation: Details

Family of sets: towards a precise definition. For each spatial point x, we would like

to describe, for each possible value ρ0 of the correlation ρ(x, y), the set Sρ0(x) of all the
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points y for which the correlation ρ(x, y) between the values at x and y is greater than or

equal to ρ0.

What are the natural properties of these families of sets?

First property: coverage. For each y, there is some value of ρ(x, y), so for this x, the

union of all these sets Sρ0(x) coincides with the whole space.

Second property: monotonicity. Of course, if ρ(x, y) ≥ ρ0 and ρ0 ≥ ρ′0, then ρ(x, y) ≥

ρ′0. So, the sets Sρ0(x) should be inclusion-monotonic: if ρ0 ≤ ρ′0, then Sρ′0
(x) ⊆ Sρ0(x).

Third property: boundedness. From the physical viewpoint, the further away is the

point y from the point x, the less the physical quantities corresponding to these points are

correlated. As the distance increases, this correlation should tend to 0. Thus, each set

Sρ0(x) is bounded.

Fourth property: continuity. In physics, most processes are continuous – with the

exception of processes like fracturing, which we do not consider here. We can therefore

conclude that the correlation ρ(x, y) continuously depends on y. So, if we have ρ(x, yn) ≥ ρ0

for some sequence of points yn that converges to a point y (yn → y), then we should have

ρ(x, y) = lim
n→∞

ρ(x, yn) ≥ ρ0. In other words, if yn ∈ Sρ0(x) and yn → y, then y ∈ Sρ0(x),

i.e., each set Sρ0(x) is closed.

Similarly, it is reasonable to conclude that the set Sρ0(x) should continually depend on

ρ0, i.e., that of the two values ρ0 and ρ0 are close, then the corresponding sets Sρ0(x) and

Sρ′0
(x) should also be close. A natural way to describe closeness between (bounded closed)

sets is to use the so-called Hausdorff distance. In precise terms, for any ε > 0, we say that

the sets A and B are ε-close if:

� every point a ∈ A is ε-close to some point b ∈ B (in the sense that the distance d(a, b)

does not exceed ε: d(a, b) ≤ ε), and

� every point b ∈ B is ε-close to some point a ∈ A.
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The Hausdorff distance dH(A,B) between the sets A and B is then defined as the smallest

ε for which the sets A and B are ε-closed. It can be shown that this distance can be

equivalently defined as follows:

dH(A,B) = max

(
sup
a∈A

d(a,B), sup
b∈B

d(b, A)

)
,

where d(a,B)
def
= inf

b∈B
d(a, b).

Fifth property: what is the set of possible values of the parameter? In this family

of sets, correlation value is a parameter. What are the possible values of correlation? In

general, correlations can take any value from −1 to 1. When y = x, the correlation is

clearly equal to 1. When y → ∞, we get values close to 0. Since the function ρ(x, y)

is continuous, this function takes all intermediate values. So, the possible values of the

correlation form some interval. In some cases, we may have all possible negative values,

in other cases, only some negative values, in yet other cases, we only have non-negative

values. So, in general, we will consider all possible intervals of possible value of ρ0. This

interval may be closed – if there are points with - correlation, or is can be open.

Resulting definition. So, we arrive at the following definition.

Definition 9.1. Let N ≥ 2 be an integer. By a family of sets, we mean a set {Sc : c ∈ I}

of bounded closed sets Sc ⊆ IRN obtained by applying, to each real number c from a non-

degenerate interval I (open or closed, finite or infinite), a mapping c → Sc that has the

following properties:

� the dependence of Sc on c is continuous: if cn → c, then dH(Scn , Sc) → 0,

� the family Sc is monotonic: if c < c′, then Sc′ ⊆ Sc, and

� the union of all the sets Sc coincides with the whole space.

Comments.
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� According to this definition, the family remains the same if we simply re-parameterize

the family: e.g., if instead of the original parameter c, we use a new parameter

c′ = c+ c0 or c′ = λ · c for some constants c0 and λ.

� In our specific problem, we are interested in the 3-D case N = 3. However, since we

can envision similar problem in the plane N = 2 or in higher-dimensional spaces –

and since the proof of our main result does not depend on any specific value N – in

this chapter, we consider the general case N ≥ 2.

� We are specifically interested in concentric homothetic families of ellipsoids, i.e., in

families of the type Sc = c · E + a, where a is a given vector, and E is an ellipsoid

with a center at 0.

Class of families of sets. For different situation, in general, we get different correlations

and thus, different families of sets. We would like to find general class of such families that

would, ideally, cover all such situations. We can use different parameters to differentiate

different families from this class. In other words, a class can be described as a method

for assigning, to each possible combination of values of these parameters, some family. As

before, it makes sense to require that the resulting mapping is continuous.

Definition 9.2. Let N ≥ 2 and r > 0 be integers. By a r-parametric class of families

of sets, we mean a mapping that assigns, to each element p = (p1, . . . , pr) from an open

r-dimensional set D ⊆ IRr, a family {Sc(p)} so that the dependence of Sc(p) on c and p is

continuous.

For our problem, an optimality criterion must be affine-invariant. In our case, we

want to compare different classes (of families of sets). In selecting optimality criteria, it is

reasonable to take into account that while we want to deal with sets of points in physical

space, from the mathematical viewpoint, we deal with sets of tuples of real numbers. Real

numbers (coordinates) describing each point depend on what coordinate system we use: if

we select a different starting point, then all the coordinates are shifted xi → xi + ai; if we
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select different axes for the coordinates, we get a rotation xi →
N∑
j=1

rij ·xj for an appropriate

matrix rij, etc.

These transformations make sense for the isotropic case, when all the properties of a

material are the same in all directions. Wood is an example of an anisotropic material: e.g.,

it is easier to cut it along the orientation of the original tree than across that orientation.

It is known that in many cases, the description of an anisotropic material can be reduced

to the isotropic case if we apply an appropriate affine transformation. This usually comes

from the fact that, e.g., mechanical properties of a body can be described by a symmetric

matrix, and each symmetric matrix can become a unit matrix if we use its eigenvectors as

the base for the new coordinate system.

In view of this, it is reasonable to require that our optimality criterion is invariant not

only with respect to shifts and rotations, but also with respect to all possible affine (linear)

transformations. Thus, we arrive at the following definitions.

Definition 9.3. Let N > 2 be an integer. By an affine transformation, we mean a

transformation T : IRN → IRN of the type (Tx)i = ai+
N∑
j=1

bij ·xj for some reversible matrix

bij. Let T be an affine transformation.

� Let S ⊆ IRN be a set. By the result T (S) of applying T to S, we mean the set

{T (s) : s ∈ S}.

� Let F = {Sc : c ∈ I} be a family of sets. By the result T (F ) of applying T to F , we

mean the family {T (Sc) : c ∈ I}.

� Let C = {Sc(p)} be class of families. By the result T (C) of applying T to C, we mean

the class {T (Sc(p))}.

Proposition 9.1. Let N > 0 and r > 0 an integers, and let (<,∼) be a final affine-

invariant optimality criterion on the set of all r-parametric classes of families of sets in

IRN . Then:
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� r ≥ N · (N + 3)

2
− 1; and

� for r =
N · (N + 3)

2
− 1, the optimal class consists of concentric homothetic families

of ellipsoids.

Comment. This result indeed shows that the class of concentric homothetic families of

ellipsoids is the simplest of all possible optimal classes – simplest in the sense that it

requires the smallest number of parameters to describe.

9.4 Proof

1◦. As we have shown in Chapter 3, since the optimality criterion is final and affine-

invariant, the optimal class is also affine-invariant: with each family F this class also

contains the family T (F ). This means, in its turn, that for each set Sc from each family,

some family from the optimal class also contains the set T (Sc).

2◦. Let us show that r ≥ N · (N + 3)

2
− 1. Indeed, it is known (see, e.g., [32]) that for

every non-degenerate bounded set S (i.e., for every bounded set which is not contained

in a proper subspace), among all ellipsoids that contain S, there exists a unique ellipsoid

of the smallest volume. It is also known that this correspondence between a set and the

corresponding ellipsoid is affine-invariant: if an ellipsoid E corresponds to the set Sc, then,

for each affine transformation T , to the set T (Sc) there corresponds the ellipsoid T (E).

It is known that every two ellipsoids can be obtained from each other by an appropriate

affine transformation. Thus, the family of all ellipsoids corresponding to all the sets from

all the families consists of all the ellipsoids. How many ellipsoids are there? A general

ellipsoid can be determine by a quadratic formula
∑
ij

aij · xi · xj +
N∑
i=1

ai · xi ≤ 1 for some

symmetric matrix aij and a vector ai – and it is easy to see that different combinations

of the matrix and the vector lead to different ellipsoids. We need N values a1, . . . , aN to

describe a vector. Out of N2 elements of the matrix, we need N values to describe its
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diagonal values aii and we need
N2 −N

2
to describe non-diagonal elements: we divide by

two since the matrix is symmetric aij = aji. Thus, overall, we need

N +N +
N2 −N

2
=

N · (N + 3)

2

values.

Thus, the set of all ellipsoids is
N · (N + 3)

2
-dimensional. Since to each set Sc from

families from the optimal class, we assign an ellipsoid, the dimension of the set of such sets

should also be at least
N · (N + 3)

2
-dimensional. These sets are divided into 1-parametric

families, so the dimension r of the class of such families cannot be smaller than the above

dimension minus 1. Thus, indeed,

r ≥ N · (N + 3)

2
− 1.

3◦. Let us now prove that for the smallest possible dimension r = rmin
def
=

N · (N + 3)

2
− 1,

all the sets Sc from the each family of the optimal class are ellipsoids.

In Part 2 of this proof, we showed that each ellipsoid is associated with some set Sc from

one of these families. The unit ball with a center at 0 is clearly an ellipsoid. Let us consider

the set Sc which is associated with this unit ball. A unit ball is invariant with respect to

all the rotations around its center. If the associated set Sc is not equal to the unit ball,

this means that this set is not invariant with respect to at least some rotations. In other

words, the group of all rotations that leave this set invariant is a proper subgroup of the

group of all rotations. This implies that the dimension of this group is smaller than the

dimension of the group of all rotations – and thus, that there exists at least 1-parametric

family R of rotations R with respect to which the set Sc is not invariant.

Since the optimal class is affine-invariant, all the sets R(Sc) are also sets from some fam-

ily from the optimal class – and for all of them, the same unit ball is the smallest-volume

ellipsoid. Thus, for this particular ellipsoid – the unit ball, we have at least a 1-dimensional
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family of sets Sc associated with this same ellipsoid. By applying a generic affine transfor-

mation, we can find a similar at-least-1-dimensional family of sets corresponding to each

ellipsoid. Thus, the dimension of the set of all sets Sc is at least one larger than the di-

mension of the family of all ellipsoids, i.e. at least
N · (N + 3)

2
+ 1 = rmin + 2. However,

we have a rmin-dimensional class of 1-dimensional families of sets, so the overall dimension

of the set of all the sets Sc cannot be larger than rmin + 1. This contradiction shows that

the set Sc cannot be different from the enclosing minimal-volume ellipsoid. Thus, indeed,

each set from each family from the optimal class is an ellipsoid.

4◦. To complete the proof, we need to prove that ellipsoids in each family are concentric

and homothetic.

We have proven that each ellipsoid appears as an appropriate smallest-volume set. Now

that we know that each set Sc coincides with its smallest-volume enclosure, we can thus

conclude that each ellipsoid appears as one of the sets Sc from one of the families from the

optimal class. Similarly to Part 3 of this proof, let us consider the unit ball centered at

0. If the 1-dimensional family F0 containing this ball is not invariant with respect to all

possible rotations around the ball’s center, then we have at least a 1-dimensional group of

different families containing the same ellipsoid – the unit ball. However, the only way for an

rmin-dimensional class of 1-dimensional families to cover the whole (rmax + 1)-dimensional

family of ellipsoids is when all elements of all families are different. So we cannot have

several families containing the same ellipsoid.

This argument shows that the family F0 containing the unit ball should be rotation-

invariant. Since all the sets from this family are included in each other and thus, cannot be

transformed into each other by rotations – this means that each ellipsoid from this family

F0 must be rotation-invariant. This means that each ellipsoid from this family must be a

ball concentric with our selected unit ball – and thus, homothetic to this ball.

For any other family F , by selecting any ellipsoid E from this family and applying the

affine transformation that transforms the above unit ball into E, we get a new family T (F0)

of concentric homothetic ellipsoids. Since an ellipsoid can only belong to one family, we
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thus conclude that the family F also consists of concentric homothetic ellipsoids.

The proposition is proven.
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Chapter 10

Medical Application: Prevention

In this and following chapters, we show that algebraic approach can help on all stages of

medicine: prevention, testing, diagnosis, and treatment.

In this chapter, we deal with prevention. Results from the first two chapters first

appeared in [189].

10.1 Problem: How to Best Maintain Social Distance

This problem is related to the pandemic-related need to observe a social distance of at least

2 meters (6 feet) from each other.

Two persons are on two sides of a narrow-walkway street, waiting for the green light.

They start walking from both sides simultaneously. For simplicity, let us assume that they

walk with the same speed.

If they follow the shortest distance path – i.e., a straight line connecting their initial

locations A and B – they will meet in the middle, which is not good. So one of them should

move somewhat to the left, another somewhat to the right. At all moments of time, they

should be at least 2 meters away from each other. What is the fastest way for them to do

it?
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10.2 Towards Formulating This Problem in Precise

Terms

The situation is absolutely symmetric with respect to the reflection in the midpoint M of

the segment AB. So, it is reasonable to require that the trajectory of the second person

can be obtained from the trajectory of the first person by this reflection. Thus, at any

given moment of time, the midpoint M is the midpoint between the two persons. In these

terms, the requirement that they are separated by at least 2 meters means that each of

them should always be at a distance at least 1 meter from the midpoint M . In other words,

both trajectories should avoid the disk of radius 1 meter with a center at the midpoint M .

We want the fastest possible trajectory. Since the speed is assumed to be constant, this

means that they should follow the shortest possible trajectory. In other words, we need to

find the shortest possible trajectory going from point A to point B that avoids the disk

centered at the midpoint M of the segment AB.

10.3 Solution

To get the shortest path, outside the disk, the trajectory should be straight, and where it

touches the circle, it should be smooth. Thus, the solution is as follows:

� first, we follow a straight line until it touches the circle as a tangent,

� then, we follow the circle,

� and finally, we follow the straight line again – which again starts as a tangent to the

circle:
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Chapter 11

Medical Application: Testing

11.1 Problem: Optimal Group Testing

One of the challenges related to the COVID-19 pandemic is that this disease has an unusu-

ally long incubation period – about 2 weeks. As a result, people with no symptoms may be

carrying the virus and infecting others. As of now, the only way to prevent such infection

is to perform massive testing of the population. The problem is that there is not enough

test kits to test everyone.

11.2 What Was Proposed

To solve this problem, researchers proposed the following idea [150, 165]: instead of testing

everyone individually, why not combine material from a group of several people and test

each combined sample by using a single test kit. If no viruses are detected in the combined

sample, this means that all the people from the corresponding group are virus-free, so there

is no need to test them again. After this, we need to individually test only folks from the

groups that showed the presence of the virus.

11.3 Resulting Problem

Suppose that we need to test a large population of N people. Based on the previous testing,

we know the proportion p of those who have the virus. In accordance with the above idea,

we divide N people into groups. The question is: what should be the size s of each group?
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If the size is too small, we are still using too many test kits. If the size is too big, every

group, with a high probability, has a sick person, so we are not dismissing any people after

such testing, and thus, we are not saving any testing kits at all. So what is the optimal

size of the group?

Comment. Of course, this is a simplified formulation, it does not take into account that for

large group sizes s, when each individual testing material is diluted too much, tests may

not be able to detect infected individuals.

11.4 Let Us Formulate This Problem in Precise Terms

If we divide N people into groups of s persons each, we thus get N/s groups.

The probability that a person is virus-free is 1−p. Thus, the probability that all s people

from a group are virus-free is (1 − p)s. So, out of N/s groups, the number of virus-free

groups is (1−p)s ·(N/s). Each of these groups has s people, so the overall number of tested

people can be obtained by multiplying the number of virus-free groups by s, resulting in

(1− p)s ·N . For the remaining N − (1− p)s ·N folks, we need individual testing. So, the

overall number of needed test kits is

Nt =
N

s
+N − (1− p)s ·N. (11.1)

We want to minimize the number of test kits, i.e., we want to find the group size s for

which the number (11.1) is the smallest possible.

11.5 Solution

Differentiating the expression (11.1) with respect to s, equating the derivative to 0, and

dividing both sides of the resulting equality by N , we get

− 1

s2
− (1− p)s · ln(1− p) = 0. (11.2)
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For small p, we have (1− p)s ≈ 1 and ln(1− p) ≈ −p, so the formula (11.2) takes the form

− 1

s2
+ p ≈ 0, i.e.,

s ≈ 1
√
p
. (11.3)

For example, for p = 1%, we have s ≈ 10; for p = 0.1%, we get s ≈ 30; and for p = 0.01%,

we get s ≈ 100.

The resulting number of tests (11.1) can also be approximately estimated. When the

group size s is described by the approximate formula (11.3), we have
N

s
≈ √

p · N . If we

take into account that (1− p)s ≈ 1− p · s, then

N − (1− p)s ·N ≈ p · s ·N ≈ √
p ·N.

Thus, we get

Nt ≈
√
p ·N. (11.4)

For example, for p = 1%, we need 10 times fewer test kits than for individual testing; for

p = 0.1%, we need 30 times fewer test kits; and for p = 0.01%, we need 100 times fewer

test kits.
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Chapter 12

Medical Application: Diagnostics,

Part 1

To adequately treat different types of lung dysfunctions in children, it is important to

properly diagnose the corresponding dysfunction, and this is not an easy task. Neural

networks have been trained to perform this diagnosis, but they are not perfect in diagnos-

tics: their success rate is 60%. In this chapter, we show that by selecting an appropriate

invariance-based pre-processing, we can drastically improve the diagnostic success, to 100%

for diagnosing the presence of a lung dysfunction.

In this chapter, we explain, in general, how algebraic techniques lead to the correspond-

ing diagnostic procedure. Specific features of this procedure are explained in the following

two chapters.

Results from this chapter first appeared in [13].

12.1 Problem: Diagnosing Lung Disfunctions in Chil-

dren

Lung dysfunctions. One of the major lung dysfunctions is asthma, a long-term in-

flammatory disease of the airways of the lungs. It is characterized by recurring airflow

obstruction, bronchospasms, wheezing, coughing, chest tightness, and shortness of breath.

These episodes may occur a few times a day or a few times per week [211].

Asthma may be preceded by Small Airway Impairment (SAI), a chronic obstructive
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bronchitis. If inflammation persists during SAI, it could cause asthma.

SAI, in its turn, may be preceded by a less severe condition that medical doctors classify

as Possible Small Airways Impairment (PSAI).

Diagnostics of different lung dysfunctions is difficult but important. All lung

dysfunctions lead to similar symptoms like wheezing, coughing, etc. As a result, it is

difficult to distinguish between these dysfunctions – and it is also difficult to distinguish

these chronic dysfunctions from a common short-term respiratory disease.

However, the diagnosing of these diseases is very important, because in general, for

different diseases, different treatments are efficient.

How different dysfunctions are diagnosed now. Since it is difficult to diagnose

different dysfunctions solely based on the symptoms, the corresponding diagnostics involves

measuring airflow in different situations. The most effective diagnostic comes from active

measurements – spirometry. A patient is asked to deeply inhale, to hold their breath, and

to exhale as fully as possible – and the corresponding instrument is measuring the airflow

following all these instructions. Based on these measurements, symptoms, and clinical

history, medical doctors come up with a diagnosis of different dysfunctions.

Children diagnostics: a serious problem. Unfortunately, the spirometry technique

described above does not work with little children, especially children of pre-school age,

since it not easy to make them follow the corresponding instructions; see, e.g., [129]. The

same problem occurs with elderly patients and patients with certain limitations.

An additional problem is that even when children follow instructions during the spirom-

etry testing, spirometry results are not sensitive enough to detect obstruction of small

airways (2 mm or less in diameter); see, e.g., [26, 96, 97, 122, 167].

How can we diagnose children: main idea of the corresponding measurements.

Since we cannot use active measuring techniques, techniques that require children’s active

participation, we have to rely on passive techniques, i.e., techniques that do not require

such participation. What we can do is change the incoming airflow and measure how that
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affects the outcoming airflow.

Passive measurements: details. The easiest way of changing the airflow is to switch

a certain extra amount of airflow on or off. This is the main idea behind the Impulse

Oscillometry System (IOS); see, e.g., [26]. In a usual IOS, the additional airflow is switched

on and off with a period of 5 Hz, meaning that we have a 0.1 sec period with extra flow,

0.1 sec period without, then again a 0.1 sec period with extra flow, etc. The system then

measures the resulting outflow y(t).

In real-life clinical environment, the measurement result are affected by noise. Because

of this noise, the measured values ỹ(t) somewhat deviate from the actual (unknown) flow

results y(t). The deviations ỹ(t) − y(t) measured at different moments of time t are usu-

ally caused by different factors and are, thus, statistically independent. As a result of

this independence, the noise is heavily oscillating – i.e., changes with high frequency. To

decrease the effect of this noise, it is therefore reasonable to take a Fourier transform and

ignore high-frequency components of this transform – since these components are heavily

corrupted by noise.

Since the input signal is periodic, with the period of 5 Hz, we expect the output signal to

also be periodic, with the same frequency. In general, when we perform Fourier transform

on a signal which is periodic with frequency f , we only get components corresponding to

multiples of f , i.e., to f , 2f , 3f , etc. In our case, this means that we will have components

corresponding to 5 Hz, 10 Hz, etc. In practice, it was discovered that components above 25

Hz are too noisy to be useful – actually, the most informative values are one corresponding

to 5-15 Hz range. The values corresponding to 20 and 25 Hz are also useful, but they are

somewhat less informative that the 5-15 Hz values. So, the system returns the components

corresponding to 5, 10, 15, 20, and 25 Hz. To be on the safe side, the system also returns

the component corresponding to 35 Hz, which sometimes adds some additional information.

Another problem is related to the fact that while it is relatively easy to implement the

on-off switching of the input airflow, the actual values of the on- and off-case airflows may

change with time: the pressure in the system may decrease, etc. In principle, it is possible
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to maintain the exact airflow values, but this will make the system too complicated and

thus, too expensive. Instead, the existing systems rely on the fact that while it is not easy

to maintain the input airflow a(t) at some pre-defined level a0, it is possible to accurately

measure this airflow.

The added airflow a(t)− a0 is relatively small, so when estimating the reaction y(t) of

a human breathing system to this airflow, we can safely ignore terms which are quadratic

and of higher order in terms of a(t) − a0 and conclude that the dependence is linear:

y(t) =
∫
c(t, s) · a(s) ds for some coefficients c(t, s).

The system does not change much during the time when measurements are performed.

So if we start the experiment t0 seconds earlier, i.e., if we take ã(t) = a(t + t0) instead of

a(t), then the output should change accordingly, to ỹ(t) = y(t+ t0). So, the corresponding

linear transformation is shift-invariant. As we have shown in Chapter 3, this means that

y(t) is equal to the convolution y(t) =
∫
z(t−s)·a(s) ds of the input a(t) with some function

z(t).

It is known that the Fourier transform of the convolution is equal to the product of

Fourier transforms. Thus, in this case, for the corresponding Fourier transforms Z(f),

Y (f), and A(f), we get Y (f) = Z(f) · A(f). We are interested in the values Z(f) that

do not depend on the inputs. In our case, we have computed the values Y (f), so we can

also compute the Fourier coefficients A(f), and return the ratios Z(f) = Y (f)/A(f). This

is exactly what the IOS system returns: the complex numbers Z(f) = R(f) + i · X(f)

that correspond to six frequencies f = 5, 10, . . . , 35. In analogy with electric circuits, the

complex value Z(f) is called the impedance, its real part R(f) is called resistance, and its

imaginary part X(f) is called reactance.

These six complex numbers – or, equivalently, the six real parts and the six imaginary

parts – are what we can use to properly diagnose the lung dysfunction.

It is not easy to make a diagnosis based on IOS data. If we plot the IOS data

corresponding to patients with different diagnoses, we see that the corresponding ranges of

values R(f) and X(f) have a huge intersection; see, e.g., Fig. 1–2. This shows that it is
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not easy to diagnose a patient based on IOS data.
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How IOS-based diagnosis is performed now. There are no exact formulas that de-

scribe the diagnosis based on the six complex values Z(f); the research about the clinical

applications of the IOS parameters is still ongoing. However, we do have several patient

records for which, on the one hand, we know the corresponding values Z(f), and, on

the other hand, we have a diagnosis provided by a skilled medical doctor. It is therefore

reasonable to use machine learning and train the system to be able to diagnose a patient.

This has indeed been done: researchers have used either all or some of the 12 numbers

(real parts R(f) and imaginary parts X(f)) as input and tried to train the neural network

to learn the diagnosis in the children patients.

The resulting diagnostic system is, however, not yet perfect. For adult patients, if we

use spirometry results as well as IOS, we get an almost perfect separation of asthma from

healthy: its accuracy is 98-99% [14, 15]. However, when we only use IOS data, the current

system’s testing-data accuracy in distinguishing lung dysfunctions such as asthma, SAI,

and PSAI from patients who do not have any of these diseases is only close to 60% [19].
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Comment. Similar imperfect results were obtained for a related problem: predicting asthma

deterioration one week ahead. For this problem, neural networks and other machine learn-

ing techniques result, at best, in 70-75% prediction accuracy; see, e.g., [119].

Resulting problem and what we do in this chapter. It is therefore desirable to come

up with better diagnostic techniques. Our approach is to help a neural network by providing

an appropriate pre-processing of the inputs data. It turns out that an appropriate pre-

processing indeed drastically improves the diagnostic results: for diagnosing the presence

of a lung dysfunction, we have 100% accuracy.

12.2 First Pre-Processing Stage: Scale-Invariant

Smoothing

Need for further de-noising. The above-described filtering out of noisy high-frequency

components eliminates some noise, but some noise remains.

Smoothing as a way to de-noise. To further decrease the noise level, it is desirable to
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take into account that in real life, almost all dependencies (including the dependence of the

signal intensity on frequency) are smooth – in the sense that a small change in frequency

leads to a small change in intensity.

How to smooth a signal. Thus, instead of considering the original (noisy) six complex

numbers Z(f) corresponding to f = 5, 10, . . ., it makes sense to approximate these values

by a smooth dependence, i.e., by a function of the type
k∑

j=1

cj · ej(f), for some smooth

functions e1(f), . . . , ek(f).

Which level of smoothness to choose. Usually, real-life processes are very smooth –

with few exceptions like phase transitions. It is therefore desirable to select approximating

functions ej(f) which are as smooth as possible.

In general, for functions, there are several different degrees of smoothness. The simplest

case is when a function is one time differentiable. The next – more smooth – case is when

a function is two times differentiable, etc. Then, we have functions which are infinitely

many time differentiable, and finally, the smoothest of all – analytical functions, functions

that can be expanded in Taylor series. Thus, to achieve maximal smoothness, we will use

analytical functions ej(f).

Which analytical functions should we choose: the idea of scale-invariance. There

are many different analytical functions, which ones should we choose?

A natural requirement for this choice comes from the fact that we are approximating

a function from numbers (f) to numbers (Z). These numbers represent the values of the

corresponding physical quantities. However, the numerical value of each physical quantity

depends not only on the quantity itself, it also depends on the measuring unit that we have

selected for this quantity. If we replace the original measuring unit with a new one which

is λ times smaller, all the numerical values will multiply by λ. In other words, for each

frequency, instead of the original numerical value f , we will have a new numerical value

f̃ = λ · f that describe the exact same physical quantity.

There is no physical reason why some measuring units would be preferable to others.
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Therefore, it makes sense to require that the selection of the resulting class C of linear

combinations
k∑

j=1

cj ·ej(f) should not change if we simply re-scale all the values by changing

the measuring unit for frequencies. As we have shown in Chapter 3, this means that the

functions ei(f) are linear combinations of the expressions

(ln(f))p · fa · (cos(b · ln(f)) + i · sin(b · ln(f))).

Let us take into account that the functions ei(f) should be analytical. Now, we

can take into account that the functions ei(f) should be analytical, i.e., they should be ex-

pandable in Taylor series for f = 0. This requirement excludes possible logarithmic terms

(ln(f))p, as well as cosines and sines of these logarithms, which leaves us with linear com-

binations of the powers fa. Due to analyticity, all the powers should be natural numbers,

so we conclude that all the functions ei(f) are linear combinations of expressions f 0 = 1,

f 1 = f , f 2, . . . In other words, due to scale-invariance, all the functions ei(f) should be

polynomials.

We want to approximate the function Z(f) by a linear combination of the functions

ei(f). A linear combination of polynomials is also a polynomial. Thus, we arrive at the

following conclusion.

General conclusion of this section. Due to the natural requirement of scale-invariance,

we should approximate the impedance function Z(f) by a polynomial.

12.3 Which Order Polynomials Should We Use?

Formulation of the problem. We want to find the polynomial that fits the observations.

Of course, if we take a polynomial of a sufficiently large degree, we can always find a

polynomial that fits all observed data exactly – this is a well-known Lagrange interpolation

polynomial.
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However, the whole purpose of the polynomial smoothing is to de-noise the signal, and

if we keep all the values intact, we will retain all the noise. Thus, we should not use

polynomials of too high order.

On the other hand, if we use polynomials of too low order – e.g., constants or linear

functions – we get a smoothing, but the approximation is too crude, and we lose the

information contained in the original signal. How can we find the adequate degree of

approximating polynomials?

Natural idea: general case. A natural idea is to take into account the general monotonic-

ity of IOS curves – as described, e.g., in [96] – and select the higher order of approximating

polynomials that preserve this monotonicity.

Let us apply this general idea to our problem. According to [96], for all three diseases

(asthma, SAI, and PSAI):

� for the real part R(f) of the impedance Z(f), the corresponding value first decreases

with frequency f , and then increases;

� for the imaginary partX(f) of the impedance Z(f), the corresponding value increases

with frequency f .

So:

� for each degree, we use the usual Least Squares techniques (see, e.g., [166]) to find

the polynomial of this degree that best approximates the observed values, and then

� we select the largest degree for which, on the corresponding interval of values of fre-

quency, the resulting best-approximation polynomials follow the same monotonicity

pattern.

It turns out that:

� for quadratic and cubic polynomials, we have this feature, but
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� for 4th order polynomials, we no longer have the desired monotonicity: for example,

for the resistance R(f), the corresponding 4th order polynomial first decreases, then

increases, but then decreases again; see, e.g., Fig. 3.
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Because of this, in this chapter, we approximate the functions R(f) and X(f) by cubic

polynomials. Let us denote the corresponding approximating polynomials by Ra(f) and

Xa(f).

12.4 Second Pre-Processing Stage: Using the Ap-

proximating Polynomials to Distinguish Between

Different Diseases

Formulation of the problem. For each diagnosis d, we have several observations corre-

sponding to patients with these diagnosis. Based on these observations, for each patient i

with this diagnosis (i ∈ d), we find the smoothed functions Ra
i (f) and Xa

i (f).
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Now, when we have a new patient with the corresponding functions Ra(f) and Xa(f),

we would like to diagnose this patient, i.e., to classify this patient to one of the groups d.

How can we do it?

How to separate different groups: general idea. How do we distinguish groups in

general? How do we distinguish cats from dogs? Usually, in such situations:

� we have a mental picture of a typical cat,

� we have a mental picture of a typical dog, and

� we make our decision based on how similar the observed object is to one of these two

typical ones.

A natural idea is thus:

� to form, for each group corresponding to a given diagnosis d, “typical” function Rd(f)

and Xd(f) corresponding to this diagnosis, and then

� to base our diagnosis of new, yet-undiagnosed patients based on how similar their

functions Ra(f) and Xa(f) are to the typical functions corresponding to each diag-

nosis.

A natural way to form a typical function. A natural way to form the typical function

Rd(f) corresponding to a given diagnosis d is to take all the IOS values Ri(f) correspond-

ing to patients i with this diagnosis (i ∈ d), and use Least Squares to find the cubic

function Rd(f) that best approximate all these measurement results, i.e., for which the

sum
∑
i∈d

∑
f

(Rd(f)−Ri(f))
2 attains its smallest possible value (here, the summation is over

the IOS frequencies f = 5, 10, 15, 20, 25, and 35 Hz).

Similarly, a natural way to form the typical function Xd(f) corresponding to a given

diagnosis d is to take all the IOS valuesXi(f) corresponding to patients i with this diagnosis,

and use Least Squares to find the cubic function Xd(f) that best approximate all these

measurement results, i.e., for which, the sum
∑
i∈d

∑
f

(Xd(f) − Xi(f))
2 attains its smallest

possible value.
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12.5 Third Pre-Processing Stage: Scale-Invariant

Similarity/Dissimilarity Measures

How to describe the similarity of functions: preliminary analysis. To use the

above general idea for diagnosing a patient, we need to select a numerical measure of

similarity/dissimilarity between the function Ra(f) describing the new patient and the

function Rd(f) describing a typical patient with diagnosis d.

One thing to take into account is that usually the measurement record produced by the

IOS device contains an initial spike, when the measured value jumps from the original 0

value to a non-zero value corresponding to the actual measurement. This initial impulse-

type spike affect the Fourier transform values R(f) and X(f) produced by the measuring

device. Since the Fourier transform of an impulse is a constant function, this means that to

all the measured values Ri(f) andXi(f), a constant is added that corresponds to the Fourier

transform of this original impulse. Because of this added constant, the same constant gets

added to the approximating cubic curves Ra
i (f) and Xa

i (f). For the same patient with

the same disease, in different measurements, the initial impulse may be slightly different.

Thus, the corresponding added constants may be different for the two measurements of the

same patient. In other words, for the same patient, in two consequent measurements, we

may get two functions differing by a constant.

So, to properly match, e.g., the patient’s function Ra(f) with the function Rd(f) de-

scribing a typical patient with diagnosis d, we need to take this possible constant difference

into account.

How do we estimate the corresponding constant difference? As we have mentioned

earlier, the most informative part of the IOS results correspond to the 5-15 Hz range.

The central point of this range is the value 10 Hz. It is therefore reasonable to take the

difference ∆Rid
def
= Rd(10)−Ra

i (10) of the values corresponding to this central frequency as

an estimate for the constant difference. Thus, we should compare the typical function Rd(f)

not with the actual patient’s function Ra
i (f), but with the “shifted” function Ra

i (f)+∆Rid,
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shifted so as to provide the best match between the two functions.

In other words, to diagnose a patient i, we need to describe the similarity/dissimilarity

between the functions Ra
i (f) + ∆Rid and Rd(f).

Similarly, for reactance, we need to describe the similarity/dissimilarity between the

functions Xa
i (f) + ∆Xid and Xd(f), where ∆Xid

def
= Xd(10)−Xa

i (10).

How to describe the similarity/dissimilarity of functions: general idea. In

general, if we have two functions F (f) and G(f), how can we describe their similar-

ity/dissimilarity? For each frequency f , the larger the absolute value |F (f) − G(f)| of

the difference, the less similar are the corresponding values. Thus, it makes sense to as-

sume that the degree of dissimilarity between these two values is a monotonic function of

this absolute value: m(|F (f)−G(f)|), for some increasing function m(x).

The overall degree of dissimilarity we can then estimate by simply adding the degree

corresponding to different frequencies f , i.e., by considering an integral∫
m(|F (f)−G(f)|) df.

Remaining question. Which similarity/dissimilaroty measures – i.e., which functions

m(x) – should we use?

Main idea: use scale-invariance. To select an appropriate similarity/dissimilarity mea-

sure, let us use the same scale-invariance idea that we used to select an approximating

family of functions.

Scale-invariance: from idea to formulas. If, for measuring real and imaginary com-

ponents of the impedance, we select a new unit which is λ times smaller than the original

one, then all the corresponding numerical values F (f) and G(f) get multiplied by λ:

� instead of F (f), we get F̃ (f) = λ · F (f), and

� instead of G(f), we get G̃(f) = λ ·G(f).
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In this case, the absolutely value of the difference x = |F (f) − G(f)| also gets multiplied

by λ:

x̃ = |F̃ (f)− G̃(f)| = |λ · F (f)− λ ·G(f)| = λ · |F (f)−G(f)| = λ · x.

We want to select the function m(x) (that describes degree of similarity/dissimilarity) in

such a way that if we change a measuring unit for F (f) and G(f), the resulting value of

closeness will not change – provided, of course, we appropriately change a unit for measuring

dissimilarity.

As we have shown in Chapter 3, this requirement implies that m(x) = C · xα.

By selecting an appropriate unit for measuring dissimilarity, we can make the coefficient

C equal to 1. Thus, we arrive at the following conclusion.

Conclusion of this section. Due to scale-invariance, we measure dissimilarity between

two functions as ∫
|F (f)−G(f)|α · df.

Remaining question. What value α should we use?

12.6 How to Select α: Need to Have Efficient and

Robust Estimates

General idea. In the computer, we can only represent finitely many different values f1,

f2, . . . So, an integral, in effect, means a (weighted) sum
∑

|Fi − Gi|α, where we denoted

Fi
def
= F (fi) and Gi

def
= G(fi).

From this viewpoint, which value α should we choose?

Need for efficient estimates. We want to be able to have an efficient algorithm that

finds the closest approximation, i.e., an approximation for which the dissimilarity degree∑
|Fi −Gi|α is the smallest possible.
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It is known (see, e.g., [108, 204]) that, in general, feasible algorithms exist for minimiz-

ing convex objective functions, while in many non-convex cases, optimization is NP-hard

(i.e., crudely speaking, not feasible). Moreover, it has been proven [90] that, in general,

minimization is feasible only for convex objective functions. Thus, it makes sense to select

the value α in such a way that the objective function
∑

|Fi −Gi|α be convex.

In general, according to calculus, a function is convex if its second derivative is non-

negative. For x > 0, the first derivative of the function xα is α · xα−1, and the second

derivative is equal to α · (α − 1) · xα−2. Here, α > 0 – the larger the difference, the less

similar are the functions, and the value xα−2 is also always positive. Thus, the second

derivative is non-negative if and only α− 1 ≥ 0, i.e., if and only if α ≥ 1.

Thus, to make sure that the corresponding optimization problems can be efficiently

solved, we need to select α ≥ 1.

Need for robustness. Another important requirement for selecting α is to make sure

that the resulting estimates are the least affected by noise, i.e., are the most robust.

It is known (see, e.g., [78]), that among all the methods based on the objective function∑
|Fi − Gi|α with α ≥ 1, the most robust is the method corresponding to α = 1. Thus,

to guarantee the desired robustness, we will use α = 1. So, we arrive at the following

conclusion.

Conclusion of this section. Among all computationally efficient scale-invariant dis-

similarity measures, the most robust (i.e., the most resistant to noise) is the dissimilarity

measure ∫
|F (f)−G(f)| · df.

In our case, F (f) = Rd(f) and G(f) = Ra
i (f) + ∆Rid, so we need to use the dissimilarity

measure ∫
|Rd(f)− (Ra

i (f) + ∆Rid)| df.

When this dissimilarity measure is close to 0, this means that the function Ra
i (f) cor-

responding to the i-th patient is very similar to the typical function Rd(f) corresponding
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to diagnosis d. The more dissimilar these two functions, the larger the value of this dissim-

ilarity measure.

Similarly for reactance, we use the dissimilarity measure∫
|Xd(f)− (Xa

i (f) + ∆Xid)| df.

12.7 Scale-Invariance Helps to Take into Account that

Signal Informativeness Decreases with Time

For IOS, the starting part of the signal is more informative. In the previous

sections, we implicitly assumed that the values of the signal y(t) at different moments of

time are equally informative. However, a typical IOS measurement lasts for 30-45 seconds

– a reasonable time to be tied in to a strange apparatus. As a result, children’s level of

stress somewhat increases as the measurement process continues. This stress level affects

the breathing process – and thus, the measurement results.

So, we can conclude that values y(t) corresponding to earlier time are more informative

than values corresponding to later moments of time t.

How can we take this phenomenon into account. A reasonable idea of taking the

above phenomenon into account is to consider not the original signals y(t), but the signals

weighted with some weight w(t) which decreases with time. In other words, instead of the

original signals y(t), we consider weighted signals w(t) · y(t).

Which weight function should we choose: let us again apply scale-invariance.

Which weight function w(t) should we choose? A reasonable idea is to again use scale-

invariance. In other words, we assume that if we change the unit of time to a one which is

λ times smaller – which means changing all numerical values of time from t to t̃ = λ ·t, then

the formula for the weight remains the same – once we appropriately re-scale the weight

function w as well, from w to w̃ = µ(λ) · w, for some function µ(λ).
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Again, as we have shown in Chapter 3, this requirement implies that w = A · tα. Since

we assume that the weight decreases with time, we must have α < 0.

Which value α should we choose? Whether we use the original signal or its weighted

form, what we will do next is apply Fourier transform. The original IOS device already

returns the Fourier coefficients of the original signal y(t). Thus, from the computational

viewpoint, it is desirable to select α for which the Fourier transform of the weighted function

y(t) · tα can be described in terms of the Fourier transform of the original function y(t).

It is known that such a description is possible only for integer values α; namely:

� the Fourier transform of y(t)/t is proportional to the integral of the Fourier transform

of y(t);

� the Fourier transform of y(t)/t2 is proportional to the second integral (integral of an

integral) of the Fourier transform of y(t); etc.

The simplest of these cases is the case α = −1, which corresponds to the integral.

Thus, in addition to the original Fourier transform values, we should consider integrals

of these values.

Details. Of course, when computing these integrals, we should take into account the

smoothing that we have applied to the original signal. In other words, we should integrate

not the original values Z(f), but the corresponding smoothing polynomial approximations.

Integration should be considered over the most informative part of the spectrum – from

5 to 15 Hz. Thus, we arrive at the following conclusion.

Conclusion of this section. In addition to the smoothed signals Ra(f) and Xa(f), we

should also consider their integrals IR(f) =
∫ f

5
Ra(x) dx and XR(f) =

∫ f

5
Xa(x) dx.
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12.8 Pre-Processing Summarized: What Information

Serves as an Input to a Neural Network

Let us summarize. Let us summarize the scale-invariance-motivated pre-processing steps,

and thus, describe what inputs are fed into a neural network.

This whole process consists of two stages:

� In the first, preliminary stage, we process data about known patients to find the

“typical” functions Rd(f) and Xd(f) that correspond to each diagnosis d.

� On the working stage, we use these typical functions to diagnose a new patient.

Preliminary stage. First, for each diagnosis d, we process patients with known diagnoses

d to find the typical functions Rd(f) and Xd(f) corresponding to each of these diagnoses.

This is done as follows.

For each patient with the known diagnosis, we get the IOS values R(f) and X(f)

corresponding to frequencies f equal to 5 Hz, 10 Hz, 15 Hz, 20 Hz, 25 Hz, and 35 Hz.

Then, we use the Least Squares techniques to find the coefficients r0, r1, r2, and r3 of

the cubic polynomial

Rd(f) = r0 + r1 · f + r2 · f 2 + r3 · f 3

that best approximates the measured values Ri(f) corresponding to the patients with this

diagnosis d (of course, we only use patients from the training set, to be able to test our

results of the patients from the testing set). In other words, we find the coefficients of the

cubic polynomial for which the sum∑
i∈d

∑
f

(Rd(f)−Ri(f))
2

is the smallest possible.

Similarly, we use the Least Squares techniques to find the coefficients x0, x1, x2, and x3

of the cubic polynomial

Xd(f) = x0 + x1 · f + x2 · f 2 + x3 · f 3
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that best approximates the measured values Xi(f) corresponding to all the patients with

this diagnosis d. In other words, we find the coefficients of the cubic polynomial for which

the sum
∑
i∈d

∑
f

(Xd(f)−Xi(f))
2 is the smallest possible.

For each of these functions, we then compute the integrals IR,d(f) =
∫ f

5
Rd(x) dx and

IX,d(f) =
∫ f

5
Xd(x) dx.

Working stage. For a new patient, we get the IOS values R(f) and X(f) corresponding

to frequencies f equal to 5 Hz, 10 Hz, 15 Hz, 20 Hz, 25 Hz, and 35 Hz. Then:

� We use the Least Squares techniques to find the coefficients r0, r1, r2, and r3 of the

cubic polynomial

Ra(f) = r0 + r1 · f + r2 · f 2 + r3 · f 3

that best approximates the measured values R(f). We also compute the integral

IR(f) =
∫ f

5
Ra(x) dx.

� After that, we use the Least Squares techniques to find the coefficients x0, x1, x2, and

x3 of the cubic polynomial

Xa(f) = x0 + x1 · f + x2 · f 2 + x3 · f 3

that best approximates the measured values X(f). We also compute the integral

IX(f) =
∫ f

5
Xa(x) dx.

� Finally, for each of the four diagnoses d, we compute the following values:

•
∫ 15

5
|Rd(f)− (Ra(f) + ∆Rd)| df, where ∆Rd

def
= Rd(10)−Ra(10);

•
∫ 15

5
|IR,d(f)− (IaR(f) + ∆IR,d)| df, where ∆IR,d

def
= IR,d(10)− IaR(10);

•
∫ 15

5
|Xd(f)− (Xa(f) + ∆Xd)| df, where ∆Xd

def
= Xd(10)−Xa(10);

•
∫ 15

5
|IX,d(f)− (IaX(f) + ∆IX,d)| df, where ∆IX,d

def
= IX,d(10)− IaX(10).

These four tuples of four values corresponding to four diagnoses – the total of 16 values –

can then be used to train a neural networks to diagnose the patient.

80



Do we need all these 16 inputs? In data processing, it is known that if we use too many

inputs, the prediction accuracy decreases. Indeed, if we use too many inputs, then, together

with the most informative ones, we also add less informative ones. These additional inputs

add noise to the result of data processing without providing us with any useful information.

Because of this, in data processing in general, it is a good idea not just to use all possible

inputs, but also to check if selecting only some of these inputs will leads to more accurate

results.

In our case, we tested whether we need both values corresponding to resistance R and

values corresponding to reactance X. Interestingly, it turned out that the reactance-related

values only decrease the prediction quality. As a result, our recommendation is to only use

resistance-related values when diagnosing patients.

12.9 The Results of Training Neural Networks on

These Pre-Processed Data

Available data. In our research, we used the data collected by our colleague Erika Meraz

[12]. This data consists of 288 IOS data sets from patients with known diagnoses.

Pre-processing: first stage. First, for each data set, we used Least Square to find the

coefficients of cubic polynomials Ra
i (f) that best fit the observed IOS values Ri(f). Then,

we computed the integral IR,i(f) =
∫ f

5
Ra

i (x) dx.

Neural network: general idea. We trained a neural network to distinguish patients

with lung dysfunctions from patients without lung dysfunction.

A neural networks consist of neurons. Each neuron takes several inputs x1, . . . , xn and

transforms them into the signal

y = s0(w1 · x1 + . . .+ wn · xn − w0),

where w0, w1, . . . , wn are coefficients that need to be determined during training, and s0(z)

is a nonlinear function known as the activation function.
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In this research, we used neural networks with sigmoid activation function s0(z) =

1/(1 + exp(−z)), the most widely used activation function. It is worth mentioning that

this function can also be justified by invariance: this time, by shift-invariance (and not

scale-invariance, as in the previous examples); see, e.g., [137].

Separation into training and validation data sets. Overall, we had 288 data sets, of

which:

� 257 data sets correspond to patients wit lung dysfunctions, and

� 31 data sets correspond to patients without lung dysfunctions.

To train a neural networks, we separated the corresponding data set into training data set

(used for training) and validation data set (used for validation). In all three cases, we used

approximately 75% of the data for training and approximately 25% for validation; see, e.g.,

[71, 166]. Specifically:

� we selected 214 data sets for training, among which 191 corresponded to patients

with lung dysfunctions and 23 corresponded to patients without lung dysfunctions,

and

� the remaining 74 data sets were used for validation, among which 66 corresponded

to patients with lung dysfunctions, and 8 patients without lung dysfunctions.

We have four possible diagnoses: asthma (a), SAI (s), PSAI (p), and the absence of lung

dysfunctions (n). Within the training set, for each of these four diagnoses d, we applied

the Least Square method to all the values Ri(f) corresponding to the data sets with this

diagnosis to compute the typical values Rd(f) corresponding to this diagnosis. We then

computed the integral IR,d(f) =
∫ f

5
Rd(x) dx.

Resulting typical functions Rd(f). As a result of this analysis, we got the following

typical functions corresponding to different diagnoses; see Fig. 4:

Ra(f) = 1.152− 7.842 · 10−2 · f + 2.686 · 10−3 · f 2 − 2.443 · 10−5 · f 3;
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Rs(f) = 8.960 · 10−1 − 5.738 · 10−2 · f + 2.067 · 10−3 · f 2 − 2.024 · 10−5 · f 3;

Rp(f) = 6.076 · 10−1 − 2.717 · 10−2 · f + 8.278 · 10−4 · f 2 − 4.888 · 10−6 · f 3;

Rn(f) = 4.612 · 10−1 − 1.508 · 10−2 · f + 4.789 · 10−4 · f 2 − 2.424 · 10−6 · f 3.
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Figure 12.4: Cubic Resistance Functions per Class

Pre-processing: second stage. For each patient i, and for each of the four diagnoses d,

we computed the following two similarity/dissimilarity measures:

�
∫
|Rd(f)− (Ra

i (f) + ∆Rid)| df, where ∆Rid
def
= Rd(10)−Ra(10); and

�
∫
|IR,d(f)− (IaR,i(f) + ∆IR,i,d)| df, where ∆IR,i,d

def
= IR,d(10)− IaR,i(10).

The resulting eight values serve as input to the neural network.

The results of training the neural network. The purpose of the neural network was

to separate patients with lung dysfunctions from patients without lung dysfunction.
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During the training, the network selected 50 neurons in the hidden layer. On the

validation data set, the neural network achieved 100% accuracy on the validation set: all

74 cases were classified correctly.

This is much better that in the previous studies. The resulting classification accuracy

is much better than the 60% accuracy achieved by neural networks without pre-processing.
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Chapter 13

Medical Application: Diagnostics,

Part 2

Machine learning techniques have been very efficient in many applications, in particular,

when learning to classify a given object to one of the given classes. Such classification

problems are ubiquitous: e.g., in medicine, such a classification corresponds to diagnosing

a disease, and the resulting tools help medical doctors come up with the correct diagnosis.

There are many possible ways to set up the corresponding neural network (or another

machine learning technique). A direct way is to design a single neural network with as

many outputs as there are classes – so that for each class i, the system would generate a

degree of confidence that the given object belongs to this class. Instead of designing a single

neural network, we can follow a hierarchical approach corresponding to a natural hierarchy

of classes: classes themselves can usually be grouped into a few natural groups, each group

can be subdivided into subgroups, etc. So, we set up several networks: the first classifies the

object into one of the groups, then another one classifies it into one of the subgroups, etc.,

until we finally get the desired class. From the computational viewpoint, this hierarchical

scheme seems to be too complicated: why do it if we can use a direct approach? However,

surprisingly, in many practical cases, the hierarchical approach works much better. In this

chapter, we provide a possible explanation for this unexpected phenomenon.

Results from this chapter first appeared in [182].
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13.1 Problem: Why Hierarchical Multiclass Classifi-

cation Works Better Than Direct Classification

Case study: classification in medicine. One of the most challenging tasks in medicine

is diagnostics. The main reason why this task is difficult is that usually, several different

diseases have the same set of symptoms, and separating them is therefore not easy. To help

medical doctors, researchers have been designing automatic software tools that provide a

preliminary classification of patients into groups corresponding to different diseases. Of

course, in their present form, these tools do not provide a perfect diagnostics, they cannot

replace the medical doctors. However, these tools can be (and are) of help to medical

doctors. They are especially useful for medical doctors who are just starting their medical

careers and who therefore do not yet have the experience that comes from observing and

treating hundreds and thousands of patients.

In particular, one of such tools has been developed by Nancy Avila for classifying

children’s lung disorders [11].

How classification is usually obtained: general idea. One of the most widely used

technique to get the desired classification is to use machine learning:

� we first train the algorithm on examples for which the classification is known;

� once the algorithm has been trained, we apply the resulting trained algorithm to new

inputs and thus, produce the class that – according to this tool – contains this input.

At present, the most efficient machine learning tool is neural networks (see, e.g., [29, 72]),

but other machine learning tools have been (and are) used to solve classification problems.

Multi-class classification: details. In many classification problems, we need to classify

objects into several different classes. Let n denote the number of such classes.

In an ideal situation when, based on the evidence, it is absolutely clear that the object

belongs to one of the classes, the system should produce this class. In many practical
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situations, however, even with all the available evidence, we are often not 100% sure what

is the most appropriate class. In this case, we would like the system not only to produce

one class, but to describe all possible classes – and for each possible class, to provide a

degree of confidence that the object is in this class. This will definitely help the user to

make a final decision.

In other words, to perform an n-class classification, we would like to design a system

with n outputs y1, . . . , yn, where each yi describes to what extent the existing evidence

supports the conclusion that the given object belongs to the i-th class. A user would also

like to know the most probable class – i.e., in terms of the values yi, the class i for which

the degree of confidence yi is the largest.

Direct approach. In the direct approach, we set up a neural network (or another machine

learning tool) with n outputs, and we train it on the examples in which we know the class

i0, i.e., on the examples in which we have yi0 = 1 and yi = 0 for all i ̸= i0.

Hierarchical approach. Another alternative is to take into account that neural networks

are, after all, attempts to simulate how we humans process data. Thus, when using neural

networks, it makes sense to recall how we ourselves perform the corresponding analysis.

From this viewpoint, the direct approach is not how, e.g., medical doctors diagnose

a patient – and, in general, not how we classify objects. Neither medical doctors not

we humans in general keep in mind all thousands of possible alternatives. Instead, our

classification is usually a hierarchical, multi-step one that goes from the general to the

particular. For example, if we hear some not-very-loud noise when walking at night on a

country road, we first check whether it is a human or an animal or something brought in by

the wind. Then, if, e.g., it is an animal, we decide whether it is big (and possible dangerous)

or small, if small whether it is a pet or, e.g., a rabbit, etc. The same logical process happens

with doctors when diagnosing a disease, they start with general tests (i.e. blood testing)

to identify normal or abnormal conditions; if an abnormal condition is observed, further

testing (more specific) is performed to diagnose a disease.
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In such cases, we reduce the large classification problem to several smaller-size ones,

e.g., to several binary (2-class) classifications.

Empirical fact: hierarchical approach works much better. The direct approach is

easier to implement: you just need to train one neural network. As a result, this is what

people usually start with. Interestingly, this approach often does not work well, while the

more difficult-to-implement hierarchical approach leads to much better learning and thus,

to a much more accurate classification. This is, e.g., exactly what happened in the medical

classification problem analyzed in [11].

How can we explain this empirical fact? In this chapter, we provide a possible

explanation for this empirical fact.

13.2 Our Explanation

Analysis of the problem. We are interested in situations in which classification is difficult

– otherwise, if it was easy, we would not need to design a complex computer-based tool to

help the users.

In our scheme, we classify an object into a class i for which the degree of confident

yi (estimated by the system) is the largest. In these terms, difficult means that in many

cases, it is difficult to decide which of the values yi is the largest – i.e., that there are several

classes i with approximately the same value of the degree of confidence.

For the “ideal” values Y1, . . . , Yn (that we would have gotten if we had all the infor-

mation and no noise) we have Yi0 > Yi for all i ̸= i0. However, because of the noise (and

incompleteness of data) the estimates yi are, in general, different from Yi.

If the effect of the noise is that one of the values yi with i ̸= i0 is “boosted”, i.e., gets a

reasonable-size positive estimation error ∆yi
def
= yi−Yi, then the boosted value yi = Yi+∆yi

becomes larger than yi0 ≈ Yi0 and thus, we get an incorrect classification.

To analyze whether a direct approach or a hierarchical approach work better, let us

estimate, for each of these two approaches, the probability of such a misclassification.
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What is the probability of a misclassification: case of the direct approach. Let

p be a probability that one of the outputs gets boosted. Then, in the direct approach, we

get a misclassification if one of the n− 1 wrong outputs gets boosted.

Each of these boostings is an independent event, so the probability that none of the

n− 1 boosting occurs can be estimated as a product of n− 1 probabilities (equal to 1− p)

that each of the boostings will not happen, i.e., as (1 − p)n. Thus the probability that a

misclassification will happen is equal to 1 minus this probability, i.e., to 1− (1− p)n−1.

The probability p is usually small – otherwise, the classification would be lousy. For

small p, we can expand the above expression in Taylor series in p and ignore quadratic

(and higher order) terms in this expansion. As a result, we conclude that the probability

of misclassification if approximately equal to (n− 1) · p.

What is the probability of a misclassification: case of the hierarchical approach.

To make an estimation, let us consider the case when on each stage of the hierarchical

classification, we have a binary classification – i.e., a classification into two classes. In this

case, with one stage, we can classify objects into 2 classes; with 2 binary stages, we can

classify them into 4 classes, and, in general, with s binary stages, we can classify objects

into 2s classes. Thus, to get a classification into n classes, we need to select the number of

stages s for which 2s ≈ n, i.e., we need s ≈ log2(n) stages.

On each stage, we compare two numbers yi: the number corresponding to the correct

group (or subgroup) and the number corresponding to an incorrect one. Here, it is also

possible that boosting will resulting in a wrong subgroup. The probability of this, on

each of the s stages, is p. If at one of the s stages, we get a wrong subgroup, we get

a misclassification. Similarly to the direct case, we can conclude that the probability of

misclassification is equal to 1− (1− p)s ≈ s · p ≈ log2(n) · p.

If we have 3 classes on each stage, we would get 2 log3(n) · p. If we had 4 classes per

stage, we would get 3 log4(n) · p, etc.

The resulting explanation. In the direct approach, the probability of misclassification
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is n · p, while in the hierarchical approach, this probability if log2(n) · p. Since for large n,

we have log2(n) ≪ n, this shows that indeed the hierarchical classification is much more

accurate – exactly as the empirical data shows.

This conclusion does not change if on each stage, we classify into c ̸= 2 classes: we

would get (c− 1) · logc(n) · p which is still much smaller than n · p.
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Chapter 14

Medical Application: Diagnostics,

Part 3

In many practical situations, the information comes not in terms of the original image

or signal, but in terms of its Fourier transform. To detect complex features based on

this information, it is often necessary to use machine learning. In the Fourier transform,

usually, there are many components, and it is not easy to use all of them in machine

learning. So, we need to select the most informative components. In this chapter, we

provide general recommendations on how to select such components. We also show that

these recommendations are in good accordance with two examples: the structure of the

human color vision, and classification of lung dysfunction in children.

Results from this chapter first appeared in [183].

14.1 Problem: Which Fourier Components Are Most

Informative

Fourier components are ubiquitous. In many practical situations, what we perceive or

what we get from measuring instruments is not the original signal, but its Fourier transform.

This is the case with our vision: we perceive the image in colors, i.e., by separating it into

the corresponding Fourier components; see, e.g., [79, 214]. Similarly, when we hear music,

we perceive it as sequence of notes, i.e., components corresponding to different frequencies.

This is true not only for our perceptions, this is also true for many measurement situ-
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ations. For example, when a radio telescope observes a distant radio-source, the resulting

signal is actually the Fourier transform of the original image; see, e.g., [205].

Need to select the most informative components. Images and signals are often

difficult to process. In situations when we do not have exact formulas for detecting the

desired features, it is often very efficient to apply machine learning techniques. However,

it is difficult to directly apply these techniques to hundreds and thousands of data points

that form each image or each signal. To be able to successfully apply these techniques, it

is therefore desirable to select the most informative Fourier components.

14.2 Main Idea

First observation: magnitudes of Fourier components, in general, decrease with

frequency. For a bounded-in-time signal or bounded-in-space image, the well-known

Parceval Theorem states that the mean squared value of the image or signal x(t) is equal

to the mean square value of its Fourier transform x̂(ω):
∫
x2(t) dt =

∫
|x̂(ω)| dω. For a

bounded signal or image, the integral
∫
x2(t) dt is finite, thus, the integral

∫
|x̂(ω)| dω is

also finite. This implies that, on average, the absolute value |x̂(ω)| of the Fourier transform

must decrease (and tend to 0) with frequency – otherwise, if this value did not decrease,

the integral would be infinite.

Resulting first recommendation. The smaller the Fourier component, the less and less

easy to distinguish it from the inevitable noise. Thus, the most informative component is

the one which is the largest in (absolute) value – and thus, has the largest signal-to-noise

ratio. Since, in general, the Fourier components decrease with frequency, a reasonable idea

is to select the Fourier component x̂(ω) that corresponds to the smallest possible frequency

ω0.

In general, Fourier components are complex numbers x̂(ω) = r(ω) + i · i(ω), where

i
def
=

√
−1. In these terms, the recommendation is to select the components r(ω0) and i(ω0).
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What other components should we select: brainstorming. One complex-valued

component may be not enough to detect the desired features. What other components

should we select?

Let us recall that the real part r(ω) of the Fourier transform is proportional to
∫
x(t) ·

cos(ω · t) dt, and its imaginary part i(ω) is proportional to∫
x(t) · sin(ω · t) dt.

For localized signals located close to some value t ≈ t0, we thus get r(ω) ≈ c · cos(ω · t0)

and i(ω) ≈ c · sin(ω · t0), for some constant c.

As we have already mentioned, the most informative components are the ones whose

absolute value is the largest. Thus, for the real-valued components, the first two most

informative components correspond to the values where the cosine is equal to ±1, i.e., the

values ω ≈ 0 and ω ≈ π/t0. (And an even more informative is the difference between these

two components, which is equal to 2c.) Within this frequency range, from 0 to π/t0, the

most informative value of the imaginary part is when the sine is equal to 1, i.e., the value

ω ≈ 0.5 · π/t0.

Thus, we arrive at the following general recommendation.

Resulting general recommendation. As the most informative Fourier components, we

should take:

� the real and imaginary components r(ω0) and i(ω0) corresponding to the smallest

possible frequency ω0;

� one more real-valued component r(Ω) corresponding to some larger frequency Ω (that

depends on the signal or image) – or, better yet, the difference r(ω0)− r(Ω), and

� an imaginary component i

(
ω0 + Ω

2

)
corresponding to a frequency which is exactly

halfway between ω0 and Ω.

What we will do now. We will show, on two examples, that this reasonable crude

approximate recommendation actually leads to good results.
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14.3 First Case Study: Human Color Vision

Discussion. This example is not about machine learning selecting the most informative

features – it is about which most informative features biological evolution has selected.

What our recommendation suggests. Specifics of human vision is that in this case, it

is difficult to separate real and imaginary parts of the signal. So, in this case, our recom-

mendation means that we should select components corresponding to a smaller frequency

ω, to a larger frequency Ω, and to a frequency which is exactly halfway between ω0 and Ω.

Thus, to get the most informative understanding of images, we should select three

equidistant frequencies:

ω0 <
ω0 + Ω

2
< Ω.

How human vision system actually works. The human vision system does select

three different colors – i.e., three different frequencies [79, 214]:

� red, corresponding to 430–480 THz;

� green, corresponding to 540–580 THz; and

� blue, corresponding to 610–670 THz.

For 430–480 and 610–670, the midpoint is 520–575 THz, which is 4% close to the actual

middle range of 540–580 THz.

But is this convincing? One may argue that, of course, the midpoint is somewhere in

between the two frequencies, so no wonder it is close to the midpoint between them. By

the same logic, one could get the same result if we considered, e.g., wavelength. Let us give

it a try. In terms of wavelength:

� red corresponds to 635–700 nm,

� green corresponds to 520-560 nm, and
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� blue corresponds to 450–490 nm.

Here, for 635–700 and 450–490, the midpoint is 442.5–595 which is only 6% close to the

actual middle range of 520–560 nm. So, indeed, the frequency-based description – motivated

by our arguments – is much closer to the actual human vision system.

14.4 Second Case Study: Classifying Lung Dysfunc-

tions

Formulation of the problem. In this case study, we consider three types of lung dysfunc-

tions: asthma, Small Airway Impairment (SAI), and Possible Small Airway Impairment

(PSAI). To correctly classify lung dysfunction in children, a promising idea is to use Im-

pulse Oscillometry System (IOS), where a periodic signal with frequency 5 Hz is added to

the airflow coming to the patient, and the resulting outflow is described by its Fourier com-

ponents r(f) + i · i(f) corresponding to different frequencies f . Of course, since the signal

is periodic, all the frequencies are proportional to 5 Hz [26]. It turns out that the most

informative frequencies are between 5 and 20 Hz. Which of the corresponding components

should we choose?

What our recommendation says. According to our general recommendation, we should

select:

� the components r(5) and i(5) corresponding to the smallest possible frequency of 5

Hz,

� the component r(f) corresponding to the largest of the most informative frequen-

cies – in this case, 20 Hz (or, better yet, the difference between the corresponding

components r(5)− r(20)), and

� the component i(f) corresponding to the midpoint between 5 and 20 Hz.
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In this case, the midpoint between 5 and 20 is 12.5 Hz. There is no component with exactly

this frequency, but there are two closest frequencies (which are equally close to 12.5 Hz):

10 Hz and 15 Hz.

Thus, according to our general recommendation, the most informative Fourier compo-

nents should be r(5), r(20) (or, better yet, r(5)− r(20)), i(5), i(10), and i(15).

Empirical data is in perfect accordance with our recommendation. To test our

recommendation, we used the data collected by our colleague Erika Meraz; see [12] for

details. This data contained data sets from 112 patients with known diagnoses.

For each of components of the Fourier transform, we tested how well this component

can differentiate between two different diagnoses. Specifically, we evaluated the importance

of each component by comparing the means of the two diagnoses to determe if they were

statistically different (at the usual confidence level p < 0.05). We then selected the com-

ponents that statistically significantly differentiated every pair of diagnoses – and these

were exactly the components mentioned above: r(5), r(20) (or, better yet, the difference

r(5)− r(20)), i(5), i(10), and i(15); see [12] for details.
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Chapter 15

Medical Application: Treatment

In this chapter, we show that many aspects of complex biological processes related to wound

healing can be explained in terms of the corresponding geometric symmetries.

Results from this chapter first appeared in [195].

15.1 Problem: Geometric Aspects of Wound Healing

Geometric aspects of wound healing: a brief descrption. When a wound appears,

the body starts a complex process of healing the wound; see, e.g., [36, 73, 175]. Among

other important related processes, two processes affect the geometric shapes:

� within the first few minutes of injury, cells called platelets move to (and along) the

wound boundary and change their shape to cover (“clot”) this boundary – thus pro-

tecting the remaining part of the body; see, e.g., [154, 206];

� some time after that, epithelial (skin-forming) cells change their shape to elongated

and slowly move in the direction orthogonal to the skin’s boundary to cover the tissues

exposed by the wound; see, e.g., [69].

A challenge. Wound healing is a very complex well-choreographed, and often, very suc-

cessful process. However, in contrast to many other complex biological processes, it occurs

very naturally, without a complex behavior coded into a DNA molecule, without a complex

multi-neural nervous system controlling different stages. Most of this complex choreogra-

phy occurs on the level of cells themselves. How can we explain this unexpectedly complex

behavior of such a seemingly control-less system?
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What we do in this chapter. In this chapter, we show that the geometric aspects of

wound healing can be naturally explained by analyzing the corresponding local geometric

symmetries.

15.2 What Are Natural Symmetries Here and What

Are the Resulting Cell Shapes: Case of Undam-

aged Skin

Natural local symmetries of the undamaged skin surface. To understand the wound

healing process, let us start with analyzing the natural local symmetries of the undamaged

skin surface.

Locally, a skin surface is flat, so we can locally represent it as a plane. In general,

a plane has the following geometric symmetries: rotations, shifts in two directions, and

scaling x → λ · x. Overall, we have a 4-dimensional group of symmetries.

There are also discrete symmetries: reflections across a line, and mirror reflections –

reflections across a point.

Out of the continuous symmetries, rotations are the only symmetries that can be exact,

in the sense that it is quite possible to have a circular piece of skin which is perfectly

invariant with respect to all rotations around its center. In contrast, shifts and scalings

are only approximate symmetries: there is no way to select a piece of skin which would be

invariant with respect to all shifts or with respect to all possible scalings: such an invariant

region would have to coincide with the whole infinite plane.

Symmetry of skin cells: case of undamaged skin. A skin in not a homogeneous

medium, it consists of cells. The cell shapes are usually somewhat complicated, but in the

first approximation, we can describe their shapes in geometric terms.

We want to describe the shape of a cell boundary. In this description, we take into

account that while the plane itself has a 4-dimensional symmetry group, the cell boundary
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cannot have all these symmetries: e.g., if it was shift-invariant, then with any point on this

boundary, we would have all the points obtained from it by shift; thus, the cell boundary

would take over the whole plane. Thus, to form a cell, some original symmetries must be

broken.

Symmetry breaking is a process which is ubiquitous in real world and thus, well studied

in physics. According to physics, the most probable are the transitions that break the

smallest number of symmetries (and thus retain the most symmetries); see, e.g., [68, 180].

For example, when we heat a well-structured well-symmetric crystal, we do not directly

get a fully amorphous gas stage; first, we get a liquid stage, in which some structure is

retained.

The main symmetries here are rotations – since they are the only symmetries which are

exact. The only shape which is invariant with respect to rotations is a circle. And skin

sells indeed form a circle-type shape, with approximately the same size in all directions.

(Of course, they are not exact circles, since skin cells cover the whole skin surface, and it

is not possible to cover a planar area with non-intersecting circles.)

15.3 What If the Skin Is Damaged: Resulting Sym-

metries and Cell Shapes

What happens when there is a wound. A typical wound is a cut. Locally, a cut is a

straight line. Thus, locally, instead of a plane, we have the shape of a half-plane, an area

of the plane which is to one side of the cut line.

Cell shapes at different locations: discussion. At a location distant from the wound

boundary, locally, the skin still has the same shape. So locally, we have the same symme-

tries, and thus, we expect that the cells retain the same shape.

However, for cells at the wound boundary, not all local symmetries hold: e.g., there is

no longer invariance with respect to rotations. Since symmetries are different, we expect
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the shapes to be different as well. To find the resulting shapes, let us analyze what are the

resulting symmetries.

What are natural symmetries of the damaged skin surface. As we have mentioned,

the half-plane is no longer invariant with respect to rotations. Of all the shifts, it is only

invariant with respect to shifts parallel to the cut. It is also still invariant with respect to

scalings. Thus, instead of the original 4-dimensional symmetry group, we now only have a

2-dimensional symmetry group. In this case, both symmetries are approximate, since, as

we mentioned, a finite region cannot be exactly shift-invariant or scale-invariant.

The new configuration also has some remaining discrete symmetries: namely, it is invari-

ant with respect to a reflection across any line which is orthogonal to the wound boundary.

Resulting cell shapes. What are the cell shapes in the vicinity of the wound boundary?

Similarly to the case of cell shapes for the undamaged skin, the typical cell shapes for the

damaged skin should be invariant with respect to at least some of the original symmetries.

Let us first look for the shapes which are invariant with respect to both shifts and

scaling. To simplify our analysis, let us take a coordinate system in which the wound

boundary has the form y = 0, and the remaining skin is located in the half-plane y > 0. In

these coordinates, if the cell boundary contains a point (x0, y0) with y > 0, then:

� due to shift-invariance, it will contain the points (x, y0) for all possible values x, and

thus,

� due to scale-invariance, it will contain all the points (x, y) with y > 0 – i.e., it will

coincide with the whole skin.

Since each cell is only a part of the skin, this means that for the maximally symmetric cell

shapes, we cannot have points with y > 0. Thus, these cells must be located in the area

y = 0 – i.e., on the boundary of the wound.

Since we are considering cells on the boundary of the wound, the cell must contain at

least one point on this boundary y = 0, i.e., a point (x0, 0) for some x0. Due to shift-
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invariance, we can conclude that the cell must contain all the points (x, 0) for different x –

i.e., that the cell must fit the wound boundary.

What if we only have some symmetries? If we have shift-invariance, then we get the same

shapes – elongated cells that cover the boundary. What if we only have scale-invariance?

In this case, if we take, as the origin of the x-axis, the point where the cell intersects with

the boundary, then this intersection point will have the coordinates (0, 0). A cell is not

a single point, it has to have some other points. If (x0, y0) is such a point, then, due to

scale-invariance, it must also contain all the points (λ · x0, λ · y0). In other words, the cell

must contain all the points on a half-line (ray) that goes from (0, 0) to this point (x0, y0).

So, we have an elongated cell at some angle to the wound’s boundary.

Most of such lines are only scale-invariant. However, some of these lines – namely, the

ones which are orthogonal to the wound boundary – have an additional discrete symmetry:

namely, the configuration including such line and the wound’s boundary is invariant with

respect to reflections across this line.

Conclusion: resulting shapes listed in the order of their relative frequency.

According to our symmetry-based geometric analysis, the most frequent – and the first to

appear – will be the maximally symmetric shapes, i.e., the elongated cells which are located

directly on the boundary of the wound. As we have mentioned, this is exactly what we

observed in the wound healing process: in the beginning, such cells indeed appear.

Next come cells which have the largest number of remaining symmetries – namely, the

cells which are elongated and perpendicular to the wound boundary. This is also indeed

what happens at the second stage of the wound healing.

So, the shapes of the emerging cells and the order in which these cells appear can indeed

be explained by geometric symmetries.

Comment. After the above two major types of cells, we may have cells with fewer remaining

symmetries – namely, elongated cells which are oriented at an angle to the wound boundary.

Such cells have indeed been observed; see, e.g., [36, 73, 175].
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15.4 Geometric Symmetries Also Explain Observed

Cell Motions

For undamaged skin, cells do not move. In the undamaged skin, a cell is surrounded

by other cells, so it has nowhere to move.

The situation is different on the wound boundary. When there is a wound, there is

an open space to which cells can move. Let us use geometric symmetries to describe the

most probable directions of the cells’ movement.

How to find the most probable motion direction: main idea. To find the most

probable direction of the cell’s motion, it is reasonable to use the same idea when describing

the cells’ shapes: namely, we look for directions that maximally preserve the corresponding

symmetries.

Case of maximally symmetric cells. The cells on the boundary are invariant with

respect to both shift along the boundary and scaling. Thus, the line describing the direc-

tion of their most probable motion should also be invariant with respect to the same two

symmetries.

One can easily see that the only such line is the line of the boundary itself. Thus, we

conclude that these cells will most probably move along the wound’s boundary.

Of course, this motion is only possible is there is space to move – i.e., if there is a part of

the boundary which is not yet covered by such cells. So, the reshaping of the corresponding

cells and their motions will continue until there is no more space to move – i.e., until the

whole boundary is covered by such cells. This is exactly what is needed to form a cover for

protecting the remaining part of the skin.

Case of second generation cells. Let us now consider the “second generation” cells,

elongated cells whose direction is orthogonal to the wound’s boundary. These cells are

invariant with respect to scaling and reflection across their own line. Thus, the most

probable line of their motion should be invariant with respect to the same symmetries.
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One can see that the only such line is the line coinciding with the line of the cell itself.

Thus, most probably, the cell will move in the same direction – orthogonal to the line of

the boundary.

From the pure symmetry viewpoint, it can move in both directions: it can move towards

the boundary, or it can move away from it. However, from the physical viewpoint, it cannot

move away from the boundary – there the skin in intact, and there is no place to move.

So, the only physically possible movement will be across the wound boundary. This way,

such cells will spread into the wound area and cover it – this is exactly what we observe in

the wound healing process.

Conclusion. So, a seemingly complex process of wound healing indeed requires no cen-

tral control – its seemingly well-choreographed steps can be naturally explained by the

corresponding geometric symmetries.
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Chapter 16

Applications to Economics: How Do

People Make Decisions, Part 1

In this section and in several following sections, we describe applications of algebraic tech-

niques to economics. Economics is all about people making decisions. So how do people

make decisions? There is a whole area of research called decision theory that describes how

we make decisions – or, to be more precise, how a rational person should make decisions.

This theory is briefly overviews in this chapter. In the next three chapters, we ex-

plain the specifics of how people make decisions. In the remaining three economics-related

chapters, we discuss problems related to economic stimuli and to investments.

Usually, this theory is applied to conscientious decisions, i.e., decisions that we make

after some deliberations. However, it is reasonable to apply it also to decisions that we

make on subconscious level – e.g., to decisions on what to remember and what not to

remember: indeed, these decisions should also be made rationally.

Let us briefly recall the main ideas and formulas behind decision theory; for details, see,

e.g., [65, 104, 118, 152].

To make a reasonable decision, we need to know the person’s preferences. To describe

these preferences, decision theory uses the following notion of utility. Let us denote possible

alternatives by A1, . . . , An. To describe our preference between alternatives in precise terms,

let us select two extreme situations:

� a very good situation A+ which is, according to the user, much better than any of

the available alternatives Ai, and
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� a very bad situation A− which is, according to the user, much worse than any of the

available alternatives Ai.

Then, for each real number p from the interval [0, 1], we can form a lottery – that we will

denote by L(p) – in which:

� we get the very good situation A+ with probability p and

� we get the very bad situation A− with the remaining probability 1− p.

Clearly, the larger the probability p, the more chances that we will get the very good

situation. So, if p < p′, then L(p′) is better than L(p).

Let us first consider the extreme cases p = 1 and p = 0.

� When p = 1, the lottery L(p) = L(1) coincides with the very good situation A+ and

is, thus, better than any of the alternatives Ai; we will denote this by Ai < L(1).

� When p = 0, the lottery L(p) = L(0) coincides with the very bad situation A− and

is, thus, worse than any of the alternatives Ai: L(0) < Ai.

For all other possible probability values p ∈ (0, 1), for each i, the selection between the

alternative Ai and the lottery L(p) is not pre-determined: the decision maker will have to

select between Ai and L(p). As a result of this selection, we have:

� either Ai < L(p),

� or L(p) < Ai,

� or the case when to the decision maker, the alternatives Ai and L(p) are equivalent;

we will denote this by Ai ∼ L(p).

Here:

� If Ai < L(p) and p < p′, then Ai < L(p′).

� Similarly, if L(p) < Ai and p′ < p, then L(p′) < Ai.
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Based on these two properties, one can prove that for the probability ui
def
= sup{p : L(p) <

Ai}:

� we have L(p) < Ai for all p < ui and

� we have Ai < L(p) for all p > ui.

This “threshold” value ui is called the utility of the alternative Ai.

For every ε > 0, no matter how small it is, we have L(ui − ε) < Ai < L(ui + ε). In

this sense, we can say that the alternative Ai is equivalent to the lottery L(ui). We will

denote this new notion of equivalence by ≡: Ai ≡ L(ui). Because of this equivalence, if

ui < uj, this means that Ai < Aj. So, we should always select an alternative with the

largest possible value of utility.

This works well if we know exactly what alternative we will get. In practice, when we

perform an action, we may end up in different situations – i.e., with different alternatives.

For example, we may have alternatives of being wet without an umbrella and being dry

with an extra weight of an umbrella to carry, but when we decide whether to take the

umbrella or not, we do not know for sure whether it will rain or not, so we cannot get

the exact alternative. In such situations, instead of knowing the exact alternative Ai, we

usually know the probability pi of encountering each alternative Ai when the corresponding

action if performed. If we know several actions like thus, which action should we select?

Each alternative Ai is equivalent to a lottery L(ui) in which we get the very good

alternative A+ with probability ui and the very bad alternative A− with the remaining

probability 1− ui. Thus, the analyzed action is equivalent to a two-stage lottery in which:

� first, we select one of the alternatives Ai with probability pi, and then

� depending on which alternative Ai we selected on the first stage, we select A+ or A−

with probabilities, correspondingly, ui and 1− ui.

As a result of this two-stage lottery, we end up either with A+ or with A−. The probability

of getting A+ can be computed by using the formula of full probability, as u =
∑
i

pi · ui.
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So, the analyzed action is equivalent to getting A+ with probability u and A− with the

remaining probability 1−u. By definition of utility, this means that the utility of the action

is equal to u.

The above formula for u is exactly the formula for the expected value of the utility.

Thus, we conclude that the utility of an action is equal to the expected value of the utility

corresponding to this action.

107



Chapter 17

Application to Economics: How Do

People Make Decisions, Part 2

There are a lot of commonsense advices in decision making: e.g., we should consider multiple

scenarios, we should consult experts, we should play down emotions. Many of these advices

come supported by a surprisingly consistent quantitative evidence. In this chapter and in

the following two chapters, on the example of the above advices, we provide a theoretical

explanations for these quantitative facts.

Results these three chapters first appeared in [184]; the results of this chapter were first

announced in [27].

17.1 Problem: Need to Consider Multiple Scenarios

How do companies make big decision and how often do they make right decisions? Ana-

lyzing dozens of cases, P. C. Nutt [85, 147] concluded that in the vast majority of cases,

companies considered only one alternative.

It turns out that in such cases, the correct decision was made in half of the times

(actually, slightly less than half); in other 50% of the cases, the decision led to a failure.

In several cases, companies considered two different alternatives before making a deci-

sion. In such cases, the companies were successful
2

3
of the time.

How can we explain this empirical data?
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17.2 Our Explanation

Usually, a big company has one major competitor. Thus, a company’s project leads to a

success if this project is better than a project implemented by a competing company.

Let us first consider the case when a company considers only one alternative. Since the

vast majority of companies only consider one alternative, it is reasonable to assume that

the competitor also considers only one alternatives. One of the two considered alternatives

is better. In our analysis, we consider both companies; so, the situation is symmetric: the

probability that the first company’s project is better is the same as the probability that the

second company’s project is better. These two probabilities should add up to 1, so each

company prevails with probability 50%. Thus, the 50% observation is explained.

On the other hand, if a company consider two alternatives, then, since a competitor

usually considers only one, now we have three possible projects to consider. The probability

for each of these projects to be the best is the same – i.e.,
1

3
. The first company wins if

one of its two projects is the best – i.e.,

� either its first project is the best

� or its second project is the best.

The probability of this happening is equal to

1

3
+

1

3
=

2

3
.

This explains the second empirical observation.

Comment. In the one-alternative case, we can also take into account that sometimes, the

competitor considers two alternatives. In such cases, the probability for the first company

to succeed is
1

3
. So:

� in most cases, the company succeeds with probability
1

2
, but

� in some cases, it succeeds with a lower probability
1

3
.
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Thus, overall, the probability of success is slightly lower than
1

2
– which is exactly what

was observed.
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Chapter 18

Application to Economics: How Do

People Make Decisions, Part 3

18.1 Problem: Using Experts

It is known that the use of expert knowledge makes predictions more accurate. This makes

perfect sense.

From the commonsense viewpoint, we can expect all kinds of improvements. Interest-

ingly, it turns out that there is not much of variability: a typical improvement – as cited,

e.g., in [168] on the example of meteorological temperature forecasts – is that the accuracy

consistently improves by 10%.

How can we explain quantitative phenomenon?

18.2 Towards an Explanation

Use of expert knowledge means, in effect, that we combine an estimate produced by a

computer model with an expert estimate.

Let σm and σe denote the standard deviations, correspondingly, of the model and of the

expert estimate.

In effect, the only information that we have about comparing the two accuracies is that

expert estimates are usually less accurate than model results: σm < σe. So, if we fix σe,

then the only information that we have about the value σm is that it is somewhere between

0 and σe.
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We have no reason to assume that some values from the interval [0, σe] are more probable

than others. Thus, it makes sense to assume that all these values are equally probable,

i.e., that we have a uniform distribution on this interval; see, e.g., [83]. For this uniform

distribution, the average value of σm is equal to 0.5 · σe. Thus, we have

σe = 2 · σm.

In general, if we combine two estimates xm and xe with accuracies σm and σe, then the

combined estimate xc – obtained by minimizing the sum

(xm − xc)
2

σ2
m

+
(xe − xc)

2

σ2
e

is

xc =
xm · σ−2

m + xe · σ−2
e

σ−2
m + σ−2

e

,

with accuracy

σ2
c =

1

σ−2
m + σ−2

e

;

see, e.g., [166].

For σe = 2σm, we have σ−2
e = 0.25 · σ−2

m , thus

σ2
c = σ2

m · 1

1 + 0.25
= σ2

m · 1

1.25
= 0.8 · σ2

m,

hence

σc ≈ 0.9 · σm.

So we indeed get a 10% increase in the resulting prediction.

Comment. This explanation was previously announced in [185].
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Chapter 19

Application to Economics: How Do

People Make Decisions, Part 4

19.1 Why Should We Play Down Emotions

There are very good people in this world, people who empathize with others, people who

actively help others. Based on all the nice and helpful things that these good people do,

one would expect that other people would appreciate them, cherish them, and that, in

general, their attitude towards these good people would be positive. However, in real life,

the attitude is often neutral or even negative. The resulting emotions hurt our ability to

listen to their advice and thus, improve our decisions.

Why? Is there a rational explanation for these emotions?

19.2 Towards Explanation

Each person’s happiness is determined not only by this person’s satisfaction with life, but

also by other people’s happiness: it is difficult to enjoy good life if many people around

you suffer. Let us denote the Person i’s satisfaction with life by si, and this person’s level

of happiness by hi. Then, hi depends on si and on hj for all other j.

In the first approximation, we can assume that this dependence is linear:

hi = si +
∑
j ̸=i

aij · hj.

A very good person v is very happy when others are happy and suffers when others suffer,
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i.e., avj ≈ 1 for all j.

Let us consider a simplified model in which everyone’s satisfaction is the same si = s > 0,

everyone’s attitude to v is the same: ajv = a, and we ignore attitude towards everyone else.

Then, hv = s + n · hj, where n is the number of people except for v, and hj = s + a · hv.

Substituting the above expression for hv into this formula, we get

hj = s+ a · s+ a · n · hj,

so

hj =
a+ a · s
1− a · n

.

If a is reasonably positive, i.e., if a >
1

n
, then hj < 0 – i.e., everyone will be unhappy.

Thus, the desire to be happy implies that a <
1

n
.

With n in billions, this explains why on average, the attitude should be either neutral

or negative.

Commonsense explanation. From the common sense viewpoint, the above mathematics

makes perfect sense: A very good person is unhappy if other people are unhappy. If we

empathize with this person, we become unhappy too, and since people do not want to be

unhappy, they prefer (at best) to ignore others’ unhappiness – or even blame them for their

own unhappiness.

Comment. The above theoretical explanation was previously announced in [86].

This explanation is somewhat similar to the explanation of other similar phenomena

which was presented in [136] based on formal decision theory (see, e.g., [65, 104, 118, 136,

153]).
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Chapter 20

Application to Economics: Stimuli,

Part 1

How should we stimulate people to make them perform better? How should we stimulate

students to make them study better? These are the questions that we study in this chapter

and in the following chapter.

In this chapter, we deal with the fact that, as many experiments have shown, reward for

good performance works better than punishment for mistakes. In this chapter, we provide

a possible theoretical explanation for this empirical fact.

The results of this chapter first appeared in [101].

20.1 Problem: Why Rewards Work Better Than Pun-

ishment

Reward vs. punishment: an important economic problem. One of the most im-

portant issue in economics is how to best stimulate people’s productivity, what is the best

combination of reward and punishment that makes people perform better.

This problem is ubiquitous. This problem rises not only in economics, it appears

everywhere. How do we stimulate students to study better? How do we stimulate our own

kids to behave better?

Empirical fact. In his famous book [88] summarizing his research, the Nobelist Daniel

Kahneman – one of the fathers of behavioral economics – cites numerous researches that
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all confirm that reward for good performance, in general, works better than punishment

for mistakes; see, e.g., p. 175.

But why? Like many other facts from behavioral economics, this empirical fact does not

have a convincing theoretical explanation.

What we do in this chapter. In this chapter, we provide a theoretical explanation for

this empirical phenomenon.

20.2 Analysis of the Problem

What people want. People spend some efforts e, and, based on results of these efforts,

they get some reward r(e). In the first approximation, we can say that the overall gain is

the reward minus the efforts, i.e., the difference

r(e)− e. (20.1)

A natural economic idea is that every person wants to maximize his/her gain, i.e.,

maximize the difference (20.1).

How to proceed. In view of the formula (20.1), to explain why rewards work better than

punishments, we need to analyze what are the reward functions r(e) corresponding to these

two different reward strategies. Similarly to our derivation of the formula (20.1), in our

analysis, we will use simplified “first approximation” models, i.e., models providing a good

qualitative understanding of the situation.

What reward function corresponds to rewarding good performance. Crudely

speaking, rewarding good performance means that:

� if the performance is not good, i.e., if the effort e is smaller than the smallest needed

effort e0, there is practically no reward:

r(e) = r+ (20.1a)

for some r+ ≈ 0;
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� on the other hand, the more effort the person uses, the larger the reward; in other

words, every effort beyond e0 is proportionally rewarded, i.e.,

r(e) = r+ + c+ · (e− e0), (20.2)

for some constant c+.

The constant c+ depends on the units used for measuring effort and reward: one unit of

effort corresponds to c+ units of reward. The two formulas:

� the formula (20.1a) corresponding to the case e ≤ e0, and

� the formula (20.2) corresponding to the case e ≥ e0,

can be combined into a single formula

r(e) = r+ +max(0, c+ · (e− e0)) = r+ + c+ ·max(0, e− e0). (20.3)

This dependence has the following form:

-
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e

r(e)

What can we say about this function. It is easy to see that the function (20.3) is

convex in the sense that for all e′ < e′′ and for each α ∈ [0, 1], we have

r(α · e′ + (1− α) · e′′) ≤ α · r(e′) + (1− α) · r(e′′).
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What reward function corresponds to punishing for mistakes. Crudely speaking,

punishing for mistakes means that:

� if the performance is good, i.e., if the effort e is larger than or equal to the smallest

needed effort e0, then there is no punishment, i.e., the reward remains the same:

r(e) = r− (20.4)

for some constant r−;

� on the other hand, the fewer effort the person uses, the most mistakes he/she makes,

so the larger the punishment and the smaller the resulting reward; in other words,

every effort below e0 is proportionally penalized, i.e.,

r(e) = r− − c− · (e0 − e), (20.5)

for some constant c−.

The constant c− depends on the units used for measuring effort and reward: one unit of

effort corresponds to c− units of reward. The two formulas:

� the formula (20.4) corresponding to the case e ≥ e0, and

� the formula (20.5) corresponding to the case e ≤ e0,

can be combined into a single formula

r(e) = r− − c− ·max(0, e0 − e) = r− + c− ·min(0, e− e0). (20.6)

This dependence has the following form:

118



-

6

�
�
�
�
�
�
�
�
�
�

e

r(e)

What can we say about this function. It is easy to see that this function is concave

in the sense that for all E ′ < E ′′ and for each α ∈ [0, 1], we have

r(α · e′ + (1− α) · e′′) ≥ α · r(e′) + (1− α) · r(e′′).

Now, we are ready to present the desired explanation.

20.3 Our Explanation

Known properties of convex and concave functions: reminder. It is known (see,

e.g., [157]) that:

� every linear function is both convex and concave;

� the sum of two convex functions is convex, and

� the sum of two concave functions is concave.

In particular, the linear function f(e) = −e is both convex and concave, thus:

� when the function r(e) is convex, the sum r(e) + (−e) = r(e)− e is also convex; and

� when the function r(e) is concave, the sum r(e) + (−e) = r(e)− e is also concave.
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It is also known that:

� for a convex function, the maximum on an interval is always attained at one of this

interval’s endpoints, while

� for a concave function, its maximum on an interval is always attained at some point

inside the interval.

Resulting explanation. As we have mentioned earlier, a person selects the effort e0 for

which the expression r(e)− e attains its largest possible value.

Of course, people’s abilities are not unbounded, there are certain limits within which we

can apply the efforts. Thus, possible value of the effort e are located within some interval

[e, e]. Thus:

� When we reward for good performance, the corresponding function r(e) is convex,

thus the difference r(e) − e is convex, and therefore, the selected value e0 coincides

either with e or with e. Thus, if we dismiss the case e0 = e (when the reward is

so small that it is not worth spending any effort), we conclude that e0 = e, i.e., the

person selects the largest possible effort – which is exactly what we wanted to achieve.

� On the other hand, when we punish for mistakes, the corresponding function r(e) is

concave, thus the difference r(e)− e is concave, and therefore, the selected value e0 is

always located inside the interval [e, e]: e0 < e. Thus, the person will not select the

largest possible effort – which is exactly what we wanted to avoid.

This indeed explains why rewarding for good performance works better than punishment

for mistakes.

Comments.

� What if we have both reward for good performance and punishment for mistakes, i.e.,

r(e) = const + c+ ·max(0, e− e0) + c− ·min(0, e− e0)? In this case, for c+ > c−, the

function is still convex, i.e., we still get a very good performance, but if c− > c+, the
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function becomes concave, and the performance suffers. Thus, to get good results,

reward must be larger than punishment.

� It is interesting to observe that the optimal rewarding function

r(e) = r+ + c+ ·max(0, e− e0),

in effect, coincides (modulo linear transformations of input and output) with the

empirically efficient “rectified linear” activation function r(e) = max(0, e) used in

deep learning; see, e.g., [67, 72, 107]. So, not only people learn better when we use

this function – computers learn better too!
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Chapter 21

Application to Economics: Stimuli,

Part 2

In this chapter, we deal with perceived fairness. At first glance, it seems that people should

be paid in proportion to their contribution, so if one person produces a little more than

the other one, he/she should be paid a little more. In reality, however, top performers are

paid dis-proportionally more than those whose performance is slightly worse. How can we

explain this from an economic viewpoint? We show that actually there is no paradox here:

a simple economic analysis shows that in many area, it makes perfect economic sense to

pay much more to top performers.

Results from this chapter first appeared in [202].

21.1 Problem: Why Top Experts Are Paid So Much

Top experts are well paid. Whatever area we take, top experts are paid much much

more than those who are almost on the same level:

� top athletes get multi-million dollar contracts while those who can run, swim, etc.,

only slightly worse, get paid (if at all) several orders of magnitude less;

� top managers get millions of dollars, while managers who seem to have almost similar

skills – but somewhat worse success rate – get paid much less: the difference between

the salaries of the highest paid manager and the next highest is usually huge.

The same phenomenon occurs in many areas of activity such as book publishing, movie
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making, etc.; see, e.g., [5, 17, 159] and references therein. Even university professors –

although their salaries are much more equal – follow this trend: the salary of the highest-

paid professor is more than an order of magnitude higher than the salary of the lowest-paid

US professor.

From the economic viewpoint, this seem to be paradoxical. At first glance, from

the economic viewpoint, this seems to be a paradox: in economics, everyone’s pay should be

proportional to this person’s contributions, so why should a small different in performance

lead to such a huge difference in salary?

If a company pays $100K a year to a highly qualified worker, and then an even more

qualified worked who is 10% better applies for the job, a reasonable ideas seems to pay this

new person 10% more, i.e., $110K per year – but not 10 times more. So why such a seeming

overpayment of top professionals consistently happens in businesses where economy should

be the main driving force? Even if we discard public universities which have other criteria of

success, there are plenty of other examples where top professionals are seemingly overpaid.

How can we explain this?

What we do in this chapter. In this chapter, we show that very high salaries of

top experts actually make economic sense. Specifically, we provide a simplified model of

this phenomenon – simplified enough so that it can be easily analytically studied – and

we show that already in this simplified model, reasonable behavior leads to exactly the

“overpayment” phenomenon – that top experts who are even slightly better get paid much

more than their nearest competitors.

21.2 Our Explanation

How this phenomenon can be explained in the idealized case. As an example, let

us consider investment fund managers. The quality of a money manager is determined by

the return on investment that this person can achieve: better managers invest smarter and

thus, provide a better return on investment, while not so good managers provide smaller
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return on investment.

In real life, returns on investment vary from one year to another. So, when we talk

about quality of money managers, we need to take into account their average return on

investment over a certain period of time.

The fund usually gets, every year, a certain percentage p of the invested money. Let

us consider an ideal situation, in which every potential investor known the average return

on investment ri of each money manager i. Then, for each dollar invested with the i-th

manager, the investor will get, on average, the additional amount ri − p.

Each investor wants to maximize his/her amount of money. So, each investor will invest

in a fund with the largest possible value of ri − p. So, in this idealized situation, everyone

will invest in the fund whose money manager is the superstar – i.e., the fund i0 for which the

value ri is the largest: ri0 = max
i

ri. This fund will earn money from all these investments,

while all other funds will have no money to manage at all and thus, will not survive. A

money manager for which ri is almost the same as ri0 but slightly smaller will earn nothing,

while the find that hires the superstar money manager will earn billions. Because of this

difference, it pays to provide a huge salary to the superstar manager.

Similarly, a top engineer who come up with a slightly better and/or slightly cheaper

design will help the company take over the whole market for the corresponding gadgets –

while others, whose gadgets are slightly worse or slightly more expensive, will not survive.

What happens in more realistic situations. In reality, e.g., for money managers,

their rates of return vary so much that it is difficult to accurately estimate the average

rate of return. We can compute the arithmetic average of the past rates of return, but,

as is well known, for small samples, the sample average is somewhat different from the

expected value; see, e.g., [166]. In addition to arithmetic average, there are other possible

statistics that estimate the expected value – e.g., for symmetric distributions, we can take

the median, or we can take some robust method; see, e.g., [78].

In such case, all we can do is select a manager with the largest value of the estimated
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return. For a finite sample, for which the sample-based estimates differ from the actual

expected value, based on different estimates, we may select different managers as the best.

Thus, the managers who are slightly worse than the best one do have a chance to be selected

– so the situation is not that catastrophic for them as in the idealized situation. However,

the more accurate our estimates, the smaller the chance that they will be selected – and

so, the smaller the average salary of such managers.
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Chapter 22

Application to Economics:

Investment

When people have several possible investment instruments, people often invest equally into

these instruments: in the case of n instruments, they invest 1/n of their money into each of

these instruments. Of course, if additional information about each instrument is available,

this 1/n investment strategy is not optimal. We show, however, that in the absence of

reliable information, 1/n investment is indeed the best strategy.

Results of this chapter first appeared in [196].

22.1 1/n Investment: Formulation of the Problem

General investment problem. People saving for retirement usually have several options

to invest: they can invest in stocks, they can invest in bonds, they can invest in funds

that combine stocks and bonds, etc. An important decision is how to allocate money

between different financial instruments, i.e., how much money should we invest in each of

the instruments.

Markowitz’s solution. A solution to this problem was proposed in 1952 by the future

Nobelist H. M. Markowitz [125]. He actually solved two different versions of the investment

problem:

� the first version is when we want to achieve a certain expected growth rate, and

within this expected rate, we select an investment portfolio that minimizes the risk

(as measured by the standard deviation of the growth rate);
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� the second version is when we fix the risk level, and within this risk level, we select

an investment portfolio that maximizes the expected growth rate.

What is 1/n investment. In the absence of reliable information, people tend to divide

their investment amount equally between different investment options: if there are n in-

vestment options, they invest exactly 1/n of the original amount in each of these options.

This practice is known as the 1/n investment; see, e.g., [24, 177].

Numerous experiments confirm that this is how, in the absence of detailed information,

people invest their money [24, 25, 155, 169, 177]. We are not talking only about com-

mon folks who do not understand the corresponding economic details: this is, e.g., how

Markowitz himself invested his retirement money [177, 216].

Why? A natural question is: why is this strategy so ubiquitous? This question is for-

mulated, e.g., in [177] – this book tends to use the ubiquity of this strategy as one of the

arguments that people do not always behave rationally.

In this chapter, we provide a natural and simple explanation for this strategy – which

shows that at least in this case, people do behave rationally.

22.2 Our Explanation

Main idea. The absence of information about the available investment options means that

we have no reason to assume that one of them is better than the other. In other words,

based on the available information (or, to be more precise, based on the absence of any

information), the situation is completely invariant with respect to any permutation of the

available n options.

It is therefore reasonable to conclude that the resulting allocation of the available money

amount between different investment options should also be invariant with respect to the

same transformations.

This idea explains the 1/n investment strategy. Allocating funds means selecting,
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for each investment option i, the proportion pi ≥ 0 that will be invested in this particular

option. The only a priori restriction is that all the money should be invested, i.e., that

these proportions should all up to 1: p1 + . . .+ pn = 1.

Our requirement is that the allocation should be invariant with respect to any permu-

tation π : {1, . . . , n} → {1, . . . , n}. This means, in particular, that for every i and j, the

allocation p1, . . . , pn should be invariant with respect to the permutation that swaps i and

j and leaves all other elements unchanged. This invariance means that we should have

pi = pj. Since this should be true for all i and j, all n allocations p1, . . . , pn should be

equal to each other. Since their sum should be equal to 1, this means that each of them

should be equal to 1/n – thus, in the absence of information, the 1/n investment is indeed

the most reasonable strategy.

22.3 Discussion

What about probabilistic investment strategies? In the previous section, we consid-

ered only deterministic investment strategies, in which we select the allocations pi. However,

in principle, we can have probabilistic investment strategies, in which, instead of selecting

an allocation vector p = (p1, . . . , pn) from the very beginning, we could:

� select a probability distribution on the set of all allocation vectors p, and then

� when it comes to each real investment opportunity, select one of the vectors p with

the corresponding probability.

Why probabilistic strategies make sense. At first glance, this may seem like a purely

mathematical exercise, but the experience of game theory has shown that in many situation,

such a probabilistic choice works much better than any deterministic one; see, e.g., [123].

This fact is easy to explain. As an example, let us consider a simpler robbers-and-cop

situation, when robbers want to rob one of the two banks, and a local police department

only has enough folks to protect a single bank. In this case, if the police department selects
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a deterministic strategy – i.e., allocated all its resources into one of the banks all the time

– this will be a disaster: robbers will know which bank is protected and thus rob the other

bank. The only strategy avoiding such a disaster is a probabilistic one, in which each time,

the police officers are allocated to each bank with probability 1/2. Then, the robbers have a

50% chance of being caught no matter which bank they select, and this will most probably

deter them from attempting an attack.

Probabilistic strategies reduce to deterministic ones. Suppose that we have a

probabilistic strategy for investment. This strategy is optimal for any possible investment

value.

Suppose now that we have an amount x that we want to invest. One possibility is to use

the optimal probabilistic strategy to invest the whole amount. However, alternatively, we

can divide the original amount x into two smaller amounts x/2 each. For each of these two

amounts, we can use the same optimal probabilistic investment strategy. In this case, the

overall investment is equal to the sum of two independent identically distributed random

variables.

Instead of dividing the investment amount into two equal parts, we can similarly divide

it into N equal parts, for each integer n. In this case, the resulting investment is the sum

of N independent identically distributed random variables.

For large N , the Law of Large Numbers applies (see, e.g., [166]), so the resulting distri-

bution will simply concentrate on the expected allocation for each of the instruments – i.e.,

in this case, due to symmetry, on the allocation in which we assign the same proportion 1/n

to each of these instruments. Thus, if a probabilistic strategy is optimal, the corresponding

deterministic 1/n investment strategy is also optimal.
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Chapter 23

Application to Social Sciences: When

Revolutions Happen

In this chapter, we provide an application to social sciences, namely, to predicting the most

explosive social event – a revolution.

At first glance, it may seem that revolutions happen when life becomes really intolerable.

However, historical analysis shows a different story: that revolutions happen not when life

becomes intolerable, but when a reasonably prosperous level of living suddenly worsens.

This empirical observation seems to contradict traditional decision theory ideas, according

to which, in general, people’s happiness monotonically depends on their level of living. A

more detailed model of human behavior, however, takes into account not only the current

level of living, but also future expectations. In this chapter, we show that if we properly take

these future expectations into account, then we get a natural explanation of the revolution

phenomenon.

Results from this chapter first appeared in [197].

23.1 Formulation of the Problem

When revolutions happen: usual understanding. People usually believe that revolu-

tions happen when the situation worsens to such extent that life under the old regime

becomes practically intolerable. Paraphrasing the famous saying attributed to Marie-

Antoinette, people start a revolution when they do not even have enough bread to eat.
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When revolutions actually happen. However, a historical analysis shows that the

usual understanding is wrong; see, e.g., [35, 40, 41]. Most revolutions happen not when

the situation is at its worst, they usually happen when the situation has been improving

for some time and then suddenly gets worse – although, by the way, never as bad as it was

before the improvement started.

How can we explain this? This is an interesting observation, but it leaves one puzzled:

why? There are well-designed theories of human decision making, and experiments show

that in most situations, people act rationally: the more their needs are satisfied, in general,

the happier they are.

So how come that right before the revolution, when the level of living is higher (often

much higher) than in the recent past, people are so much less happy that they start a

revolution – while in the past, when their living conditions were much worse, they were

sufficiently satisfied – at least so as to remain obedient.

How can we explain this unexpected (and somewhat counterintuitive) behavior?

What we do in this chapter. In this chapter, we show that this seemingly counterin-

tuitive revolution phenomenon can actually be well explained within the standard decision

theory.

23.2 Analysis of the Problem

Traditional decision theory: a brief reminder. According to traditional decision

theory, people’s preferences are described by numerical values called utilities; see, e.g.,

[65, 104, 118, 136, 153].

The actions of a person are determined not just by this person’s current level of sat-

isfaction – as described by the current utility value u0 – but also by the expected future

utility values u1 at the next moment of time, u2 in the second next moment of time, etc.

The future utility values come with a discount; e.g., the possibility to buy a new car a few

years in the future does not bring as much happiness as buying a car right away.
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This is similar to the value of future money: future money is less valuable than the same

amount right now, since if we have the same amount – say $1000 – now, we can place it in

a bank and, due to accumulating interest, get a larger amount in the future. If we denote

the annual interest rate by α, then after year t, each invested dollar will turn into (1 + α)t

dollars. Thus, $1 at time t is equivalent to qt dollars now, where we denoted q
def
=

1

1 + α
.

So, if we get the amount a0 now, the amount a1 in the next year, the amount a2 in 2 years,

etc., this is equivalent to getting the following amount now:

a0 + q · a1 + q2 · a2 + . . .

A similar formula can be used to describe the overall utility based on the current utility

u0 and expected future utilities

u0 + q · u1 + q2 · u2 + . . .

This general approach requires extrapolation. The future amounts are based on

extrapolation. So, to apply this theory to our situation, we need to understand how exactly

people extrapolate.

In general, extrapolations means that:

� we select a family of functions characterized by a few parameters

ut = f(p1, . . . , pn, t),

� then we find the values p̂1, . . . , p̂n of the parameters that best fit the observed data

u0, u−1, u−2, etc., i.e., for which

f(p1, . . . , pn, 0) ≈ u0, f(p1, . . . , pn,−1) ≈ u−1, . . . ,

� and then we use these values to predict future values as f(p̂1, . . . , p̂n, t).
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It is reasonable to use models which are linear in the its parameters. A reasonable

idea is to use models that linearly depend on the corresponding parameters: for such

models, matching parameters to data means solving systems of linear equations, which is

very feasible and much easier than solving systems of nonlinear equations – which are, in

general, NP-hard.

Thus, we consider models of the type ut =
n∑

i=1

pi · fi(t), where fi(t) are given functions,

and pi are appropriate parameters.

Which basis functions fi(t) should we choose? Most transitions are smooth, so it is

reasonable to require that all the functions fi(t) used to extrapolation are smooth.

Another reasonable requirement is related to the fact that the numerical value of time

depends on the choice of a measuring unit – years or months – and on the choice of a

starting time. For example, during the French revolution, the year of storming the Bastille

was considered Year 1.

If we change a measuring unit by a new one which is a times smaller, then each original

value t is replaced by the new value a · t. Similarly, if we change the original starting point

with the new starting point which is b units in the past, then the original value t is replaced

by the new value t+ b.

The general formulas for extrapolation should not depend on such an arbitrary things

as selecting a unit of time or selecting a starting point. It is therefore reasonable to assume

that the approximating family

{
n∑

i=1

pi · fi(t)
}

will not change if we simply re-scale time to

t → a · t or to t → t+ b.

In other words, we require that for every a > 0 and for every b, we have{
n∑

i=1

pi · fi(a · t)

}
p1,...,pn

=

{
n∑

i=1

pi · fi(t+ b)

}
p1,...,pn

=

{
n∑

i=1

pi · fi(t)

}
p1,...,pn

.

It turns out that under these conditions, all the basic functions – and thus, all their linear

combinations – are polynomials; see, e.g., [137].

Thus, it is reasonable to approximate the actual history by a polynomial. Let us show,

on a simple example, that this indeed explains the empirical revolution phenomenon.
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Two simple situations. Specifically, we will compare two simple situations:

� a situation in which the level of living is consistently bad, i.e.,

u0 = u−1 = . . . = u−k = . . . = c1

for some small value c1, and

� a situation in which the level of living used to be much better, but now somewhat

decreased, i.e., in which

u−1 = u−2 = . . . = c+

but u0 = c− < c+ – although this decreased value u0 = c− is still better than the

value c1 from the first situation.

If people did not take their future happiness into account when making decision, the situa-

tion would have been very straightforward – and in full accordance with the commonsense

understanding of the revolutions: people in the first situation would be much less happy

than people in the second situation and therefore, more prone to start a revolution.

What will happen if we take future expectations into account? In the first situation, of

course, a reasonable extrapolation should lead to the exact same small value u0 = c; thus,

the overall utility is equal to

u0 + q · u1 + . . . = c · (1 + q + q2 + . . .) =
c

1− q
.

But what to expect in the second situation?

Let us start with the simplest possible extrapolation. Let us start our analysis with

the simplest possible extrapolation, when we make our future predictions based only on

two utility values: the current utility value u0 and the previous utility value u−1.

Which degree polynomials should we use? In this case, we have two values u0 and u−1

to fit the model, so it is reasonable to select the degree of the approximating polynomial
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for which the corresponding family of polynomials depends on exactly two parameters.

Polynomials of a general degree d have the form

a0 + a1 · t+ . . .+ ad · td.

This family depend on d + 1 parameters ai, so in our case, we should have d + 1 = 2 and

d = 1 – i.e., we should use linear functions for extrapolation.

Since u0 < u−1, we thus get a linear decreasing function. Its values tend to −∞ as the

time t increases. So, when q is close to 1, the corresponding value

u0 + q · u1 + . . . ≈ u0 + u1 + u2 + . . .

becomes very negative – and this explains why in the second situation, the revolution is

much more probable.

What about more realistic approximation schemes? One may think that the above

explanation is caused by our oversimplification of the extrapolation model. Of course,

linear extrapolation is a very crude and oversimplified idea. What happens if we use higher

degree polynomials for extrapolation?

Let us assume that for extrapolation, we use polynomials of order d. The corresponding

family of polynomials have d1 parameters, so we can fit d+ 1 values. Thus, if we use these

polynomials, then, in our extrapolation, we can use not only the two values u0 and u−1, we

can use d+ 1 values

u0, u−1, . . . , u−d.

Let us find the polynomial P (t) of degree d that fits all these values, i.e., for which

P (−i) = c+ for all i from 1 to d, and P (0) = c−. These conditions become even easier if

we consider an auxiliary polynomial Q(t)
def
= P (t) − c+. For this auxiliary polynomial, we

have Q(−d) = . . . = Q(−1) = 0 and Q(0) = c− − c+. This polynomial of degree d has d

roots t = −1, . . . , t = −d, thus, it is divisible by the monomials t − (−i) = t + i for all i

from 1 to d, and therefore, it has the form Q(t) = C · (t+ 1) · (t+ 2) · . . . · (t+ d), for some
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constant C. This constant can be determined from the condition that Q(0) = c− − c+, so

C · 1 · 2 · . . . · d = c− − c+ and thus,

C =
c− − c+

1 · 2 · . . . · d
.

Therefore, for any t > 0, the extrapolated value of P (t) = c+ +Q(t) has the form

Q(t) = c+ + (c− − c+) ·
(t+ 1) · (t+ 2) · . . . · (t+ d)

1 · 2 · . . . · d
.

Since c− < c+, this value is negative – and tends to −∞ as the time t increases. In

comparison with the linear extrapolation case, it tends to −∞ even faster than in the case

of linear extrapolation – as td.

So, the revolution phenomenon can be explained no matter what degree of extrapolation

we use.

Discussion. Based on our analysis, in addition to our main conclusion (that we have ex-

plained the seemingly counterintuitive revolution phenomenon), we can make two auxiliary

conclusions (which also fit perfectly well with common sense):

� revolutions only happen if people care about the future; if they don’t, if q ≈ 0, people

are happy with their present-day level of living.

� the more into the past the people go in their analysis, the more probable it is that

they will revolt; people who do not know their history are less prone to revolutions

than people who do.
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Chapter 24

Application to Education: General

In this chapter and in the following chapter, we describe applications to education: a

general application is described in this chapter, and a specific application is described in

the following chapter.

In this chapter, we deal with the known fact that repetition enhances learning. The

question is: when is a good time for this repetition? Several experiments have shown that

immediate repetition of the topic leads to better performance on the resulting test than

a repetition after some time. Recent experiments showed, however, that while immediate

repetition leads to better results on the test, it leads to much worse performance in the

long term, i.e., several years after the material have been studied. In this chapter, we use

decision theory to provide a possible explanation for this unexpected phenomenon.

Results from this chapter first appeared in [30].

24.1 Problem: Is Immediate Repetition Good for

Learning?

Repetitions are important for learning. A natural idea to make students better

understand and better learn the material is to repeat this material – the more times we

repeat, the better the learning results.

This repetition can be explicit – e.g., when we go over the material once again before

the test. This repetition can ne implicit – e.g., when we give the students a scheduled quiz

on the topic, so that they repeat the material themselves when preparing for this quiz.
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When should we repeat? The number of repetitions is limited by the available time.

Once the number of repetitions is fixed, it is necessary to decide when should we have a

repetition:

� shall we have it immediately after the students have studied the material, or

� shall we have it after some time after this studying, i.e., after we have studied some-

thing else.

What was the recommendation until recently. Experiments have shown that repeat-

ing the material almost immediately after the corresponding topic was first studied – e.g.,

by giving a quiz on this topic – enhances the knowledge of this topic that the students

have after the class as a whole. This enhancement was much larger than when a similar

quiz – reinforcing the students’ knowledge – was given after a certain period of time after

studying the topic.

New data seems to promote the opposite recommendation. This idea has been

successfully used by many instructors. However, a recent series of experiments has made

many researchers doubting this widely spread strategy. Specifically, these experiments show

that (see, e.g., [54] and references therein):

� while immediate repetition indeed enhances the amount of short-term (e.g., semester-

wide) learning more than a later repetition,

� from the viewpoint of long-term learning – what the student will be able to recall in a

few years (when he or she will start using this knowledge to solve real-life problems)

– the result is opposite: delayed repetitions lead to much better long-term learning

than the currently-fashionable immediate ones.

Why? The above empirical result is somewhat unexpected, so how can we explain it? We

have partially explained the advantages of interleaving – a time interval between the study
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and the repetition – from the general geometric approach; see, e.g., [100, 116]. However,

this explanation does not cover the difference between short-term and long-term memories.

So how can we explain this observed phenomenon? We can simply follow the newer

recommendations, kind of arguing that human psychology is difficult, has many weird

features, so we should trust whatever the specialists tell us. This may sound reasonable

at first glance, but the fact that we have followed this path in the past and came up with

what seems now to be wrong recommendation – this fact encourages us to take a pause,

and first try to understand the observed phenomenon, and only follow it if it makes sense.

This is exactly the purpose of this chapter: to provide a reasonable explanation for the

observed phenomenon.

24.2 Analysis of the Problem and the Resulting Ex-

planation

Main idea: using decision theory. Our memory is limited in size. We cannot memorize

everything that is happening to us. Thus, our brain needs to decide what to store in a

short-term memory, what to store in a long-term memory, and what not to store at all.

How can we make this decision? As we have shown earlier, decision theory explains

how we make decisions. Let us apply this to learning. If we learn the material, we spend

some resources on storing it in memory. If we do not learn the material, we may lose some

utility next tome when this material will be needed. So, whether we store the material in

memory depends on for which of the two possible actions – to learn or not to learn – utility

is larger (or equivalently, losses are smaller). Let us describe this idea in detail.

Notations. To formalize the above idea, let us introduce some notations.

� Let m denote the losses (= negative utility) needed to store a piece of material in the

corresponding memory (short-term or long-term).
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� Let L denote losses that occur when we need this material but do not have it in our

memory.

� Finally, let p denote our estimate of the probability that this material will be needed

in the corresponding time interval (short-term time interval for short-term memory

or long-term time interval for long-term memory).

If we learn, we have loss m. If we do not learn, then the expected loss is equal to p · L.

We learn the material if the second loss of larger, i.e., if p · L > m, i.e., equivalently, if

p > m/L.

Comment. Sometimes, students underestimate the usefulness of the studied material, i.e.,

underestimate the value L. In this case, L is low, so the ratio m/L is high, and for most

probability estimates p, learning does not make sense. This unfortunate situation can be

easily repaired if we explain, to the students, how important this knowledge can be – and

thus, make sure that they estimate the potential loss L correctly.

Discussion. For different pieces of the studied material, we have different ratios m/L.

These ratios do not depend on the learning technique. As we will show later, the estimated

probability p may differ for different learning techniques. So, if one technique consistently

leads to higher values p, this means that, in general, that for more pieces of material we

will have p > m/L and thus, more pieces of material will be learned. So, to compare two

different learning techniques, we need to compare the corresponding probability estimates

p.

Let us formulate the problem of estimating the corresponding probability p in precise

terms.

Towards a precise formulation of the probability estimation problem. In the

absence of other information, to estimate the probability that this material will be needed

in the future, the only information that our brain can use is that there were two moments

of time at which we needed this material in the past:
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� the moment t1 when the material was first studied, and

� the moment t2 when the material was repeated.

In the immediate repetition case, the moment t2 was close to t1, so the difference t2 − t1

was small. In the delayed repetition case, the difference t2 − t1 is larger.

Based on this information, the brain has to estimate the probability that there will be

another moment of time during some future time interval. How can we do that?

Let us first consider a deterministic version of this problem. Before we start solving

the actual probability-related problem, let us consider the following simplified deterministic

version of this problem:

� we know the times t1 < t2 when the material was needed;

� we need to predict the next time t3 when the material will be needed.

We can reformulate this problem in more general terms:

� we observed some event at moments t1 and t2 > t1;

� based on this information, we want to predict the moment t3 at which the same event

will be observed again.

In other words, we need to have a function t3 = F (t1, t2) > t2 that produces the desired

estimate.

What are the reasonable properties of this prediction function? The numerical

value of the moment of time depends on what unit we use to measure time – e.g., hours,

days, or months. It also depends on what starting point we choose for measuring time.

We can measures it from Year 0 or – following Muslim or Buddhist calendars – from some

other date.

If we replace the original measuring unit with the new one which is a times smaller, then

all numerical values will multiply by a: t → t′ = a · t. For example, if we replace seconds
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with milliseconds, all numerical values will multiply by 1000, so, e.g., 2 sec will become

2000 msec. Similarly, if we replace the original starting point with the new one which is b

units earlier, then the value b will be added to all numerical values: t → t′ = t + b. It is

reasonable to require that the resulting prediction t3 not depend on the choice of the unit

and on the choice of the starting point. Thus, we arrive at the following definitions.

Definition 24.1. We say that a function F (t1, t2) is scale-invariant if for every t1, t2, t3,

and a > 0, if t3 = F (t1, t2), then for t′i = a · ti, we get t′2 = F (t′1, t
′
2).

Definition 24.2. We say that a function F (t1, t2) is shift-invariant if for every t1, t2, t3,

and b, if t3 = F (t1, t2), then for t′i = ti + b, we get t′2 = F (t′1, t
′
2).

Proposition 24.1. A function F (t1, t2) > t2 is scale- and shift-invariant if and only if it

has the form F (t1, t2) = t2 + α · (t2 − t1) for some α > 0.

Proof. Let us denote α
def
= F (−1, 0). Since F (t1, t2) > t2, we have α > 0. Let t1 < t2,

then, due to scale-invariance with a = t2 − t1 > 0, the equality F (−1, 0) = α implies that

F (t1 − t2, 0) = α · (t2 − t1). Now, shift-invariance with b = t2 implies that F (t1, t2) =

t2 + α · (t2 − t1). The proposition is proven.

Discussion. Many physical processes are reversible: if we have a sequence of three events

occurring at moments t1 < t2 < t3, then we can also have a sequence of events at times

−t3 < −t2 < −t1. It is therefore reasonable to require that:

� if our prediction works for the first sequence, i.e., if, based on t1 and t2, we predict

t3,

� then our prediction should work for the second sequence as well, i.e. based on −t3

and −t2, we should predict the moment −t1.

Let us describe this requirement in precise terms.

Definition 24.3. We say that a function F (t1, t2) is reversible if for every t1, t2. and t3,

the equality F (t1, t2) = t3 implies that F (−t3,−t2) = −t1.
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Proposition 24.2. The only scale- and shift-invariant reversible function F (t1, t2) is the

function F (t1, t2) = t2 + (t2 − t1).

Comment. In other words, if we encounter two events separated by the time interval t2−t1,

then the natural prediction is that the next such event will happen after exactly the same

time interval.

Proof. In view of Proposition 24.1, all we need to do is to show that for a reversible function

we have α = 1. Indeed, for t1 = −1 and t2 = 0, we get t3 = α. Then, due Proposition

24.1, we have F (−t3,−t2) = F (−α, 0) = 0 + α · (0 − (−α)) = α2. The requirement that

this value should be equal to −t1 = 1 implies that α2 = 1, i.e., due to the fact that α > 0,

that α = 1. The proposition is proven.

From simplified deterministic case to the desired probabilistic case. In practice,

we cannot predict the actual time t3 of the next occurrence, we can only predict the

probability of different times t3. Usually, the corresponding uncertainty is caused by a

joint effect of many different independent factors. It is known that in such situations, the

resulting probability distribution is close to Gaussian – this is the essence of the Central

Limit Theorem which explains the ubiquity of Gaussian distributions; see, e.g., [166]. It is

therefore reasonable to conclude that the distribution for t3 is Gaussian, with some mean

µ and standard deviation σ.

There is a minor problem with this conclusion; namely:

� Gaussian distribution has non-zero probability density for all possible real values,

while

� we want to have only values t3 > t2.

This can be taken into account if we recall that in practice, values outside a certain kσ-

interval [µ−k ·σ, µ+k ·σ] have so little probability that they are considered to be impossible.

Depending on how low we want this probability to be, we can take k = 3, or k = 6, or

some other value k. So, it is reasonable to assume that the lower endpoint of this interval
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corresponds to t2, i.e., that µ− k · σ = t2. Hence, for given t1 and t2, once we know µ, we

can determine σ. Thus, to find the corresponding distribution, it is sufficient to find the

corresponding value µ.

As this mean value µ, it is reasonable to take the result of the deterministic prediction,

i.e., µ = t2 + (t2 − t1). In this case, from the above formula relating µ and σ, we conclude

that σ = (t2 − t1)/k.

Finally, an explanation. Now we are ready to explain the observed phenomenon.

In the case of immediate repetition, when the difference t2 − t1 is small, most of the

probability – close to 1 – is located is the small vicinity of t1, namely in the kσ interval

which now takes the form [t2, t2 + 2(t2 − t1)]. Thus, in this case, we have:

� (almost highest possible) probability p ≈ 1 that the next occurrence will have in the

short-term time interval and

� close to 0 probability that it will happen in the long-term time interval.

Not surprisingly, in this case, we get:

� a better short-term learning than for other learning strategies, but

� we get much worse long-term learning.

In contrast, in the case of delayed repetition, when the difference t2 − t1 is large, the

interval [t2, t+ 2(t2 − t1)] of possible values t3 spreads over long-term times as well. Thus,

here:

� the probability p to be in the short-time interval is smaller than the value ≈ 1

corresponding to immediate repetition, but

� the probability to be in the long-term interval is larger that the value ≈ 0 correspond-

ing to immediate repetition.

As a result, for this learning strategy:
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� we get worse short-term learning but

� we get much better long-term learning,

exactly as empirically observed.
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Chapter 25

Application to Education: Specific

To many students, the notion of a derivative seems unrelated to any previous mathematics

– and is, thus, difficult to study and to understand. In this chapter, we show that this

notion can be naturally derived from a more intuitive notion of invariance.

Results from this chapter first appeared in [193].

25.1 Problem: Why Derivative

To a student studying mathematics, the notion of the derivative seems to appear out of

nowhere, without any explanation and without any reasonable relation with previously

studied mathematical notions. This un-relatedness may be one of the reasons why calculus

is so difficult for many students, even for those who have successfully studied previous

mathematical subjects.

In this chapter, we show that the notion of the derivative can be explained by the

natural ideas of shift- and scale-invariance. We hope that this explanation will make this

notion more natural – and thus, easier to learn.

25.2 Invariance Naturally Leads to the Derivative

Let us start the construction. Now, we are ready to show that the natural notions

of invariance indeed lead to the expression for the derivative. We will do it step-by-step,

adding more invariance requirements as we go.

We have a function y = f(x). Based on the values of this function, we want to build a
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new auxiliary function g(x). Let us consider the simplest case when at each point x, the

value of the new function g(x) will depend only on two values of the original function f(x).

In other words, we consider the case when

g(x) = F (f(p1(x)), f(p2(x)), (25.2)

where:

� p1(x) and p2(x) describe how these two points depend on x, and

� F (y, z) is an algorithm that transforms the corresponding two values of the function

f(x) into the value g(x) of the new function.

First invariance requirement: invariance with respect to x-shifts. The first nat-

ural invariance requirement that we will impose is x-shift-invariance: if we use a different

starting point for measuring x, the expressions for the corresponding dependencies p1(x)

and p2(x) should not change. Let us describe this requirement in precise terms.

Each expression pi(x) describes how the value of the corresponding point xi in the

original x-scale depends on the value of the parameter x in the same scale. If we change

the starting point, then each original value x will take the new form x̃ = x + b, so that

x = x̃− b, and the point xi = pi(x) at which we should compute f(x) will take a new form

x̃i = pi(x) + b. Substituting the expression x = x̃ − b into this formula, we conclude that

in the new scale, the dependence of the corresponding point x̃i on x̃ should take the form

x̃i = pi(x̃− b)+ b. Invariance means that this dependence should be expressed by the same

formula as in the original scale, i.e., we should have x̃i = pi(x̃).

Comparing these two expressions, we conclude that pi(x̃ − b) + b = pi(x̃) for all b

and x̃i. In particular, for b = x̃, we conclude that pi(x̃) = x̃ + pi(0). Thus, due to this

invariance requirements, each function pi(x) has the form pi(x) = x+const. Let us denote

the corresponding constant by ci. Then, we have pi(x) = x + ci, and the formula (25.2)

takes the form

g(x) = F (f(x+ c1), f(x+ c2)). (25.3)
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This expression is simpler than the original expression (25.2):

� in the original expression (25.2), we had three unknown functions F (y1, y2), p1(x),

and p2(x), while

� now, we have only one unknown function F (y1, y2) and two unknown numbers c1 and

c2.

Second invariance requirement: invariance with respect to y-shifts. Another

reasonable requirement is that the values g(x) should not change if we simply change the

starting point for measuring y. As we have mentioned earlier, this change simply adds

the same constant b to all the y-values – i.e., in our case, to both values of the function

f(x). Thus, instead of the original value F (f(x+ c1), f(x+ c2)), we will have a new value

F (f(x+ c1) + b, f(x+ c2) + b). Invariance means that these two values must coincide, i.e.,

that we should have

g(x) = F (f(x+ c1), f(x+ c2)) = F (f(x+ c1) + b, f(x+ c2) + b)

for all x and b. In particular, for b = −f(x+ c2), we have

g(x) = F (f(x+ c1), f(x+ c2)) = F (f(x+ c1)− f(x+ c2), 0),

i.e., equivalently, that

g(x) = G(f(x+ c1)− f(x+ c2)), (25.4)

where we denoted G(y)
def
= F (y, 0). This expression is even simpler than the expression

(25.3):

� in the expression (25.3), we had an unknown function F (y1, y2) of two variables, while

� now, we have only an unknown function G(y) of one variable.

Next invariance requirement: invariance with respect to y-scaling. Another nat-

ural invariance requirement is that the dependence (25.4) should not change if we change
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the unit in which we measure y-values like f(x) or g(x). In other words, if we have the

expression (25.4) and we replace f(x + ci) with f̃(x + ci) = a · f(x + ci) and g(x) with

g̃(x) = c · g(x), then we should have the same relation between the re-scaled values, i.e., we

should have

g̃(x) = G
(
f̃(x+ c1)− f̃(x+ c2)

)
.

In other words, we should have

G(λ · f(x+ c1)− λ · f(x+ c2)) = λ · g(x) = λ ·G(f(x+ c1)− f(x+ c2)),

i.e.,

G(λ · (f(x+ c1)− f(x+ c2))) = λ ·G(f(x+ c1)− f(x+ c2)).

Since the difference z
def
= f(x + c1) − f(x + c2) can take any possible real value, we thus

have

G(λ · z) = λ ·G(z).

In particular, for z = 1, we conclude that G(λ) = λ · G(1), i.e., that G(λ) = K · λ, where

we denoted K
def
= G(1). For this function G(z), the formula (25.4) takes an even simpler

form

g(x) = K · (f(x+ c1)− f(x+ c2)). (25.5)

We can have different expressions like that, for different values c1 and c2. In general, the

coefficient K may depend on which values c1 and c2 we select, so we get

g(x) = K(c1, c2) · (f(x+ c1)− f(x+ c2)). (25.5a)

Which values K(c1, c2) should we choose? In general, the value of the expression

(25.5a) changes when we change the values c1 and c2. In particular, this is true even if

we consider the invariant dependencies f(x) – which, as we have shown in the previous

section, correspond to linear functions f(x) = a · x+ b.
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For a linear function f(x) = a · x+ b, the expression (25.5a) takes the form

g(x) = K(c1, c2) · ((a · (x+ c1) + b)− (a · (x+ c2) + b)) = K(c1, c2) · a · (c1 − c2) = a · c,

where we denoted c
def
= K(c1, c2) · (c1 − c2).

Thus, it is possible to select the coefficient K(c1, c2) in such a way that for linear

functions, the resulting value g(x) will not depend on the selection of c1 and c2. Namely,

to make sure the product c = K(c1, c2) · (c1 − c2) remains the same for all c1 and c2, we

should select K(c1, c2) =
c

c1 − c2
. In this case, the expression (25.5a) takes the form

g(x) = c · f(x+ c1)− f(x+ c2)

c1 − c2
. (25.6)

Which values c1 and c2 should we choose? A reasonable idea is to consider local

characteristics, i.e., characteristics g(x) that depend only the values of the original function

f(x) in a small vicinity of the point x: e.g., in the ε-vicinity of all the points which are

ε-close to x. Thus, we consider cases when the values c1 and c2 are small: e.g., |ci| ≤ ε for

i = 1, 2.

As we consider the smaller and smaller neighborhoods, the values ci tend to 0 and thus,

we get the value

g(x) = c · lim
c1,c2→0

f(x+ c1)− f(x+ c2)

c1 − c2
. (25.7)

Modulo a multiplicative constant c, this is exactly the derivative – i.e., exactly the expres-

sion that we wanted to explain.

How can we describe the above expression for the derivative in a more standard

form. While the expression (725.) is equal to the derivative (modulo c), it is different from

the standard definitions of the derivative. We can make it closer if we impose an additional

invariance requirement: that the formula (25.6) (and thus, the formula (25.7)) should not

change if we replace c with x̃ = −x. In this case, we have x = −x̃, so, instead of the original

function f(x), we get a new function f̃ (x̃)
def
= f (−x̃). If we apply the formula (25.6) to
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this new function, we get the expression

g̃(x̃) = c · f̃ (x̃+ c1)− f̃ (x̃+ c2)

c1 − c2
.

Invariance means that, when we substitute the formulas for f̃(z) and for x̃ = −x into this

expression, we should get the same formula (25.6). Here,

f̃ (x̃+ ci) = f (− (x̃+ ci)) = f(−(−x+ ci)) = f(x− ci),

thus the desired equality takes the form:

f(x− c1)− f(x− c2)

c1 − c2
=

f(x+ c1)− f(x+ c2)

c1 − c2
.

This equality should be satisfied for all possible functions f(x). Thus, the left-hand side

should use the values of the function f(x) at exactly the same two points as the right-hand

side. The only two possible options for this equality are:

� the case when c1 = −c1 and c2 = −c2, and

� the case when c1 = −c2 and c2 = −c1.

In the first case, we get c1 = c2 = 0 and thus, g(x) is always equal to 0. The only non-trivial

case is the second case, in which case (25.6) takes the form

g(x) = c · f(x+ h)− f(x− h)

2h
, (25.8)

where we denoted h
def
= c1. In this case, the limit expression (25.7) turns into one of the

often-used versions of the standard definition of the derivative:

g(x) = c · lim
h→0

f(x+ h)− f(x− h)

2h
. (25.9)
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Chapter 26

Application to Mathematics: Why

Necessary Conditions Are Often

Sufficient

In this chapter, we provide an application to mathematics. In many graph-related problems,

an obvious necessary condition is often also sufficient. This phenomenon is so ubiquitous

that it was even named TONCAS, after the first letters of the phrase describing this

phenomenon. In this chapter, we provide a possible explanation for this phenomenon.

The results of this chapter first appeared in [201].

26.1 Formulation of the Problem

TONCAS phenomenon: an example. When is a graph planar? In precise terms, when

can a graph be embedded in a plane, i.e., represented by a graph in which edges intersect

only at vertices? Clearly, if a graph contains a subgraph K5 is which all five vertices

are connected to each other, it cannot be embedded into a plane. Similarly, a planar

graph cannot contain a subgraph K3,3 that has two groups of 3 vertices, so that each of

each vertex from the first group is connected with each vertex from the second group.

Interesting, these two necessary conditions are sufficient: if a graph does not contain any

subgraphs isomorphic to K5 or to K3,3, then this graph is planar; see, e.g., [210].

Another known example is checking whether a given lattice is distributive: this is

equivalent to requiring that no sublattice is isomorphic to one of the prohibitive 5- and
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6-vertices sublattices; see, e.g., [28].

TONCAS: general phenomenon. It turns out that this phenomenon is ubiquitous in

graph theory and in related areas: in many such cases, the obvious necessary condition is

also sufficient. This is known as the TONCAS phenomenon, after the first letters of the

words that describe this phenomenon.

Why? A natural question is: why? How can we explain that for many natural properties,

we have this phenomenon?

26.2 Analysis of the Problem

Let us formulate the TONCAS phenomenon in general terms. For simplicity, let

us consider properties like embedding-related ones, in which, if the entire graph has this

property, then all its subgraphs also satisfy the same property. In particular, if a graph

satisfies the given property, then all its subgraphs with n or fewer vertices has this property.

The TONCAS phenomenon can be described as follows: there is a reasonably small value

n0 such that if the desired property is satisfied for all subgraphs with n0 or fewer vertices,

then this propety is satisfied by the graph itself.

For planarity, as we have mentioned, n0 = 6: if all subgraphs with 6 or fewer vertices

are planar, this means that none of them is isomorphic to K5 or to K3,3 and thus, the whole

graph is indeed planar. The similar bound n0 = 6 holds for checking whether a lattice is

distributive.

Describing TONCAS phenomenon in precise terms. Let us denote that by P (n)

the condition that all subgraphs with n or fewer vertices satisfy the desired property. Then,

clearly, P (n+ 1) implies P (n).

In these terms, the fact that the whole graph – no matter how many vertices it has –

satisfies the desired property means that the condition P (n) holds for all n.

Thus, the TONCAS phenomenon means that there exists a value n0 such that for each
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reasonable (= not abnormal) predicate P for which P (n + 1) implies P (n), the condition

P (n0) implies ∀nP (n).

Caution. Of course, for each n0, we can always find some artificial predicates P (n) for

which, for some graphs, we have P (n0) but P (n) is not true for some n > n0. This will

happen, e.g., if the original desired graph property is that the graph has ≤ n0 vertices. For

this property, clearly P (n0) is true, but also clearly, P (n0 + 1) is not true for any graph

with more than n0 vertices.

So, to explain the TONCAS property, we cannot just ignore the words “reasonable”

and “not abnormal”, we need to formalize them.

26.3 How Can We Formalize What Is Not Abnormal

Let us use the experience of statistical physics. Many real-life phenomena are prob-

abilistic. From the purely mathematical viewpoint, if we have, e.g., a Gaussian (normal)

distribution on a real line, with 0 mean and standard deviation 1, then, since the probabil-

ity density of the normal distribution is always positive, for every n – no matter how large

it is – there is a positive probability that the random value will be larger than n. However,

this is not how physicists reason; see, e.g., [68, 180].

For example, from the purely mathematical viewpoint, it is possible that, due to Brow-

nian motion, a kettle placed on a cold stove will start boiling by itself – or that randomly

moving molecules in a human body start moving in the same direction and the person will

float into the air. A mathematician may say that this will happen if we wait a sufficiently

long time – very long time, since the probabilities of these events are extremely small.

However, this is not what a physicist will say. A physicist will simply claim that these

events are not possible. In general, a physicist will say that if an event has a very low

probability, then this even simply cannot happen.

How can we describe this physicists’ reasoning in precise terms. Of course, we

cannot simply fix a small number p0 and claim that any event with probability ≤ p0 is not
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possible. Indeed, in this case, for sufficiently large N – for which 2−N ≤ p0 – we would

come up with an awkward conclusion that it is impossible to flip a coin N times, since each

of the 2N possible sequences of heads and tails has the same probability 2−N ≤ p0.

What we can conclude is that if we have a definable sequence of events E1 ⊇ E2 ⊇ . . . for

which the probabilities p(En) tend to 0, then at some point, the corresponding probability

will be so small than the corresponding event En will simply not be possible. In other

words, the class R of all reasonable (not abnormal) observations should satisfy the following

property: if for some definable sequence En ⊇ En+1, we have p(En) → 0, then there exists

a value n0 for which R∩ En0 = ∅; see, e.g., [63, 103, 106].

What if we do not know probabilities? In statistical physics, we know the prob-

abilities, but in graph-related situations, there is no natural way to assign probabilities.

However, we can still use the above description if we take into account that there is a

natural case when we can guarantee p(En) → 0 for all possible probability distributions:

namely, the case when the intersection
⋂
n

En of all the sets En is empty.

In this case, we arrive at the following description: the class R of all reasonable (not

abnormal) observations should satisfy the following property: if for some definable sequence

En ⊇ En+1, we have
⋂
n

En = ∅, then there exists a value n0 for which R ∩ En0 = ∅; see,

e.g., [63, 103, 106].

26.4 Resulting Explanation of the TONCAS Phe-

nomenon

Now, we are ready to explain the TONCAS phenomenon. We consider predicates P (n)

whose parameter n is a natural number. Let us call a predicate monotonic if for each n,

P (n + 1) implies P (n). We will prove that there exists a natural number n0 such that if

the monotonic predicate P is not abnormal, then P (n0) implies ∀nP (n).
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Indeed, let us consider the sets

En
def
= {P : P (1)& . . . &P (n)&∃m¬P (m)}.

Clearly, here En ⊇ En+1 and
⋂
n

En = ∅. Thus, by the above definition of not-abnormality,

there exists an n0 for which none of the not-abnormal monotonic predicates is contained in

the set En0 . By the definition of the set En0 , this means that if we have P (n0) (and thus,

due to monotonicity, P (1)& . . . &P (n0)), then we cannot have ∃m¬P (m) and thus, we

have ∀mP (m).

This is exactly the TONCAS phenomenon – which is, therefore, justified.
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Chapter 27

Data Processing: Neural Techniques,

Part 1

In addition to specific applications, we also apply algebraic techniques to computational

methods leading to such applications. At present, the most promising data processing

techniques are techniques corresponding to machine learning, especially to neural networks,

in particular, to deep neural networks. These techniques are very successful, but they are

not perfect.

One of the problems is that these techniques are largely heuristic, many of their features

lack a solid theoretical foundation – a foundation that would increase our trust in these

techniques. In this chapter, we use algebraic approach to provide a justification for some

of these features – and we show that this justification also explains a successful heuristic

modification of some of these features.

Results from this chapter first appeared in [187].

27.1 Machine Learning Is Needed to Analyze Com-

plex Systems

For some simple systems, we know the equations that describe the system’s dynamics.

These equations may be approximate, but they are often good enough.

With more complex systems (such as systems of systems), this is often no longer the

case. Even when we have a good approximate model for each subsystem, the corresponding
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inaccuracies add up, and the resulting model of the whole system is too inaccurate to be

useful. For real-life systems like a city or a big plant, it is therefore often not possible

to predict the system’s behavior based only on approximate models of subsystems. In

addition to these models, we also need to use the records of the actual system’s behavior

when making such predictions.

Techniques that use the previous behavior of a system to predict its future behavior are

known as machine learning techniques.

27.2 Neural Networks and Deep Learning: A Brief

Reminder

At present, the most empirically successful machine learning techniques are neural networks

- techniques that simulate how data in processed in our brains. In this technique, signal go

through several sequential stages of data processing – known as layers. Each layer consists

of several neurons, each of which transforms the inputs signals x1, . . . , xn to this layer this

into a new signal y = s

(
n∑

i=1

wi · xi + w0

)
. Here, the coefficient wi (called weights) are to

be determined during training, and s(z) is a non-linear function called activation function.

Traditional neural networks use only two layers, the first of which uses the so-called

sigmoid or logistic activation function

s(z) =
1

1 + exp(−z)
, (27.1)

and the second one contains only linear transformations.

More empirically successful are deep neural networks that have more layers. In deep

neural networks, some layers use sigmoid activation functions, but most of the layers use a

different activation function s(z) = max(0, z) known as rectified linear activation function.

Deep learning. At present, the most efficient machine learning technique is deep learning,

i.e., the use of multi-layer neural networks; see, e.g., [72]. In general, on layer of a neural

network, we transform signals x1, . . . , xn into a new signal y = s

(
n∑

i=1

wi · xi + w0

)
, where
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the coefficient wi (called weights) are to be determined during training, and s(z) is a non-

linear function called activation function.

Activation functions used in deep learning. Most multi-layer neural networks used in

deep learning utilize rectified linear neurons, i.e., neurons that use the activation function

s(z) = max(z, 0) known as rectified linear function.

Algebraic approach shows (see, e.g., [67, 107]) that if we want to use the exact same ac-

tivation function for all the neurons, then the rectified linear function is indeed a reasonable

choice.

However, empirical results show that in some applications, it is more advantageous to

use different activation functions for different neurons – i.e., select a family of activation

functions instead, and select the parameters of activation functions of different neurons

during training. Specifically, this was shown for a special family of squashing activation

functions that contain rectified linear neurons as a particular case; see, e.g., [37, 47, 48].

Functions from this family have the form

S
(β)
a,λ(z) =

1

λ · β
· ln 1 + exp(β · z − (a− λ/2))

1 + exp(β · z − (a+ λ/2))
. (27.2)

27.3 Why Traditional Neural Networks

Let us first recall why traditional neural networks appeared in the first place; see, e.g.,

[107].

The main reason, in our opinion, was that computers were too slow. A natural way

to speed up computations is to make several processors work in parallel – so that each

processor only handles a simple task, not requiring too much computation time.

For processing data, the simplest possible functions to compute are linear functions.

However, we cannot only use linear functions – because then, no matter how many linear

transformations we apply one after another, we will only get linear functions, and many

real-life dependencies are nonlinear. So, we need to supplement linear computations with
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some nonlinear ones. In general, the fewer inputs, the faster the computations. Thus, the

fastest to compute are functions with one input, i.e., functions of one variable. So, we end

up with a parallel computational device that has linear processing units (L) and nonlinear

processing units (NL) that compute functions of one variable. First, the input signals come

to a layer of such devices, then the results of this layer go to another layer, etc. The fewer

layers we have, the faster the computations.

It can be shown (see, e.g., [107]) that 1-layer schemes (L or NL) and 2-layer schemes

(L-NL, linear layer followed by non-linear layer, or NL-L) are not sufficient to approximate

any possible dependence. Thus, we need at least 3-layer networks – and 3-layer networks

can be proven to be sufficient. In a 3-layer network, we cannot have two linear layers or

two nonlinear layers following each other – that would be equivalent to having one layer

since, e.g., a composition of two linear functions is also linear. Thus, we have only two

options: L-NL-L and NL-L-NL. Since linear transformations are faster to compute, the

fastest scheme is L-NL-L. In this scheme:

� first, each neuron k in the L layer combines the inputs into a linear combination

zk =
n∑

i=1

wki · xi + wk0;

� then, in the next layer, each such signal is transformed into yk = sk(zk) for some

non-linear function; and

� finally, in the last linear layer, we form a linear combination of the values yk: y =
K∑
k=1

Wk · yk +W0.

The resulting transformation takes the form

y =
K∑
k=1

Wk · sk

(
n∑

i=1

wki · xi + wk0

)
+W0.

Usually, we use the same function s(z) for all transformations, so we get

y =
K∑
k=1

Wk · s

(
n∑

i=1

wki · xi + wk0

)
+W0.

This is indeed the usual formula of the traditional neural network.
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27.4 Why Sigmoid Activation Function: Idea

In real life, signals come with noise, in particular, with background noise that, in effect, adds

a constant to all the measured signals. We can try to get rid of this noise by subtracting the

corresponding constant, i.e., by replacing the original numerical values xi with a corrected

value xi−ni. After this correction, instead of the original value zk, we get a corrected value

z′k =
n∑

i=1

wki · (xi − ni) + wk0 = zk − h′
k,

where we denoted h′
k

def
=

n∑
i=1

wki · ni.

The trouble is that we do not know the exact value of this constant – otherwise, this

noise would not be a problem. So, depending on our estimate, we may subtract different

values ni and thus, different values h′
k. If we change from one value h′

k to another one h′′
k,

then the resulting value of zk is shifted by the difference hk
def
= h′

k−h′′
k, namely, z′′k = z′k+hk,

exactly the same formula as for the shift corresponding to the change in the starting point.

Since we do not know what shift is the best, all shifts within a certain range are equally

possible. It is therefore reasonable to require that the formula y = s(z) for the nonlinear

activation function should work for all possible shifts. In other words, as we mentioned in

the previous section, if we shift from z to z′ = z+h, then we should satisfy the exact same

formula y′ = s(z′) – probably for an appropriately transformed value y.

In the previous section, we also mentioned that all possible transformations should be

fractionally linear. Thus, for each possible shift h, the value s(z′) = s(z + h) should be

obtained from s(z) by an appropriate fractionally linear transformation:

s(z + h) =
a(h) · s(z) + b(h)

c(h) · s(z) + d(h)
. (27.3)

Let us show that this implies the sigmoid.
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27.5 Why Sigmoid – Derivation

For h = 0, we should have s(z + h) = s(z), thus, we should have d(0) ̸= 0. It is reasonable

to require that the function d(h) is continuous. In this case, d(h) is different from 0 for all

small h. Then, we can divide both numerator and denominator of the formula (27.3) by

d(h) and get a simpler formula, with only three functions of h:

s(z + h) =
A(h) · s(z) +B(h)

C(h) · s(z) + 1
, (27.4)

where we denoted A(h) = a(h)/d(h), B(h) = b(h)/d(h), and C(h) = c(h)/d(h). For h = 0,

we have s(z + h) = s(z), so A(h) = 1 and B(h) = C(h) = 0.

It is also reasonable to require that the activation function s(z) be smooth. We also

want it to be defined for all z.

Smoothness requirement comes from the fact that on each interval, every continuous

function can be approximated, with any desired accuracy, by a smooth one – even by a

polynomial. So we can always get non-smooth functions as limits of smooth ones.

Multiplying both sides of the formula (27.4) by the denominator and moving the term

s(z + h) · C(h) to the right-hand side, we get the following formula:

s(z + h) = A(h) · s(z) +B(h)− s(z + h) · C(h).

In particular, if we take three different values z = z1, z = z2, and z = z3, then, for each

h, we get the following system of three linear equations for determining the three values

A(h), B(h), and C(h):

s(z1 + h) = A(h) · s(z) +B(h)− s(z1 + h) · C(h);

s(z2 + h) = A(h) · s(z) +B(h)− s(z2 + h) · C(h);

s(z3 + h) = A(h) · s(z) +B(h)− s(z3 + h) · C(h).

Due to Cramer’s rule, the solution to this system is a ratio of two determinants, i.e., of two

polynomials of the coefficients and is, thus, a smooth function of the values s(zi+h). Since
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the function s(z) is smooth, we conclude that all three functions A(h), B(h), and C(h) are

also smooth. Thus, we can differentiate both sides of the equation (27.4) by h and get

s′(z + h) =
N(h)

(C(h) · s(z) + 1)2
,

where

N(h)
def
= (A′(h) · s(z) +B′(h)) · (C(h) · s(z) + 1)−

(A(h) · s(z) +B(h)) · (C ′(h) · s(z)).

In particular, for h = 0, taking into account that A(h) = 1 and B(h) = C(h) = 0, we

conclude that

s′(z) = a0 + a1 · s(z) + a2 · (s(z))2, (27.5)

where we denoted a0 = B′(0), a1 = A′(0), and a2 = −C ′(0), i.e.,
ds

dz
= a0 + a1 · s+ a2 · s2.

If we move all the terms related to s to the left-and side and all the terms related to z to

the right-hand side, we get the following formula:

ds

a0 + a1 · s+ a2 · s2
= dz. (27.6)

Let us show how we can integrate both sides of this formula and get an explicit expression of

z(s), and how based on this expression, we can find the explicit formula for the dependence

of s on z.

The generic case is when a2 ̸= 0. In this case, we can multiply both sides of the formula

(27.6) by a2 and get
ds

a0
a2

+
a1
a2

· s+ s2
= a2 · dz. (27.7)

The quadratic form in the denominator of the left-hand side can be represented as (s +

p)2 + q, where p =
a1
2a2

and q =
a0
a2

− p2. Thus, the formula (27.7) takes the form

ds

(s+ p)2 + q
= a2 · dz. (27.8)

So, for s1 = s+ p, we have
ds1

s21 + q
= a2 · dz. (27.9)
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Let us now consider all three possible cases: when q = 0, when q > 0, and when q < 0.

When q = 0, then integrating both sides of (27.9), we get

− 1

s1
= a2 · z + c,

for some integration constant c, thus s1(z) = − 1

a2 · z + c
and

s(z) = s1(z)− p = − 1

a2 · z + c
− p.

This function is not everywhere defined – namely, it is not defined for z = −c/a2, thus we

will not consider it.

When q > 0, then for s2 = s1/
√
q, we have s1 = s2 ·

√
q thus ds1 =

√
q · ds2, s21 + q =

q · s22 + q = q · (s12 + 1), and (27.9) becomes
1
√
q
· ds2
s2 + 1

= a2 · z. Integrating leads to

1
√
q
· arctan(s2) = a2 · z + c

hence s2(z) = tan(
√
q ·a2 ·z+

√
q ·c). This value is not always defined, thus s1(z) =

√
q ·s2(z)

and s(z) = s1(z)− p are also not always defined, so we will consider this case either.

For q < 0, for s2 = s1/
√

|q|, we similarly have s1 = s2 ·
√
|q| thus ds1 =

√
|q| · ds2,

s21 + q = |q| · s22 + q = |q| · (s22 − 1), thus (27.9) becomes

1√
|q|

· ds2
s2 − 1

= a2 · z. (27.10)

One can easily check that

1

s22 − 1
=

1

2
·
(

1

s2 − 1
− 1

s2 + 1

)
,

thus integrating (27.10), we get

1

2
√

|q|
· (ln(s2 − 1)− ln(s2 + 1)) = a2 · z + c.

Multiplying both sides by 2
√

|q|, we conclude that the difference

ln(s2 − 1)− ln(s2 + 1) = ln

(
s2 − 1

s2 + 1

)
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is equal to a linear function z1 of z. Thus, the fractional-linear ratio
s2 − 1

s2 + 1
is equal to

exp(z1). The inverse to a fractional linear transformation is also fractional linear, so s2(z)

is a fractional linear function of exp(z1). The original function s(z) is obtained from s2(z)

by a linear transformation and is, thus, also a fractionally linear expression in terms of

exp(z1), i.e.,

s(z) =
a · exp(z1) + b

c · exp(z1) + 1
.

For this expression to always be defined, we need c > 0; else, if c < 0, it is not defined for

z1 = − ln(|c|). The expression for s(z) can be written as

a

c
+ const · 1

c · exp(z1) + 1
,

and for z2 = −z1 + ln(c), as

s(z) =
a

c
+ const · 1

1 + exp(−z2)
.

So, each such activation function s(z) can be obtained if we:

� first, apply some linear transformation to z, getting z2;

� then apply a sigmoid function; and

� finally, we apply a linear transformation to the result.

In the traditional neural network, as we mentioned earlier, we always apply some linear

transformation before we apply the activation function, and we also apply some linear

transformation after we apply the activation function. So, from the viewpoint of the above

general formula of the traditional neural network, the class of functions which can be

represented with K neurons by using the activation function s(z) is exactly the same as

the class of functions represented with K neurons by using the sigmoid function. In this

sense, sigmoid is the only shift-invariant activation function – which explains its efficiency

in traditional neural networks.
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27.6 Limit Cases

In the previous section, we considered the generic case when a2 ̸= 0. To complete our

analysis, we need to also consider the remaining case when a2 = 0. This is a limit case of

the generic case when a2 → 0. In this case, the formula (27.6) takes the following simplified

form:
ds

a0 + a1 · s
= dz. (27.11)

If a1 ̸= 0, then for s1 = a0+a1 · s, we have ds1 = a1 ·ds, hence ds = ds1/a1, and (27.11)

takes the form
1

a1
· ds1
s1

= dz.

Integrating, we get
1

a1
· ln(s1) = z+ c, hence ln(s1) = z1

def
= a1 · z+a1 · c, so s1(z) = exp(z1),

and s(z) =
s1(z)− a0

a1
=

1

a1
· (exp(z1)− a0). The resulting activation functions s(z) can be

obtained if we:

� first, apply some linear transformation to z, getting z2;

� then apply an exponential function; and

� finally, we apply a linear transformation to the result.

Similarly to the generic case, we can thus conclude that the class of functions which can be

represented with K neurons by the using the activation function s(z) is exactly the same

as the class of functions represented with K neurons by using the exponential function.

The only remaining case if a1 = 0. In this case, (27.11) easily integrates into
s

a0
= z+c,

i.e, to a linear activation function s(z) = a0 · z + a0 · c. Mathematically, it is a legitimate

case, but, of course, from the viewpoint of neural networks it makes no sense, since, as

we have mentioned earlier, the whole point of activation functions is to cover non-linear

functions.
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27.7 We Need Multi-Layer Neural Networks

The problem with traditional neural networks, as we mention in [18, 105, 107], is that they

waste a lot of bits: for K neurons, any of K! permutations results in exactly the same

function. To decrease this duplication, we need to decrease the number of neurons K in

each layer. So, instead of placing all nonlinear neurons in one layer, we place them in

several consecutive layers. This is one of the main idea behind deep learning.

27.8 Which Activation Function Should We Use

In the first nonlinear layer, we make sure that a shift in the input – corresponding to a

different estimate of the background noise – does not change the processing formula, i.e.,

that results s(z + c) and s(z) can be obtained from each other by applying an appropriate

transformation – in this case, a fractional-linear transformation. We already know that

this idea leads either to the sigmoid function (or to its limit case – exponential function).

So far, so good, but this logic does not work if we try to find out what activation

function we should use in the next nonlinear layers. Indeed, the output of the first layer –

which is the input to the second nonlinear layer – is no longer shift-invariant, it is invariant

with respect to some more complex (fractional linear) transformations. We know what

to do when the input is shift-invariant, so a natural idea is to perform some additional

transformation that will make the results shift-invariant. If we do that, then we will again

be able to apply the sigmoid activation function, then again the additional transformation,

etc.

These additional transformations should transform generic fractional-linear operations

into shift. This means that the inverse of such a transformation should transform shifts

into some fractional-linear operations. But this is exactly what we analyzed in the previous

section – transformations that transform shifts into fractional-linear operations. We already

know the formulas s(z) for these transformations. In general, they are formed as follows:
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� first, we apply some linear transformation to the input z, resulting in a linear combi-

nation Z = p · z + q;

� then, we compute Y = exp(Z); and

� finally, we apply some fractional-linear transformation to the resulting value Y , get-

ting y.

So, to get the inverse transformation, we need to reverse all three steps, starting with the

last one:

� first, we apply a fractional-linear transformation to y, getting Y ;

� then, we compute Z = ln(Y ); and

� finally, we apply a linear transformation to Z, resulting in z.

27.9 This Leads Exactly to Squashing Functions

What happens if we first apply some sigmoid-type transformation moving us from shifts

to tractional-linear operations and then an inverse-type transformation? The last step

of the sigmoid-type transformation and the first step of the inverse-type transformation

both apply fractional-linear transformations. Since the composition of fractional-linear

transformations is fractional-linear, we can combine them into a single step. Thus, the

resulting combined activation function can thus be described as follows:

� first, we apply some linear transformation L1 to the input z, resulting in a linear

combination Z = L1(z) = p · z + q;

� then, we compute E = exp(Z) = exp(L1(z));

� then, we apply some fractional-linear transformation F to E = exp(Z), getting T =

F (E) = F (exp(L1(z));
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� then, we compute Y = ln(T ) = ln(F (exp(L1(z))); and

� finally, we apply a linear transformation L2 to Y , resulting in the final value y =

s(z) = L2(Y ) = L2(ln(F (exp(L1(z)))).

One can check that these are exactly squashing function! Thus, squashing functions can

indeed be naturally explained by the invariance requirements.

27.10 Why Rectified Linear Functions

As an example of the above description, let us provide a family of squashing functions that

tend to the rectified linear activation function max(z, 0). For this purpose, let us take:

� L1(z) = k · z, with k > 0, so that E = exp(L1(z)) = exp(k · z);

� F (E) = 1+E, so that T = F (E) = exp(k · z)+1 and Y = ln(T ) = ln(exp(k · z)+1);

and

� L2(Y ) =
1

k
· Y , so that the resulting activation function takes the form s(z) =

1

k
· ln(exp(k · z) + 1).

Let us show that the above expression tends to the rectified linear activation function

when k → ∞.

When z < 0, then exp(k · z) → 0, so exp(k · z) + 1 → 1, ln(exp(k · z) + 1) → 0 and so

s(z) → 0.

On the other hand, when z > 0, then

exp(k · z) + 1 = exp(k · z) · (1 + exp(−k · z)),

thus ln(exp(k · z) + 1) = k · z + ln(1 + exp(−k · z)) and

s(z) =
1

k
· ln(exp(k · z) + 1) = z +

1

k
· ln(1 + exp(−k · z)).
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When k → ∞, we have exp(−k · z) → 0, hence

1 + exp(−k · z) → 1,

ln(1 + exp(−k · z)) → 0, so
1

k
· ln(1 + exp(−k · z)) → 0 and indeed s(z) → z.
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Chapter 28

Data Processing: Neural Techniques,

Part 2

Current artificial neural networks are very successful in many machine learning applications,

but in some cases they still lag behind human abilities. To improve their performance, a

natural idea is to simulate features of biological neurons which are not yet implemented in

machine learning. One of such features is the fact that in biological neural networks, signals

are represented by a train of spikes. Researchers have tried adding this spikiness to machine

learning and indeed got very good results, especially when processing time series (and, more

generally, spatio-temporal data). In this chapter, we provide a theoretical explanation for

this empirical success.

Results from this chapter first appeared in [21].

28.1 Problem: Spiking Neural Networks

Why spiking neural networks: a historical reason. At this moment, artificial neu-

ral networks are the most successful – and the most promising – direction in Artificial

Intelligence; see, e.g., [72].

Artificial neural networks are largely patterned after the way the actual biological neural

networks work; see, e.g., [29, 72]. This patterning makes perfect sense: after all, our brains

are the result of billions of years of improving evolution, so it is reasonable to conclude

that many features of biological neural networks are close to optimal – not very efficient

features would have been filtered out in this long evolutionary process.
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However, there is an important difference between the current artificial neural networks

and the biological neural networks:

� when some processing of the artificial neural networks is implemented in hardware

– by using electronic or optical transformation – each numerical value is represented

by the intensity (amplitude) of the corresponding signal;

� in contrast, in the biological neural networks, each value – e.g., the intensity of the

sound or of the light – is represented by a series of instantaneous spikes, so that the

original value is proportional to the frequency of these spikes.

Since simulating many other features of biological neural networks has led to many

successes, a natural idea is to also try to emulate the spiking character of the biological

neural networks.

Spiking neural networks are indeed efficient. Interestingly, adding spiking to artificial

neural networks has indeed led to many successful applications, especially in processing

temporal (and even spatio-temporal) signals; see, e.g., [89] and references therein.

But why? A biological explanation of the success of spiking neural networks – based on

the above evolution arguments – makes perfect sense, but it would be nice to supplement

it with a clear mathematical explanation – especially since, in spite of all the billions years

of evolution, we humans are not perfect as biological beings, we need medicines, surgeries,

and other artificial techniques to survive, and our brains often make mistakes.

What we do in this chapter. In this chapter, we consider the question of signal repre-

sentation from the mathematical viewpoint, and we show that the spiking representation

is indeed optimal in some reasonable sense.

28.2 Analysis of the Problem and the First Result

Looking for basic functions. In general, to represent a signal x(t) means to approximate

it as a linear combination of some basic functions. For example, it is reasonable to represent
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a periodic signal as a linear combination of sines and cosines. In more general cases – e.g.,

when analyzing weather – it makes sense to represent the observed values as a linear

combination of functions t, t2, etc., representing the trend and sines and cosines that

describe the periodic part of the signal. To get a more accurate presentation, we need to

take into account that the amplitudes of the periodic components can also change with

time, so we end up with terms of the type t · sin(ω · t).

If we analyze how radioactivity of a sample changes with time, a reasonable idea is

to describe the measured values x(t) as a linear combination of exponentially decaying

functions exp(−k · t) representing the decay of different isotopes, etc.

So, in precise terms, selecting a representation means selecting an appropriate family

of basic functions. In general, we may have several parameters c1, . . . , cn characterizing

functions from each family. Sometimes, there is only one parameter, as in sines and cosines.

In other cases, we can have several parameters – e.g., in control applications, it makes sense

to consider decaying periodic signals of the type exp(−k · t) · sin(ω · t), with two parameters

k and ω. In general, elements b(t) of each such family can be described by a formula

b(t) = B(c1, . . . , cn, t) corresponding to different tuples c = (c1, . . . , cn).

Dependence on parameters must be continuous in some reasonable sense. We

want the dependence B(c1, . . . , cn, t) to be computable, and it is known that all computable

functions are, in some reasonable sense, continuous; see, e.g., [208].

Indeed, in real life, we can only determine the values of all physical quantities ci with

some accuracy: measurements are always not 100% accurate, and computations always

involve some rounding. For any given accuracy, we can provide the value with this accuracy

– but it will practically never be the exact value. Thus, the approximate values of ci are the

only thing that our computing algorithm can use when computing the value B(c1, . . . , cn, t).

This algorithm can ask for more and more accurate values of ci, but at some point it must

produce the result. At this point, we only known approximate values of ci, i.e., we only

know the interval of possible values of ci. And for all the values of ci from this interval, the

result of the algorithm provides, with the given accuracy, the approximation to the desired
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value B(c1, . . . , cn, t). This is exactly what continuity is about!

One has to be careful here, since the real-life processes may actually be, for all practical

purposes, discontinuous. Sudden collapses, explosions, fractures do happen.

For example, we want to make sure that a step-function which is equal to 0 for t < 0

and to 1 for t ≥ 0 is close to an “almost” step function which is equal to 0 for t < 0, to 1

for t ≥ ε (for some small ε) and to t/ε for t ∈ (0, ε).

In such situations, we cannot exactly describe the value at moment t – since the moment

t is also measured approximately, but what we can describe is its values at a moment close

to t. In other words, we can say that the two functions a1(t) and a2(t) are ε-close if:

� for every moment t1, there exists moments t21 and t22 which are ε-close to t1 (i.e., for

which |t2i − t1| ≤ ε) and for which a1(t1) is ε-close to a convex combination of values

a2(t2i), and

� for every moment t2, there exists moments t11 and t12 which are ε-close to t2 and for

which a2(t2) is ε-close to a convex combination of values a1(t1i).

Additional requirement. Since we consider linear combinations of basic functions, it

does not make sense to have two basic functions that differ only by a constant: if b2(t) =

C ·b1(t), then there is no need to consider the function b2(t) at all; in each linear combination

we can replace b2(t) with C · b1(t).

We would like to have the simplest possible family of basic functions. How many

parameters ci do we need? The fewer parameters, the easier it is to adjust the values

of these parameters, and the smaller the probability of overfitting – a known problem of

machine learning in particular and of data analysis in general, when we fit the formula to

the observed data and its random fluctuations too well and this make it much less useful

in other cases where random fluctuations will be different.

We cannot have a family with no parameters at all – that would mean, in effect, that we

have only one basic function b(t) and we approximate every signal by an expression C · b(t)
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obtained by its scaling. This will be a very lousy approximation to real-life processes –

since these processes are all different, they do not resemble each other at all.

So, we need at least one parameter. Since we are looking for the simplest possible family,

we should therefore consider families depending on a single parameter c1, i.e., families

consisting of functions b(t) = B(c1, t) corresponding to different values of the parameter c1.

Most observed processes are limited in time. From our viewpoint, we may view

astronomical processes are going on forever – although, in reality, even they are limited

by billions of years. However, in general, the vast majority of processes that we observe

and that we want to predict are limited in time: a thunderstorm stops, a hurricane end,

after-shocks of an earthquake stop, etc.

From this viewpoint, to get a reasonable description of such processes, it is desirable

to have basic functions which are also limited in time, i.e., which are equal to 0 outside

some finite time interval. This need for finite duration is one of the main reasons in

many practical problems, a decomposition into wavelets performs much better that a more

traditional Fourier expansion into linear combinations of sines and cosines; see, e.g., [3] and

references therein.

Shift- and scale-invariance. Processes can start at any moment of time. Suppose that

we have a process starting at moment 0 which is described by a function x(t). What if we

start the same process t0 moments earlier? At each moment t, the new process has been

happening for the time period t + t0. Thus, at the moment t, the new process is at the

same stage as the original process will be at the future moment t + t0. So, the value x′(t)

of a quantity characterizing the new process is equal to the value x(t + t0) of the original

process at the future moment of time t+ t0.

There is no special starting point, so it is reasonable to require that the class of basic

function not change if we simply change the starting point. In other words, we require

that for every t0, the shifted family {B(c1, t + t0)}c1 coincides with the original family
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{B(c1, t)}c1 .

Similarly, processes can have different speed. Some processes are slow, some are faster.

If a process starting at 0 is described by a function x(t), then a λ times faster process is

characterized by the function x′(t) = x(λ · t). There is no special speed, so it is reasonable

to require that the class of basic function not change if we simply change the process’s

speed. In other words, we require that for every λ > 0, the “scaled” family {B(c1, λ · t}c1
coincides with the original family {B(c1, t)}c1 .

Now, we are ready for the formal definitions.

Definition 28.1. We say that a function b(t) is limited in time if it equal to 0 outside

some interval.

Definition 28.2. We say that a function b(t) is a spike if it is different from 0 only for a

single value t. This non-zero value is called the height of the spike.

Definition 28.3. Let ε > 0 be a real number. We say that the numbers a1 and a2 are

ε-close if |a1 − a2| ≤ ε.

Definition 28.4. We say that the functions a1(t) and a2(t) are ε-close if:

� for every moment t1, there exists moments t21 and t22 which are ε-close to t1 (i.e.,

for which |t2i − t1| ≤ ε) and for which a1(t1) is ε-close to a convex combination of

values a2(t2i), and

� for every moment t2, there exists moments t11 and t12 which are ε-close to t2 and for

which a2(t2) is ε-close to a convex combination of values a1(t1i).

Comment. One can check that this definition is equivalent to the inequality dH(A1, A2) ≤ ε

bounding the Hausdorff distance dH(A1, A2) between the two sets Ai each of which is

obtained from the closure Ci of the graphs of the corresponding function ai(t) by adding

the whole vertical interval t× [a, b] for every two points (t, a) and (t, b) with the same first

coordinate from the closure Ci.
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Definition 28.5. We say that a mapping B(c1, t) that assigns, to each real number c1, a

function b(t) = B(c1, t) is continuous if, for every value c1 and for every ε > 0, there exists

a real number δ > 0 such that, if c′1 is δ-close to c1, then the function b(t) = B(c1, t) is

ε-close to the function b′(t) = B(c′1, t).

Definition 28.6. By a family of basic functions, we mean a continuous mapping for which:

� for each c1, the function b(t) = B(c1, t) is limited in time, and

� if c1 and c′1 are two different numbers, then the functions b(t) = B(c1, t) and b′(t) =

B(c′1, t) cannot be obtained from each other by multiplication by a constant.

Definition 28.7. We say that a family of basic functions B(c1, t) is shift-invariant if for

each t0, the following two classes of functions of one variable coincide:

{B(c1, t)}c1 = {B(c1, t+ t0)}c1 .

Definition 28.8. We say that a family of basic functions B(c1, t) is scale-invariant if for

each λ > 0, the following two classes of functions of one variable coincide:

{B(c1, t)}c1 = {B(c1, λ · t)}c1 .

Proposition 28.1. If a family of basic functions B(c1, t) is shift- and scale-invariant, then

for every c1, the corresponding function b(t) = B(c1, t) is a spike, and all these spikes have

the same height.

Discussion. This result explains the efficiency of spikes: namely, a family of spikes is the

only one which satisfies the reasonable conditions of shift- and scale-invariance, i.e., the

only family that does not change if we change the starting point of the process and/or

change the process’s speed.
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Proof. Let us assume that the family of basic functions B(c1, t) is shift- and scale-invariant.

Let us prove that all the functions b(t) = B(c1, t) are spikes.

1◦. First, we prove that none of the functions B(c1, t) is identically 0.

Indeed, the zero function can be contained from any other function by multiplying that

other function by 0 – and this would violate the second part of Definition 28.6 (of a family

of basic functions).

2◦. Let us prove that each function from the given family is a spike.

Indeed, each of the functions b(t) = B(c1, t) is not identically zero, i.e., it attains non-

zero values for some t. By the Definition 28.6 of a family of basic functions, each of these

functions is limited in time, i.e., the values t for which the function b(t) is non-zero are

bounded by some interval. Thus, the values t−
def
= inf{t : b(t) ̸= 0} and t+

def
= sup{t : b(t) ̸=

0} are finite, with t− ≤ t+.

Let us prove that we cannot have t− < t+. Indeed, in this case, the interval [t−, t+] is

non-degenerate. Thus, by an appropriate combination of shift and scaling, we will be able

to get this interval from any other non-degenerate interval [a, b], with a < b: indeed, it is

sufficient to take the transformation t → λ · t+ t0, where λ =
t+ − t−
b− a

and t0 = λ · a− t−.

For each of these transformations, due to shift- and scale-invariance of the family, the

correspondingly re-scaled function b′(t) = b(λ · t + t0) also belongs to the family B(c1, t),

and for this function, the corresponding values t′− and t′+ will coincide with a and b. All

these functions are different – so, we will have a 2-dimensional family of functions (i.e., a

family depending on 2 parameters), which contradicts to our assumption that the family

B(c1, t) is one-dimensional.

The fact that we cannot have t− < t+ means that we should have t− = t+, i.e., that

every function b(t) from our family is indeed a spike.

3◦. To complete the proof, we need to prove that all the spikes that form the family B(c1, t)

have the same height.

Let us describe this property in precise terms. Let b1(t) and b2(t) be any two functions
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from the family. According to Part 2 of this proof, both functions are spikes, so:

� the value b1(t) is only different from 0 for some value t1; let us denote the correspond-

ing height b1(t1) by h1;

� similarly, the value b2(t) is only different from 0 for some value t2; let us denote the

corresponding height b2(t2) by h2.

We want to prove that h1 = h2.

Indeed, since the function b1(t) belongs to the family, and the family is shift-invariant,

then for t0
def
= t1 − t2, the shifted function b′1(t)

def
= b1(t + t0) also belongs to this family.

The shifted function is non-zero when t+ t0 = t1, i.e., when t = t1 − t0 = t2, and it has the

same height h1.

If h1 ̸= h2, this would contradict to the second part of Definition 28.6 (of the family of

basic functions) – because then we would have two functions b′1(t) and b2(t) in this family,

which can be obtained from each other by multiplying by a constant. Thus, the heights

must be the same.

The proposition is proven.

28.3 Main Result: Spikes Are, In Some Reasonable

Sense, Optimal

It is desirable to check whether spiked neurons are optimal. In the previous

section, we showed that spikes naturally appear if we require reasonable properties like

shift- and scale-invariance. This provides some justification for the spiked neural networks.

However, the ultimate goal of neural networks is to solve practical problems. From this

viewpoint, we need to take into account that a practitioner is not interested in invariance

or other mathematical properties, a practitioner wants to optimize some objective function.

So, from the practitioner’s viewpoint, the main question is: are spiked neurons optimal?
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Different practitioners have different optimality criteria. The problem is that, in

general, different practitioners may have different optimality criteria. In principle, we can

pick one such criterion (or two or three) and analyze which families of basic functions are

optimal with respect to these particular criterion – but this will not be very convincing to

a practitioner who has a different optimality criterion.

An ideal explanation should work for all reasonable optimality criteria. This is what we

aim at in this section. To achieve this goal, let us analyze what we mean by an optimality

criterion, and which optimality criteria can be considered reasonable. In this analysis,

we will follow a general analysis of computing-related optimization problems performed in

Chapter 3 (see also [137]).

Definition 28.9. For each family of basic functions B(c1, t) and for each value t0, by its

shift Tt0(B), we mean a family that assigns, to each number c1, a function B(c1, t+ t0).

Definition 28.10. We say that an optimality criterion on the class of all families of basic

functions is shift-invariant if for every two families B and B′ and for each t0, B ≤ B′

implies that Tt0(B) ≤ Tt0(B
′).

Definition 28.11. For each family of basic functions B(c1, t) and for each value λ > 0, by

its scaling Sλ(B), we mean a family that assigns, to each number c1, a function B(c1, λ · t).

Definition 28.12. We say that an optimality criterion on the class of all families of basic

functions is scale-invariant if for every two families B and B′ and for each λ > 0, B ≤ B′

implies that Sλ(B) ≤ Sλ(B
′).

Now, we are ready to formulate our main result.

Proposition 28.2. For every final shift- and scale-invariant optimality criterion on the

class of all families of basic functions, all elements of the optimal family are spikes of the

same height.

Proof. From the corresponding result from Chapter 3, it follows that the optimal family
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Bopt is itself shift- and scale-invariant. Thus, the desired result follows from Proposition

28.1.
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Chapter 29

Data Processing: Fuzzy Techniques,

Part 1

29.1 Why Fuzzy Techniques

One of the challenges of neural techniques such as deep learning is that these teachnique

are a black box, its results do not come with any explanations. If we could add some

natural-language explanations, that would make these results more convincing and thus,

more acceptable. Thus, we need explanations, we need understandability of the results.

Understandability means that we should be able to describe the computations by us-

ing words from natural language. One of the main challenges in coming up with such a

description is that natural language is imprecise (fuzzy), so it is difficult to find the re-

lation between imprecise words from natural language and precise algorithms. In solving

this challenge, it is natural to use the experience of researchers who came up with such a

relationship from the other side of it: by trying to translate natural-language knowledge

into precise terms.

29.2 Fuzzy Techniques: Main Ideas

This experience led to the design on fuzzy logic by Lotfi Zadeh; see, e.g., [23, 91, 127, 141,

145, 215]. Lotfi Zadeh, a specialist in control and an author of a successful textbook on

control, noticed, in the early 1960s, a puzzling phenomenon: that human-led control often

leads to much better results than even the optimal automatic control. The answer to this
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puzzle was clear: humans use additional knowledge which was not taken into account when

the automatic controllers were designed. The reason why this additional knowledge was not

taken into account is that this knowledge is not described in precise terms, it is described

by using imprecise words from natural language. For example, an operator may say: if the

pressure drops a little bit, increase a little bit the flow of the chemical into the chamber;

here, “a little bit” does not have a precise meaning. Zadeh invented a methodology for

translating this “fuzzy” knowledge into precise terms, a methodology that he called fuzzy

logic, or, more generally, fuzzy techniques.

His main point is that in contrast to exact statements like “pressure is below 1.2 at-

mospheres” – which is always either true or false – about the statements that include

natural-language words – like “the drop from 1.3 to 1.2 means that the pressure dropped

a little bit” – experts are not sure. The smaller the drop, the larger the expert’s degree of

confidence that this statement is true. For each value of the corresponding quantity (e.g.,

pressure), we can gauge the expert’s degree of confidence in the corresponding statement

by asking the expert to mark it on a scale, e.g., from 0 to 10. The resulting mark depends

on what scale we use: from 0 to 5 or from 0 to 10 or form 0 to any other number. To make

these estimates uniform, a reasonable idea is to divide the mark by the largest number on

the scale, so that, e.g., 7 on a scale from 0 to 10 becomes 7/10 = 0.7. In this new scale,

1 means that the expert is absolutely confident that this statement is true, 0 means that

the expert is absolutely confident that the statement is false, and values between 0 and 1

correspond to intermediate degrees of confidence.

29.3 Fuzzy Techniques: Logic

The reason why this methodology is called fuzzy logic is that in addition to simple state-

ments – like the ones above – expert knowledge often contains statements that include

logical connectives like “and” and “or”. For example, an expert can recommend a certain

action if the pressure dropped a little bit and the temperature increased somewhat. How
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can we gauge our degree of certainty in such composite statements? It would be great if

we could similarly ask the expert to estimate his/her degree of confidence for all possible

pairs of values (pressure, temperature). If we have a composite statement combining three

or four different statements, we would need to consider all possible triples or quadruples.

Even if we consider a reasonable number 20-30 of possible values of each quantity, it makes

sense to ask the expert about all 30 values, but asking about all 304 = 810000 possible

quadruples is not realistic. Since we cannot directly elicit the degree of confidence in all

such composite statements directly from the expert, we need to be able to estimate this

degree based on whatever information we can elicit – i.e., based on the expert’s degrees of

confidence in the component statements.

In precise terms, we need a procedure that would take, as input, the degrees of confidence

a and b in two statements A and B and return an estimate for the expert’s degree of

confidence in a composite statement A&B. We will denote this estimate by f&(a, b).

The corresponding function f& is known as an “and”-operation, or, for historical reason, a

t-norm.

Since the statements “A and B” and “B and A” mean the same thing, it is reasonable

to require that for these two statements, we have the same degree of confidence, i.e., that

f&(a, b) = f&(b, a). In other words, an “and”-operation must be commutative.

When A is false, clearly A&B is false too, so we must have f&(0, b) = 0 for all b. When

A is true, our degree of confidence in A&B is the same as our degree of confidence in B,

i.e., we must have f&(1, b) = b.

Similarly, we need a procedure that would take, as input, the degrees of confidence a and

b in two statements A and B and return an estimate for the expert’s degree of confidence in

a composite statement A∨B. We will denote this estimate by f∨(a, b). The corresponding

function f∨ is known as an “or”-operation, or, for historical reason, a t-conorm.

Since the statements “A or B” and “B or A” mean the same thing, it is reasonable

to require that for these two statements, we have the same degree of confidence, i.e., that

f∨(a, b) = f∨(b, a). In other words, an “or”-operation must be commutative.
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When A is true, clearly A∨B is true too, so we must have f∨(1, b) = 1 for all b. When

A is false, our degree of confidence in A ∨ B is the same as our degree of confidence in B,

i.e., we must have f∨(0, b) = b.
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Chapter 30

Data Processing: Neural and Fuzzy

Techniques

In the previous chapters, we argued that to make neural techniques more understandable,

we need to use fuzzy techniques. In this chapter, we show that this use leads to one more

explanation of why rectified linear neurons are so successful.

Results of this chapter first appeared in [8].

30.1 Problem: Computations Should Be Fast and Un-

derstandable

Two important challenges of data processing: computation speed and under-

standability. In most practical problems, we need to process a large amount of data –

and we need to make a decision reasonably fast:

� if we predict weather, we need to take into account all the results of today’s measure-

ments of temperature, wind speed and direction, etc., in a given geographic areas,

satellite images, historical data – and get the prediction of tomorrow’s weather the

same day: otherwise, our prediction will be useless;

� if we decide whether to give a person a loan, we need to take into account this person’s

financial history, financial history of similar customers, general economic situation in

the region, etc. – and get the result fast, otherwise the customer may lose the business

opportunity for which he/she is seeking this loan.
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So, we need all the computations to be as fast as possible.

We also ideally want the computations to be understandable.

� When a weatherperson on the TV predict’s tomorrow’s weather, it is much more

convincing if this person explains why we should expect strong winds, or, vice versa,

perfect weather. These explanations may not be quantitative, usually, qualitative

explanations are good enough.

� When we explain, to the person, why he/she is not getting a loan while his/her

friends are, we need to have some reasonable explanations – at least to avoid lawsuits

claiming gender-based, age-based, or race-based bias.

How can we achieve these two goals?

These two goals lead to neural and fuzzy. As we have shown, a natural way to speed

up computations is to use neural techniques, and a natural way to make computations

understandable – i.e., to relate them to natural-language explanations – is to use fuzzy

techniques.

We want our computations to be both fast and understandable. Understandable means

that we have to use some “and”- and “or”-operations. We thus want these operations to

be fast. The fastest possible computations are computations on a 1-layer neural network,

in which thus “and”-operation is computed by a single neuron, and in which the “or”-

operation can also be computed by a single neuron. So, natural questions are:

� which “and”- and “or”-operations can be computed by a 1-layer neural network, and

� what activation functions allow computing “and”- and “or”-operations by such neural

networks.

What we do in this chapter. In this chapter, we provide answers to both questions,

namely:
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� we show that the only “and”- and “or”-operations which can be computed by a 1-layer

neural network are max(0, a+ b− 1) and min(a+ b, 1), and

� we show that the only activation function allowing such fast computations are equiv-

alent to rectified linear neurons – which probably provides some explanations for the

current success of such activation functions.

We also show that if we allow linear pre-processing after a single neuron, then we also

represent min(a, b) and max(a, b). If we allow several neurons in a 2-layer network, then,

in effect, we can compute any “and”- and “or”-operations.

30.2 Definitions and the Main Results

Definition 30.1. By an “and”-operation, we mean a function

f& : [0, 1]× [0, 1] → [0, 1]

for which the following properties are satisfied:

� f&(a, b) = f&(b, a) for all a and b,

� f&(0, b) = 0 and f&(1, b) = b for all b.

Definition 30.2. By an “or”-operation, we mean a function

f∨ : [0, 1]× [0, 1] → [0, 1]

for which the following properties are satisfied:

� f∨(a, b) = f∨(b, a) for all a and b,

� f∨(0, b) = b and f∨(1, b) = 1 for all b.
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Comment. Usually, for both “and”- and “or”-operations, other properties are required as

well – namely, continuity, monotonicity, and associativity – but for our main results, we do

not need these additional properties.

Definition 30.3. We say that a function f(x1, . . . , xn) can be represented by a 1-layer

neural network if this function can be represented in the form

f(x1, . . . , xn) = s(w0 + w1 · x1 + . . .+ wn · xn)

for some function s(z) and for some values wi. The corresponding function s(z) is called

an activation function.

Definition 30.4. By a rectified linear function, we mean a function

s0(z) = max(0, z).

Definition 30.5. We say that two activation functions s1(z) and s2(z) are equivalent if

for some constants aij and bij, we have

s1(z) = a10 + a12 · s2(b10 + b11 · z) + a1z · z

and

s2(z) = a20 + a21 · s1(b20 + b21 · z) + a2z · z

for all z.

Comment. This way, the corresponding multi-layer neural networks represent, in effect,

the same class of functions, since each non-linear layer is equivalent to adding extra lin-

ear transformations before and after the non-linear layer representing another activation

function.

Proposition 30.1. The only “and”-operation that can be represented by a 1-layer neural

network is max(0, a + b − 1), and all activation functions allowing such a representation

are equivalent to the rectified linear function.
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Proposition 30.2. The only “or”-operation that can be represented by a 1-layer neural

network is min(a + b, 1), and all activation functions allowing such a representation are

equivalent to the rectified linear function.

Comment. These results provide another explanation for why rectified linear activation

functions are so successful in deep neural networks.

Proof of Proposition 30.1. Let us consider an “and”-operation f&(a, b) which can be

represented by a 1-layer neural network. By definition of such a representation, this means

that f&(a, b) = s(w0 + wa · a+ wb · b) for some function s(z) and for some coefficients wi.

By definition of an “and”-operation, we have f&(a, b) = f&(b, a) for all a and b. Thus,

the expression s(w0+wa·a+wb·b) should not change if we swap a and b: s(w0+wa·a+wb·b) =

s(w0+wa ·b+wb ·a). Therefore, we must have wa = wb, i.e., f&(a, b) = s(w0+wa ·a+wa ·b),

and thus,

f&(a, b) = s(w0 + wa · (a+ b)). (30.1)

Let us introduce an auxiliary function t(z)
def
= s(w0 + wa · z). This function is, by the

definition of equivalence, equivalent to s(z). In terms of this auxiliary function, the formula

(30.1) takes the following simplified form:

f&(a, b) = t(a+ b). (30.2)

For a = 0, by definition of an “and”-operation, we have f&(0, b) = 0 for all b ∈ [0, 1],

thus t(z) = 0 for all z ∈ [0, 1].

For a = 1, by definition of an “and”-operation, we have f&(1, b) = b for all b ∈ [0, 1],

thus t(1 + b) = b for all b ∈ [0, 1]. For z = 1 + b, we have z ∈ [1, 2] and b = z − 1, thus

t(z) = z − 1 for all z ∈ [1, 2]. So, we have:

� t(z) = 0 for z ∈ [0, 1], and

� t(z) = z − 1 for z ∈ [1, 2].
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These two cases can be combined into a single formula

t(z) = max(0, z − 1). (30.3)

Substituting this expression for t(z) into the formula (30.2), we conclude that f&(a, b) =

max(0, a+ b− 1). So, this “and”-operation is indeed the only one that can be represented

by a 1-layer neural network.

Which activation functions can be used for this representation? From the formula

(30.3), we can see that t(z) is indeed equivalent to the rectified linear activation function.

Since the original function s(z) is equivalent to t(z), we can conclude that s(z) is also

equivalent to the rectified linear activation function. Thus, the 1-layer representation of an

“and”-operation is only possible if we use rectified linear neurons.

The proposition is proven.

Proof of Proposition 30.2. Let us now consider an “or”-operation f∨(a, b) which can be

represented by a 1-layer neural network. By definition of such a representation, this means

that f∨(a, b) = s(w0 + wa · a+ wb · b) for some function s(z) and for some coefficients wi.

By definition of an “or”-operation, we have f∨(a, b) = f∨(b, a) for all a and b. Thus, the

expression s(w0+wa ·a+wb ·b) should not change if we swap a and b: s(w0+wa ·a+wb ·b) =

s(w0+wa ·b+wb ·a). Therefore, we must have wa = wb, i.e., f∨(a, b) = s(w0+wa ·a+wa ·b),

and thus,

f∨(a, b) = s(w0 + wa · (a+ b)). (30.4)

Similar to the proof of Proposition 30.1, let us introduce an auxiliary function t(z)
def
=

s(w0 + wa · z). This function is, by the definition of equivalence, equivalent to s(z). In

terms of this auxiliary function, the formula (30.4) takes the following simplified form:

f∨(a, b) = t(a+ b). (30.5)

For a = 0, by definition of an “or”-operation, we have f∨(0, b) = b for all b ∈ [0, 1], thus

t(z) = z for all z ∈ [0, 1].
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For a = 1, by definition of an “or”-operation, we have f&(1, b) = 1 for all b ∈ [0, 1], thus

t(1 + b) = 1 for all b ∈ [0, 1]. For z = 1 + b, we have z ∈ [1, 2] and b = z − 1, thus t(z) = 1

for all z ∈ [1, 2]. So, we have:

� t(z) = z for z ∈ [0, 1], and

� t(z) = 1 for z ∈ [1, 2].

These two cases can be combined into a single formula

t(z) = min(z, 1). (30.6)

Substituting this expression for t(z) into the formula (30.5), we conclude that f∨(a, b) =

min(1, a + b). So, this “or”-operation is indeed the only one that can be represented by a

1-layer neural network.

Which activation functions can be used for this representation? One can easily see that

the expression (30.6) can be represented in an equivalent form t(z) = 1 − max(1 − z, 0),

so t(z) is indeed equivalent to the rectified linear activation function. Since the original

function s(z) is equivalent to t(z), we can conclude that s(z) is also equivalent to the

rectified linear activation function. Thus, the 1-layer representation of an “or”-operation

is only possible if we use rectified linear neurons.

The proposition is proven.

30.3 Auxiliary Result: What Can We Do with Two-

Layer Networks

What about other “and”- and “or”-operations? In this chapter, we have shown

that only the operations f&(a, b) = max(0, a + b − 1) and f∨(a, b) = min(a + b, 1) can be

represented by 1-layer neural networks. How many layers do we need to represent general

“and”- and “or”-operations?
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It is known – see, e.g., [139] – that for every continuous “and”- (or “or”-) operation

f(a, b) and for every ε > 0, then exists a function F (z) for which an “and”- (or, respectively,

“or”-) operation

g(a, b) = F−1(F (a) + F (b)) (30.7)

satisfies the property |f(a, b) − g(a, b)| ≤ ε for all a and b. (Of course, for this result to

be true, it is not sufficient to have the above simplified definitions of “and”- and “or”-

operations: we also need to assume associativity and monotonicity.)

For very small ε, the operations f(a, b) and g(a, b) are practically indistinguishable. So,

from practical viewpoint, every “and”-operation and every “or”-operation can be repre-

sented in the form (30.7). Every function of this form can be computed by a 2-layer neural

network:

� in the first layer, we use the inputs a and b to compute the values a′ = F (a) and

b′ = F (b);

� then, in the second layer, we compute the value F−1(a′ + b′), which is exactly the

desired value F−1(F (a) + F (b)).

So, from the practical viewpoint, every “and”-operation and every “or”-operation can be

computed by a 2-layer neural network.

For example, a widely used “and”-operation f&(a, b) = a · b can be computed as

exp(ln(a) + ln(b)), with F (z) = ln(z) and the inverse function F−1(z) = exp(z). Simi-

larly, a widely used “or”-operation f∨(a, b) = a+ b− a · b can be computed in the form (7)

with F (z) = ln(1− z) and F−1(z) = 1− exp(z).

When is it sufficient to have a single neuron with linear post-processing? We have

shown that, from the practical viewpoint, all “and”- and “or”-operations can be represented

by a 2-layer neural network. Interestingly, some “and”- and “or”-operations f(a, b) can be

represented by a single neuron if we allow an additional linear post-processing. For example,

one can easily see that min(a, b) = b−max(0, b− a) and max(a, b) = a+max(0, b− a).
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It turns out that these are the only “and”- and “or”-operations which can be thus

represented.

Definition 30.6. We say that a continuous monotonic associative “and”-operation f&(a, b)

can be computed by a single neuron with linear post-processing if we have

f&(a, b) = c0 + ca · a+ cb · b+ s(w0 + wa · a+ wb · b). (30.8)

Definition 30.7. We say that a continuous monotonic associative “or”-operation f∨(a, b)

can be computed by a single neuron with linear post-processing if we have

f∨(a, b) = c0 + ca · a+ cb · b+ s(w0 + wa · a+ wb · b). (30.9)

Proposition 30.3. The only “and”-operations that can be computed by a single neuron

with linear post-processing are max(0, a + b − 1) and min(a, b). All activation functions

allowing such a computation are equivalent to the rectified linear function.

Proposition 30.4. The only “or”-operations that can be computed by a single neuron with

linear post-processing are min(a + b, 1) and max(a, b). All activation functions allowing

such a computation are equivalent to the rectified linear function.

Proof of Propositions 30.3 and 30.4. First of all, let us somewhat simplify the expres-

sions (30.8) and (30.9) for the corresponding operation f(a, b).

We cannot have wa = wb = 0 because then, the function f(a, b) would be linear, and it is

easy to show that no linear function can satisfy all the requirements of an “and”-operation

or of an “or”-operation. Thus, either wa ̸= 0 or wb ̸= 0 (or both).

If wa = 0, then, due to commutativity of f(a, b), we can swap a and b and get an

expression with wa ̸= 0. Thus, without losing generality, we can assume that wa ̸= 0.

We can thus introduce an auxiliary function t(z) = c0 + s(w0 +wa · z). In terms of this

auxiliary function, formulas (30.8) and (30.9) take the form

f(a, b) = ca · a+ cb · b+ t(a+ k · b), (30.10)
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where k
def
= wb/wa.

If k = 1, then the expression t(a+ k · b) is symmetric with respect to a and b. Since for

both types of operations, the function f(a, b) is commutative, we thus conclude that the

difference

ca · a+ cb · b = f(a, b)− t(a+ b)

is also commutative. Therefore, ca = cb, hence the whole expression (30.10) depends only

on the sum a+ b, i.e., has the form F (a+ b) for some function F (z). This means that each

such function is computable by a 1-layer neural network, and all “and”- and “or”-operations

which can be thus represented have been described in Propositions 1 and 2.

To complete the proof, it is therefore necessary to consider the case when k ̸= 1, i.e.,

when the lines a + k · b = const are not parallel to the diagonal a = b of the square

[0, 1] × [0, 1]. Each line a + k · b = const intersects the borderline of the square at two

points. On the borderline – i.e., when one of the values a and b is equal to 0 or to 1

– the value of an “and”- or “or”-operation is uniquely determined by the corresponding

Definition (Definition 30.1 or Definition 30.2). Since the function f(a, b) is linear on this

line, its values for all the points from this line are uniquely determined by the values at

these two borderline points. Thus, for each k, we uniquely determine all the values f(a, b)

for all the pairs (a, b).

One can check that the only case when the resulting function is commutative and

associative is the case k = −1, in which case we indeed get min(a, b) and max(a, b). We

can also easily check that in both case, the activation function t(z) is indeed equivalent to

the rectified linear function. The propositions are proven.

Remaining open problems. It is known (see, e.g., [29]) that functions represented as

linear combinations of the results of 1-neuron layer are universal approximators – i.e., for

each continuous function on a bounded domain and for each accuracy ε > 0, we can find a

neural network which computes the given function with the desired accuracy. In general,

the more accuracy we require, the more neurons we need. So, to achieve perfect accuracy
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– i.e., exact computations – we will need potentially infinite number of neurons. However,

for some “and”- and “or”-operations, we can have perfect accuracy with a limited number

of neurons: e.g., the operation a · b can be computed by a 2-neuron network, as

a · b = 1

4
· (a+ b)2 − 1

4
· (a− b)2.

The operation a+ b− a · b can be computed by a 3-neuron network:

a+ b− a · b = (a+ b)− 1

4
· (a+ b)2 − 1

4
· (a− b)2.

It would be interesting to describe all such “and”- and “or”-operations. Maybe a · b and

a+ b− a · b are the only such operations?
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Chapter 31

Data Processing: Fuzzy Techniques,

Part 2

In the previous section, as a side effect of the main result, we also found out which fuzzy

operations are the fastest to compute, But what if we use criteria other than computation

time?

Empirical studies have shown that in many practical problems, out of all symmetric

membership functions, special distending functions work best, and out of all hedge opera-

tions and negation operations, fractional linear ones work the best. In this paper, we show

that these empirical successes can be explained by natural invariance requirements.

Results from this chapter first appeared in [186].

31.1 Problem: Which Fuzzy Techniques to Use?

Fuzzy techniques: a brief reminder. In many applications, we have knowledge formu-

lated in terms of imprecise (“fuzzy”) terms from natural language, like “small”, “somewhat

small”, etc. To translate this knowledge into computer-understandable form, Lotfi Zadeh

proposes fuzzy techniques; see, e.g., [23, 91, 127, 141, 145, 215]. According to these tech-

niques, each imprecise property like “small” can be described by assigning, to each value x

of the corresponding quantity, a degree µ(x) to which, according to the expert, this prop-

erty is true. These degrees are usually selected from the interval [0, 1], so that 1 corresponds

to full confidence, 0 to complete lack of confidence, and values between 0 and 1 describe

intermediate degrees of confidence. The resulting function µ(x) is known as a membership
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function.

In practice, we can only ask finitely many questions to the expert, so we only elicit a

few values µ(x1), µ(x2), etc. Based on these values, we need to estimate the values µ(x)

for all other values x. For this purpose, usually, we select a family of membership functions

– e.g., triangular, trapezoidal, etc. – and select a function from this family which best fits

the known values.

For terms like “somewhat small”, “very small”, the situation is more complicated. We

can add different “hedges” like “somewhat”, “very”, etc., to each property. As a result, we

get a large number of possible terms, and it is not realistically possible to ask the expert

about each such term. Instead, practitioners estimate the degree to which, e.g., “somewhat

small” is true based on the degree to which “small” is true. In other words, with each

linguistic hedge, we associate a function h from [0, 1] to [0, 1] that transform the degree to

which a property is true into an estimate for the degree to which the hedged property is

true.

Similarly to the membership functions, we can elicit a few values h(xi) of the hedge

operation from the experts, and then we extrapolate and/or interpolate to get all the other

values of h(x). Usually, a family of hedge operations is pre-selected, and then we select a

specific operation from this family which best fits the elicited values h(xi).

Similarly, instead of asking experts for their degrees of confidence in statements con-

taining negation, such as “not small”, we estimate the expert’s degree of confidence in

these statements based on their degrees of confidence in the positive statements. The

corresponding operation n(x) is known as the negation operation.

Need to select proper membership functions, proper hedge operations, and

proper negation operations. Fuzzy techniques have been successfully applied to many

application areas. However, this does not necessarily mean that every time we try to use

fuzzy techniques, we get a success story. The success (or not) often depends on which mem-

bership functions and which hedge and negation operations we select: for some selections,

we get good results (e.g., good control), for other selections, the results are not so good.
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What we do in this chapter. There is a lot of empirical data about which selections work

better. In this chapter, we provide a general explanation for several of these empirically

best selections, an explanation based on the natural concepts of invariance.

Specifically, we explain the following empirically successful selections:

� for symmetric membership functions that describe properties like “small”, for which

µ(x) = µ(−x) and the degree µ(|x|) decreases with |x|, in many practical situations,

the most empirically successful are so-called distending membership functions, i.e.,

functions of the type

µ(x) =
1

1 + a · |x|b
(31.1)

for some a and b; see, e.g., [49, 50, 51];

� among hedge and negation operations, in many practical situations, the most efficient

are fractional linear functions

h(x) =
a+ b · x
1 + c · x

(31.2)

for some a, b, and c; see, e.g., [38, 44, 45, 46].

31.2 Analysis of the Problem

Re-scaling. The variable x describes the value of some physical quantity, such a distance,

height, difference in temperatures, etc. When we process these values, we deal with num-

bers, but numbers depend on the selection of the measuring unit: if we replace the original

measuring unit with a new one which is λ times smaller, then all the numerical values will

be multiplied by λ: x → X = λ·x. For example, 2 meters become 2·100 = 200 centimeters.

This transformation from one measuring scale to another is known as re-scaling.

Scale-invariance: idea. In many physical situations, the choice of a measuring unit is

rather arbitrary. In such situations, all the formulas remain the same no matter what unit

we use.
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For example, the formula y = x2 for the area of the square with side x remains valid if

we replace the unit for measuring sides from meters with centimeters – of course, we then

need to appropriately change the unit for y, from square meters to square centimeters. In

general, invariance of the formula y = f(x) means that for each re-scaling x → X = λ · x,

there exists an appropriate re-scaling y → Y for which the same formula Y = f(X) will be

true for the correspondingly re-scaled variables X and Y .

Let us apply this idea to the membership function. It is reasonable to require that

the selection of the best membership functions should also not depend on the choice of the

unit for measuring the corresponding quantity x. In other words, it is reasonable to require

that for each λ > 0, there should exist some reasonable transformation y → Y = T (y) of

the degree of confidence for which y = µ(x) implies Y = µ(X).

So, what are reasonable transformations of the degree of confidence? One way

to measure the degree of confidence is to have a poll: ask N experts how many of them

believe that a given value x is, e.g., small, count the number M of whose who believe in

this, and take the ratio M/N as the desired degree y = µ(x).

As usual with polls, the more people we ask, the more adequately we describe the

general opinion. So, to get a more accurate estimate for µ(x), it is reasonable to ask more

people. When we have a limited number of people to ask, it is reasonable to ask top experts

in the field. When we start asking more people, we are thus adding people who are less

experienced – and who may therefore be somewhat intimidated by the opinions of the top

experts. This intimidation can be expressed in different ways:

� some new people may be too shy to express their own opinion, so they will keep quiet;

as a result, if we add A people to the original N , we sill still have the same number

M of people voting “yes”, and the new ratio will be equal to Y =
M

N + A
, i.e., to

Y = a · y, where a
def
=

N

N + A
;

� some new people will be too shy to think on their own and will vote with the majority;
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so for the case when M > N/2, we will have

Y =
M + A

N + A
,

i.e., since M = y ·N , we will have

Y =
y ·N + A

N + A
= a · y + b,

where a is the same as before and b =
A

N + A
;

� we may also have a situation in which a certain proportion c of the new people keep

quiet while the others vote with the majority; in this case, we have

Y =
M + (1− c) · A

N + A
= a · y + b,

where a = (1− c) · A

N + A
.

In all these cases, we have a linear transformation Y = a · y + b. So, it seems reasonable

to identify reasonable transformations with linear ones. We will call the corresponding

scale-invariance L-scale-invariance (L for Linear).

What membership functions we consider. We consider symmetric properties, for

which µ(−x) = µ(x), so it is sufficient to consider only positive values x. Specifically, we

properties like “small” for which the degree of confidence decreases with x, going all the

way to 0 as x increases. We will call such membership functions s-membership functions

(s for small). Thus, we arrive at the following definition.

Definition 31.1. By an s-membership function, we means a function µ : (0,∞) → [0, 1]

that, starting with µ(0) = 1, decreases with x (i.e., for which x1 > x2 implies µ(x1) ≥ µ(x2))

and for which lim
x→∞

= 0.

Definition 31.2. We say that an s-membership function µ(x) is L-scale-invariant if for

every λ > 0, there exist values a(λ) and b(λ) for which y = µ(x) implies Y = µ(X), where

X = λ · x and Y = a(λ) · y + b(λ).
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Unfortunately, this does not solve our problem: as the following result shows, the only

L-scale-invariant s-membership functions are constants;

Proposition 31.1. The only L-scale-invariant s-membership functions are constant func-

tions µ(x) = const.

Discussion. What does this result mean? We considered two possible types of reasonable

transformations of the degrees of confidence – which both turned out to be linear, and

this was not enough. So probably there are other reasonable transformations of degrees of

confidence. How can we describe such transformations?

Clearly, if we have a reasonable transformation, then its inverse is also reasonable. Also,

a composition of two reasonable transformations should be a reasonable transformation too.

So, in mathematical terms, reasonable transformations should form a group.

This group should be finite-dimensional, in the sense that different transformations

should be uniquely determined by a finite number of parameters – since in the computer,

we can store only finitely many parameters. We also know that linear transformations are

reasonable. So, we are looking for a finite-dimensional group of transformations from real

numbers to real numbers that contains all linear transformations. It is known (see, e.g.,

[74, 137, 170]) that all such transformations are piece-wise linear, i.e., have the form

µ → a · µ+ b

1 + c · µ
.

Thus, we arrive at the following definitions.

31.3 Which Symmetric Membership Functions

Should We Select: Definitions and the Main

Result

Definition 31.3. We say that an s-membership function µ(x) is scale-invariant if for every

λ > 0, there exist values a(λ), b(λ), and c(λ) for which y = µ(x) implies Y = µ(X), where
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X = λ · x and

Y =
a(λ) · y + b(λ)

1 + c(λ) · y
.

Proposition 31.2. The only scale-invariant s-membership functions are distending mem-

bership functions (31.1).

Discussion. This result explains the empirical success of distending functions.

31.4 Which Hedge Operations and Negation Opera-

tions Should We Select

Discussion. We would like hedging and negation operations y = h(x) to be also invariant,

i.e., that for each natural transformation X = T (x), there should be a transformation

Y = S(y) for which y = h(x) implies Y = h(X). Now that we know what are natural

transformations of membership degrees – they are fractional-linear functions – we can

describe this requirement in precise terms.

Definition 31.4. We say that a monotonic function y = h(x) from an open (finite or

infinite) interval D to real numbers is h-scale-invariant if for every fractional-linear trans-

formation X = T (x), there exists a fractional-linear transformation Y = S(y) for which

y = h(x) implies Y = h(X).

Proposition 31.3. The only h-scale-invariant functions are fractionally linear ones.

Discussion.

� This result explains the empirical success of fractional-linear hedge operations and

negation operations.

� As we show in the proof, it is sufficient to require that a fractional linear transforma-

tion S exists only for all linear transformations T .
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31.5 Proofs

Proof of Proposition 31.1. We will prove this result by contradiction. Let us assume

that the function µ(x) is not a constant, and let us derive a contradiction.

Substituting the expressions for X, Y , and y = µ(x) into the formula Y = µ(X)

describing L-scale-invariance, we conclude that for every x and for every λ, we have

µ(λ · x) = a(λ) · µ(x) + b(λ). (31.3)

It is known that monotonic functions are almost everywhere differentiable. Due to the for-

mula (31.3), if a function µ(x) is differentiable at some point x = x0, it is also differentiable

at any point of the type λ · x0 for every λ > 0 – and thus, that it is differentiable for all

x > 0.

Since the function µ(x) is not constant, there exist values x1 ̸= x2 for which µ(x1) ̸=

µ(x2). For these values, the formula (31.3) has the form

µ(λ · x1) = a(λ) · µ(x1) + b(λ); µ(λ · x2) = a(λ) · µ(x2) + b(λ).

Subtracting the two equations, we get

µ(λ · x1)− µ(λ · x2) = a(λ) · (µ(x1)− µ(x2)),

thus

a(λ) =
µ(λ · x1)− µ(λ · x2)

µ(x1)− µ(x2)
.

Since the function µ(x) is differentiable, we can conclude that the function a(λ) is also

differentiable. Thus, the function b(λ) = µ(λ · x)− a(λ) · µ(x) is differentiable too.

Since all three functions µ(x), a(λ), and b(λ) are differentiable, we can differentiate

both sides of the equality (31.3) with respect to λ. If we substitute λ = 1, we get x ·µ′(x) =

A · µ(x) + B, where we denoted A
def
= a′(1), B

def
= b′(1), and µ′(x), as usual, indicates the

derivative. Thus, x · dµ
dx

= A ·µ+B. We cannot have A = 0 and B = 0, since then µ′(x) = 0

and µ(x) would be a constant. Thus, in general, the expression A · µ+B is not 0, so

dµ

A · µ+B
=

dx

x
.
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If A = 0, then integration leads to
1

B
· µ(x) = ln(x) + c, where c0 is the integration

constant. Thus, µ(x) = B · ln(x) + B · c0. This expression has negative values for some x,

while all the values µ(x) are in the interval [0, 1]. So, this case is impossible.

If A ̸= 0, then we have d(A · µ+B) = A · dµ, hence

d(A · µ+B)

A · µ+B
= A · dx

x
.

Integration leads to ln(A · µ(x) + B) = A · ln(x) + c0. By applying exp(z) to both sides,

we get A · µ(x) + B = exp(c0) · xA, i.e., µ(x) = A−1 · exp(c0) · xA − B/A. This expression

tends to infinity either for x → ∞ (if A > 0) or for x → 0 (if A < 0). In both cases, we get

a contradiction with our assumption that µ(x) is always within the interval [0, 1].

The proposition is proven.

Proof of Proposition 31.2. Substituting the expressions for X, Y , and y = µ(x) into

the formula Y = µ(X) describing scale-invariance, we conclude that for every x and for

every λ, we have

µ(λ · x) = a(λ) · µ(x) + b(λ)

1 + c(λ) · µ(x)
. (31.4)

Similarly to the proof of Proposition 31.1, we can conclude that the function µ(x) is differ-

entiable for all x > 0.

Multiplying both sides of the equality (31.4) by the denominator, we conclude that

µ(λ · x) + c(λ) · µ(x) · µ(λ · x) = a(λ) · µ(x) + b(λ).

So, for three different values xi, we have the following three equations:

µ(λ · xi) + c(λ) · µ(xi) · µ(λ · xi) = a(λ) · µ(xi) + b(λ), i = 1, 2, 3.

We thus have a system of three linear equations for three unknowns a(λ), b(λ), and c(λ).

By Cramer’s rule, the solution to such a system is a rational (hence differentiable) function

of the coefficients and the right-hand sides. So, since the function µ(x) is differentiable, we

can conclude that the functions a(λ), b(λ), and c(λ) are differentiable as well.
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Since all the functions µ(x), a(λ), b(λ), and c(λ) are differentiable, we can differentiate

both sides of the formula (31.4) with respect to λ. If we substitute λ = 1 and take into

account that for λ = 1, we have a(1) = 1 and b(1) = c(1) = 0, we get

x · dµ
dx

= A · µ+B − C · µ2,

where A and B are the same as in the previous proof and C
def
= c′(1).

For x → ∞, we have µ(x) → 0, so µ′(x) → 0, and thus B = 0 and

x · dµ
dx

= A · µ− C · µ2,

i.e.,
dµ

B · µ− C · µ2
=

dx

x
. (31.5)

As we have shown in the proof of Proposition 31.1, we cannot have C = 0, so C ̸= 0. One

can easily see that

1

µ− B

C

− 1

µ
=

B

C

µ ·
(
µ− B

C

) =
−B

B · µ− C · µ2
.

Thus, by multiplying both sides of equality (31.5) by −B, we get

dµ

µ− B

C

− dµ

µ
= −B · dx

x
.

Integrating both sides, we get

ln

(
µ(x)− B

C

)
− ln(µ) = −B · ln(x) + c0.

By applying exp(z) to both sides, we get

µ(x)− B

C
µ(x)

= C0 · x−B

for some constant C0, i.e.,

1− B/C

µ
= C0 · x−B,
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hence
B/C

µ
= 1− C0 · x−B

and

µ(x) =
B/C

1− C0 · x−B
.

From the condition that µ(0) = 1, we conclude that B < 0 and B/C = 1. From the

condition that µ(x) ≤ 1, we conclude that C0 < 0. Thus, we get the desired formula

µ(x) =
1

1 + |C0| · x|B| .

The proposition is proven.

Proof of Proposition 31.3. For constant functions the statement is trivial, since every

constant function is fractional-linear. Therefore, it is sufficient to prove for non-constant

functions h(x).

Similarly to the proof of Proposition 31.2, we can prove that the function h(x) is differ-

entiable. Let x ∈ D, and let λ and x0 from an open neighborhood of 1 and 0 respectively

be such that λ · x ∈ D and x+ x0 ∈ D. Since the function h(x) is h-scale-invariant, there

exist fractional-linear transformations for which

h(x+ x0) =
a(x0) · h(x) + b(x0)

1 + c(x0) · h(x)
(31.6)

and

h(λ · x) = d(λ) · h(x) + e(λ)

1 + f(λ) · h(x)
. (31.7)

Similarly to the proof of Proposition 31.2, we can prove that the functions a(x0), . . . , are

differentiable. Similar to the proof of Proposition 31.2, we can differentiate the formula

(31.7) with respect to λ and take λ = 1, then we get:

x · h′ = D · h+ E − F · h2. (31.8)

Similarly, differentiating the formula (31.6) with respect to x0 and taking x0 = 0, we get:

h′ = A · h+B − C · h2. (31.9)
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Let us consider two cases: C ̸= 0 and C = 0.

Let us first consider the case when C ̸= 0. By completing the square, we get h′ =

A · h+B − C · h2 = Â− C · (h− h0)
2 for some Â and h0, i.e.,

h′ = Â− C ·H2, (31.10)

where H
def
= h− h0. Substituting h = H + h0 into the right-hand of the formula (31.8), we

conclude that

x · h′ = D̂ ·H + Ê − F ·H2 (31.11)

for some constants D̂ and Ê. Dividing (31.11) by (31.10), we get

x =
D̂ ·H + Ê − F ·H2

Â− C ·H2
, (31.12)

so
dx

dH
=

(D̂ − 2F ·H) · (Â− C ·H2)− (D̂ ·H + Ê − F ·H2) · (−2C ·H)

(Â− C ·H2)2
=

Â · D̂ − 2(Â · F − C · Ê) ·H + C · D̂ ·H2

(Â− C ·H2)2
. (31.13)

On the other hand,
dx

dH
=

1

dH

dx

=
1

Â− C ·H2
. (31.14)

The right-hand sides of the formulas (31.13) and (31.14) must be equal, so for all H, we

have

Â · D̂ − 2(Â · F − C · Ê) ·H + C · D̂ ·H2 = Â− C ·H2.

Since the two polynomials of H are equal, the coefficients at 1, H, and H2 must coincide.

Comparing the coefficients at H2, we get C · D̂ = −C. Since C ̸= 0, we conclude

that D̂ = −1. Comparing the coefficients at 1, we get Â · D̂ = Â, i.e., −Â = Â and

thus Â = 0. Comparing the coefficients at H and taking into account that Â = 0, we get

0 = Â ·F −C · Ê = −C · Ê. Since C ̸= 0, this implies Ê = 0. So, the formula (31.12) takes

the form

x =
D̂ ·H − F ·H2

−C ·H2
=

D̂ − F ·H
−C ·H

.
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Thus x is a fractional linear function of H, hence H (and therefore h = H + h0) is also a

fractional linear function of x.

Let us now consider the case when C = 0. In this case, h′ = A · h + B and x · h′ =

D · h+ E − F · h2, thus

x =
x · h′

h′ =
D · h+ E − F · h2

A · h+B
.

If F = 0, then x is a fractional linear function of h(x) and hence, h is also a fractional-linear

function of x.

So, it is sufficient to consider the case when F ̸= 0. In this case, by completing the

square, we can find constants D̂, h0, and B̂ for which, for H = h− h0, we have

x · h′ = D · h+ E − F · h2 = D̃ − F ·H2 (31.15)

and

h′ = A · h+B = A ·H + B̂. (31.16)

Dividing (31.15) by (31.16), we have

x =
D̃ − F ·H2

A ·H + B̂
. (31.17)

Thus,

dx

dH
=

(−2F ·H) · (A ·H + B̂)− (D̂ − F ·H2) · A
(A ·H + B̂)2

=
−A · D̂ − 2B̂ · F ·H − A · F ·H2

(A ·H + B̂)2
.

On the other hand,
dx

dH
=

1

dH

dx

=
1

A ·H + B̂
.

By equating the two expressions for the derivative and multiplying both sides by (A·H+B̂)2,

we conclude that

−A · D̂ − 2B̂ · F ·H − A · F ·H2 = A ·H + B̂,

thus A ·F = 0, A = −2B̂ ·F , and −A ·D̂ = B̂. If A = 0, then we have B̂ = 0, so h′ = 0 and

h is a constant – but we consider the case when the function h(x) is not a constant. Thus,
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A ̸= 0, hence F = 0, and the formula (31.17) describes x as a fractional-linear function of

H.

In both cases C ̸= 0 and C = 0, we obtain an expression of x in terms of H (hence

h) that is fractional linear. Since the inverse of a fractional linear is fractional linear, the

function h(x) is also fractional linear.

The proposition is proven.
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Chapter 32

Data Processing: Fuzzy Techniques,

Part 3

in this chapter and in the following chapter, we deal with two auxiliary fuzzy-related issues.

In this chapter, we deal with the fact that while in the traditional fuzzy logic, experts’

degrees of confidence are described by numbers from the interval [0, 1], clearly, not all the

numbers from this interval are needed. Indeed, in the whole history of the Universe, there

will be only countably many statements and thus, only countably many possible degree,

while the interval [0, 1] is uncountable. It is therefore interesting to analyze what is the

set S of actually used values. The answer depends on the choice of “and”-operations (t-

norms) and “or”-operations (t-conorms). For the simplest pair of min and max, any finite

set will do – as long as it is closed under negation 1 − a. For the next simplest pair –

of algebraic product and algebraic sum – we prove that for a finitely generated set, if the

“and”-operation is exact, then the “or”-operation is almost always approximate, and vice

versa. For other “and”- and “or”-operations, the situation can be more complex.

Results from this chapter first appeared in [190].

32.1 Problem: Which Fuzzy Degrees to Use?

Need for fuzzy degrees: a brief reminder. Computers are an important part of our

lives. They help us understand the world, they help us make good decisions. It is desirable

to make sure that these computers possess as much of our own knowledge as possible.

Some of this knowledge is precise; such a knowledge is relatively easy to describe in
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computer-understandable terms. However, a significant part of our knowledge is described

by using imprecise (“fuzzy”) words from natural language. For example, to design better

self-driving cars, it sounds reasonable to ask experienced drivers what they do in different

situations, and implement the corresponding rules in the car’s computer. The problem

with this idea is that expert drivers usually describe their rules by saying something like

“If the car in front of you is close, and it slows down a little bit, then ...”. Here, “close”,

“a little bit”, etc. are imprecise words.

To translate such knowledge into computer-understandable terms, Lotfi Zadeh invented

fuzzy logic, in which each imprecise terms like “close” is described by assigning, to each

possible value x of the corresponding quantity (in this case, distance), a degree to which

x satisfies the property under consideration (in this case, to what exact, x is close); see,

e.g., [23, 91, 127, 141, 145, 215]. In the original formulation of fuzzy logic, the degrees are

described by numbers from the interval [0, 1], so that:

� 1 means that we are absolutely sure about the corresponding statement,

� 0 means that we are sure that this statement is false, and

� intermediate degrees corresponding to intermediate degrees of certainty.

Need for operations on fuzzy degrees, i.e., for fuzzy logic: a brief reminder. Our

rules often use logical connectives like “and” and “or”. In the above example of the car-

related statement, the person used “and” and “if-then” (implication). Other statements

use negation or “or”.

In the ideal world, we should ask each expert to describe his or her degree of confidence

in each such statement – e.g., in the statement that “the car in front of you is close, and it

slows down a little bit”. However, here is a problem: to describe each property like “close”

for distance or “a little bit” for a change in speed, it is enough to list possible values of one

variable. For a statement about two variables – as above – we already need to consider all

possible pairs of values. So, if we consider N possible values of each variable, we need to ask
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the expert N2 questions. If our statement involves three properties – which often happens –

we need to consider N3 possible combinations, etc. With a reasonably large N , this quickly

becomes impossible to ask the expert all these thousands (and even millions) of questions.

So, instead of explicitly asking all these questions about composite statements like A&B,

we need to be able to estimate the expert’s degree of confidence in such a statement based

on his or her known degrees of confidence a and b in the original statements A and B.

A procedure that transform these degrees a and b into the desired estimate for the

degree of confidence in A&B is known as an “and”-operation (or, for historical reasons, a

t-norm). We will denote this procedure by f&(a, b). Similarly, a procedure corresponding

to “or” is called an “or”-operation or a t-conorm; it will be denoted by f∨(a, b). We can

also have negation operations f¬(a), implication operation f→(a, b), etc.

Simple examples of operations on fuzzy degrees. In his very first paper on fuzzy

logic, Zadeh considered the two simplest possible “and”-operations min(a, b) and a · b,

the simplest negation operation f¬(a) = 1 − a, and the simplest possible “or”-operations

max(a, b) and a+ b− a · b.

It is easy to see that the corresponding “and”- and “or”-operations form two dual

pairs, i.e., pairs for which f∨(a, b) = f¬(f&(f¬(a), f¬(b)) – this reflects the fact that in our

reasoning, a∨ b is indeed usually equivalent to ¬(¬a&¬b). Indeed, for example, what does

it mean that a dish contains either pork or alcohol (or both)? It simply means that it is

not true that this is an alcohol-free and pork-free dish.

Both pairs of operations can be derived from the requirement of the smallest sensitivity

to changes in a and b (see, e.g., [138, 141, 181])– which makes sense, since experts can only

mark their degree of confidence with some accuracy, and we do not want the result of, e.g.,

“and”-operation drastically change if we replace the original degree 0.5 with a practically

indistinguishable degree 0.51. If we require that the worst-case change in the result of the

operation be as small as possible, we get min(a, b) and max(a, b). If we require that the

mean squares value of the change be as small as possible, we get a · b and a+ b− a · b.

Implication A → B means that, if we know A and we know that implication is true,
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then we can conclude B. In other words, implication is the weakest of all statements C for

which A&C implies B. So, if we know the degrees of confidence a and b in the statements

A and B, then a reasonable definition of the implication f∨(a, b) is the smallest degree c for

which f&(a, c) ≥ b. In this sense, implication is, in some reasonable sense, an inverse to the

“and”-operation. In particular, when the “and”-operation is multiplication f&(a, b) = a · b,

the implication operation is simply division: f→(a, b) = b/a (if b ≤ a).

Not all values from the interval [0, 1] make sense. While it is reasonable to use

numbers from the interval [0, 1] to describe the corresponding degrees, the inverse is not

true – not every number from the interval [0, 1] makes sense as a degree. Indeed, whatever

degree we use corresponds to some person’s informal description of his or her degree of

confidence. Whatever language we use, there are only countably many words, while, as is

well known, the set of all real numbers from an interval is uncountable.

Usually, we have a finite set of basic degrees, and everything else is obtained by applying

some logical operations. A natural question is: what can we say about the resulting –

countable – sets of actually used values? This is a general question to which, in this

chapter, we provide a partial answer.

Simplest case: min and max. The simplest case if when have f&(a, b) = min(a, b),

f¬(a) = 1− a, and f∨(a, b) = max(a, b). In this case, if we start with a finite set of degrees

a1, . . . , an, then we add their negations 1−a1, . . . , 1−an, and that, in effect, is it: min(a, b)

and max(a, b) do not generate any new values, they just select one of the two given ones

(a or b).

What about a · b and a + b − a · b. What about the next simplest pair of operations?

Since the product is the simplest of the two, let us start with the product. Again, we start

with a finite set of degrees a1, . . . , an. We can also consider their negations an+1
def
= 1− a1,

. . . , an+i
def
= 1− ai, . . . , a2n

def
= 1− an.

If we apply “and”-operation to these values, we get products, i.e., values the type

ak11 · . . . · ak2n2n (32.1)
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for integers ki ≥ 0. If we also allow implication – i.e., in this case, division – then we get

values of the same type (32.1), but with integers ki being possibly negative.

The set of all such values is generated based on the original finite set of values. Thus,

we can say that this set is finitely generated.

Every real number can be approximated, with any given accuracy, by a rational number.

Thus, without losing generality, we can assume that all the values ai are rational numbers

– i.e., ratios of two integers.

Since for dual operations, the result of applying the “or”-operation is the negation of

the result of applying the “and”-operation – to negations of a and b – a natural question

is: if we take values of type (32.1), how many of their negations are also of the same type?

This is a question that we study in this chapter.

32.2 Definitions and the Main Result

Definition 32.1. By a finitely generated set of fuzzy degrees, we mean a set S of values

of the type (32.1) from the interval [0, 1], where a1, . . . , an are given rational numbers,

an+i = 1− ai, and k1, . . . , k2n are arbitrary integers.

Examples. If we take n = 1 and a1 = 1/2, then a2 = 1 − a1 = 1/2, so all the values of

type (32.1) are 1/2, 1/4, 1/8, etc. Here, only for one number a1 = 1/2, the negation 1− a1

belongs to the same set.

If we take a1 = 1/3 and a2 = 2/3, then we have more than one number s from the set

S for which its negation 1− s is also in S:

� we have 1/4 = a21 · a−2
2 ∈ S for which 1− 1/4 = 3/4 = a1 · a−2

2 ∈ S; and

� we have 1/9 = a21 ∈ S and 1− 1/9 = 8/9 = a−1
1 · a32 ∈ S.

Proposition 32.1. For each finitely generated set S of fuzzy degrees, there are only finitely

many element s ∈ S for which 1− s ∈ S.
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Proof is, in effect, contained in [16, 31, 56, 114, 115, 121, 135, 172, 173], where the values

s ∈ S are called S-units and the desired formula s + s′ = 1 for s, s′ ∈ S is known as the

S-unit equation.

Historical comment. The history of this mathematical result is unusual (see, e.g., [120]):

the corresponding problem was first analyzed by Axel Thue in 1909, it was implicitly proven

by Carl Lugwig Siegel in 1929, then another implicit proof was made by Kurt Mahler in

1933 – but only reasonably recently this result was explicitly formulated and explicitly

proven.

Discussion. Proposition 32.1 says that for all but finitely many (“almost all”) values

s ∈ S, the negation 1− s is outside the finitely generated set S.

Since, as we have mentioned, to get an “or”-operation out of “and” requires nega-

tion, this means that while for this set, “and”-operation is exact, the corresponding “or”-

operation almost always leads us to a value outside S. So, if we restrict ourselves to the

finitely generated set S, we can only represent the results of “or”-operation approximately.

In other words, if “and” is exact, then “or” is almost always approximate. Due to

duality between “and”- and “or”, we can also conclude that if “or” is exact, then “and” is

almost always approximate.

Computational aspects. The formulation of our main result sounds like (too) abstract

mathematics: there exists finitely many such values s; but how can we find them? Inter-

esting, there exists a reasonably efficient algorithms for finding such values; see, e.g., [7].

Relation to probabilities. Our current interest is in fuzzy logic, but it should be men-

tioned that a similar results holds for the case of probabilistic uncertainty, when, instead

of degrees of confidence, we consider possible probability values ai. In this case:

� if an event has probability a, then its negation has probability 1− a;

� if two independent events have probabilities a and b, then the probably that both

events will happen is a · b; and
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� if an event B is a particular case of an event A, then the conditional probability

P (B |A) is equal to b/a.

Thus, in the case of probabilistic uncertainty, it also makes sense to consider multiplication

and division operations – and thus, to consider sets which are closed under these operations.

32.3 How General Is This Result?

Formulation of the problem. In the previous section, we considered the case when

f&(a, b) = a · b and f¬(a) = 1− a. What if we consider another pair of operations, will the

result still be true?

For example, is it true for strict Archimedean “and”-operations?

Analysis of the problem. It is known that every strict Archimedean “and”-operation

is equivalent to f&(a, b) = a · b – namely, we can reduce it to the product by applying an

appropriate strictly increasing re-scaling r : [0, 1] → [0, 1]; see, e.g., [91, 141].

Thus, without losing generality, we can assume that the “and”-operation is exactly

the product f&(a, b) = a · b, but the negation operation may be different – as long as

f¬(f¬(a)) = a for all a.

Result of this section. It turns out that there are some negation operations for which

the above result does not hold.

Proposition 32.2. For each finitely generated set S – with the only exception of the set

generated by a single value 1/2 – there exists a negation operation f¬(a) for which, for

infinitely many s ∈ S, we have f¬(s) ∈ S.

Proof. When at least one of the original values ai is different from 1/2, this means that the

fractions ai and 1 − ai have different combinations of prime numbers in their numerators

and denominators. In this case, for every ε > 0, there exists a number s ∈ S for which

1− ε < s < 1.

217



We know that one of the original values ai is different from 1/2. Without losing gener-

ality, let us assume that this value is 1/2. If a1 > 1/2, then 1−a1 < 1/2. So, again without

losing any generality, we can assume that a1 < 1/2.

Let us now define two monotonic sequences pn and qn. For the first sequence, we take

the values

p0 = 1/2 > p1 = a1 > p2 = a21 > p3 = a31 > . . .

The second sequence is defined iteratively:

� As q0, we take q0 = 1/2.

� As q1, let us select some number (smaller than 1) from the set S which is greater

than or equal to 1− p1.

� Once the values q1, . . . , qk have been selected, we select, as qk+1, a number (smaller

than 1) from the set S which is larger than qk and larger than 1− pk+1, etc.

For values s ≤ 0.5, we can then define the negation operation as follows:

� for each k, we have f¬(pk) = qk and

� it is linear for pk+1 < s < pk, i.e.

f¬(s) = qk+1 + (s− pk+1) ·
qk+1 − qk

pk+1 − p− k
.

The resulting function maps the interval [0, 0.5] to the interval [0.5, 1]. For values s ≥ 0.5,

we can define f¬(a) as the inverse function to this.

32.4 What If We Allow Unlimited Number of “And”-

Operations and Negations: Case Study

Formulation of the problem. In the previous sections, we allowed an unlimited applica-

tion of “and”-operation and implication. What if instead, we allow an unlimited application

of “and”-operation and negation?

218



Here is our related result.

Proposition 32.3. The set S of degrees that can be obtained from 0, 1/2, and 1 by using

“and”-operation f&(a, b) = a · b and negation f¬(a) = 1− a is the set of all binary-rational

numbers, i.e., all numbers of the type p/2k for natural numbers p and k for which p ≤ 2k.

Proof. Clearly, the product of two binary-rational numbers is binary-rational, and 1 minus

a binary-rational number is also a binary-rational number. So, all elements of the set S are

binary-rational.

To complete the proof, we need to show that every binary-rational number p/2k belongs

to the set S, i.e., can be obtained from 1/2 by using multiplication and 1 − a. We will

prove this result by induction over k.

For k = 1, this means that 0, 1/2, and 1 belong to the set S – and this is clearly true,

since S consists of all numbers that can be obtained from these three, these three numbers

included.

Let us assume that this property is proved for k. Then, for p ≤ 2k, each element p/2k+1

is equal to the product (1/2) · (p/2k) of two numbers from the set S and thus, also belongs

to S. For p > 2k, we have

p/2k+1 = 1− (2k+1 − p)/2k+1.

Since p > 2k, we have 2k+1 − p < 2k and thus, as we have just proved, (2k+1 − p)/2k+1 ∈ S.

So, the ratio p/2k+1 is obtained by applying the negation operation to a number from the

set S and is, therefore, itself an element of the set S.

The induction step is proven, and so is the proposition.

Comment. If we also allow implication f&(a, b) = b/a, then we will get all possible rational

numbers p/q from the interval [0, 1]. Indeed, if we pick k for which q < 2k, then for a = q/2k

and b = p/2k, we get b/a = p/q.
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Chapter 33

Data Processing: Fuzzy Techniues,

Part 4

In this chapter, we deal with yet another auxiliary fuzzy-related issue.

Specifically, we deal with fact that while in the usual 2-valued logic, from the purely

mathematical viewpoint, there are many possible binary operations, in commonsense rea-

soning, we only use a few of them. Why? In this chapter, we show that fuzzy logic can

explain the usual choice of logical operations in 2-valued logic.

Results from this chapter first appeared in [191].

33.1 Problem: How to Explain Commonsense Rea-

soning

In 2-valued logic, there are many possible logical operations: reminder. In

the usual 2-valued logic, in which each variable can have two possible truth values – 0

(false) or 1 (true), for each n, there are many possible nlogical operations, i.e., functions

f : {0, 1}n → {0, 1}. To describe each such function, we need to describe, for each of 2n

boolean vectors (a1, . . . , an), whether the resulting value f(a1, . . . , an) is 0 or 1.

Case of unary operations. For unary operations, i.e., operations corresponding to n = 1,

we need to describe two values: f(0) and f(1). For each of these two values, there are 2

possible options, so overall, we have 2 · 2 = 22 = 4 possible unary operations:

� the case when f(0) = f(1) = 0 corresponds to a constant f(a) ≡ 0;
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� the case when f(0) = 0 and f(1) = 1 corresponds to the identity function

f(a) = a;

� the case when f(0) = 1 and f(1) = 0 corresponds to negation f(a) = ¬a; and

� the case when f(0) = f(1) = 1 corresponds to a constant function

f(a) = 1.

The only non-trivial case is negation, and it is indeed actively used in our logical reasoning.

Case of binary operations. For binary operations, i.e., operations corresponding to

n = 2, we need to describe four values f(0, 0), f(0, 1), f(1, 0), and f(1, 1). For each of

these four values, there are 2 possible options, so overall, we have 24 = 16 possible binary

operations:

� the case when f(0, 0) = f(0, 1) = f(1, 0) = f(1, 1) = 0 corresponds to a constant

function f(a, b) ≡ 0;

� the case when f(0, 0) = f(0, 1) = f(1, 0) = 0 and f(1, 1) = 1 corresponds to “and”

f(a, b) = a& b;

� the case when f(0, 0) = f(0, 1) = 0, f(1, 0) = 1, and f(1, 1) = 0, corresponds to

f(a, b) = a&¬b;

� the case when f(0, 0) = f(0, 1) = 0 and f(1, 0) = f(1, 1) = 1, corresponds to

f(a, b) = a;

� the case when f(0, 0) = 0, f(0, 1) = 1, and f(1, 0) = f(1, 1) = 0, corresponds to

f(a, b) = ¬a& b;

� the case when f(0, 0) = 0, f(0, 1) = 1, f(1, 0) = 0, and f(1, 1) = 1, corresponds to

f(a, b) = b;
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� the case when f(0, 0) = 0, f(0, 1) = 1, f(1, 0) = 1, and f(1, 1) = 0, corresponds to

exclusive “or” (= addition modulo 2) f(a, b) = a⊕ b;

� the case when f(0, 0) = 0 and f(0, 1) = f(1, 0) = f(1, 1) = 1, corresponds to “or”

f(a, b) = a ∨ b;

� the case when f(0, 0) = 1 and f(0, 1) = f(1, 0) = f(1, 1) = 0, corresponds to

f(a, b) = ¬a&¬b;

� the case when f(0, 0) = 1, f(0, 1) = f(1, 0) = 0, and f(1, 1) = 1, corresponds to

equivalence (equality) f(a, b) = a ≡ b;

� the case when f(0, 0) = 1, f(0, 1) = 0, f(1, 0) = 1, and f(1, 1) = 0, corresponds to

f(a, b) = ¬b;

� the case when f(0, 0) = 1, f(0, 1) = 0, and f(1, 0) = f(1, 1) = 1, corresponds to

f(a, b) = a ∨ ¬b or, equivalently, to the implication

f(a, b) = b → a;

� the case when f(0, 0) = f(0, 1) = 1, and f(1, 0) = f(1, 1) = 0, corresponds to

f(a, b) = ¬a;

� the case when f(0, 0) = f(0, 1) = 1, f(1, 0) = 0, and f(1, 1) = 1, corresponds to

f(a, b) = ¬a ∨ b, or, equivalently, to the implication

f(a, b) = a → b;

� the case when f(0, 0) = f(0, 1) = f(1, 0) = 1, and f(1, 1) = 0, corresponds to

f(a, b) = ¬a ∨ ¬b;

� the case when f(0, 0) = f(0, 1) = f(1, 0) = f(1, 1) = 1, corresponds to a constant

function f(a, b) ≡ 1.
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In commonsense reasoning, we only some of the binary operations. Out of the

above 16 operations,

� two are constants: f(a, b) = 0 and f(a, b) = 1, and

� four are actually unary: f(a, b) = a, f(a, b)¬a, f(a, b) = b, and

f(a, b) = ¬b.

In addition to these 2 + 4 = 6 operations, there are also 10 non-constant and non-unary

binary logical operations:

� six named operations “and”, “or”, exclusive “or”, equivalence, and two implications

(a → b and b → a), and

� four usually un-named logical operations

¬a& b, a&¬b, ¬a&¬b, and ¬a ∨ ¬b.

In commonsense reasoning, however, we only use the named operations. Why?

Maybe it is the question of efficiency? Maybe it is the question of efficiency? To

check on this, we can use the experience of computer design, where the constituent binary

gates are selected so as to make computations more efficient.

Unfortunately, this leads to a completely different set of binary operations: e.g., comput-

ers typically use “nand” gates, that implement the function f(a, b) = ¬(a& b) = ¬a ∨ ¬b,

but they never use gates corresponding to implication. So, the usual selection of binary

logical operations remains a mystery.

What we do in this chapter. In this chapter, we show that the usual choice of logical

operations in the 2-valued logic can be explained by ... fuzzy logic.
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33.2 Our Explanation

Why fuzzy logic. We are interested in operations in 2-valued logics, so why should we

take fuzzy logic into account? The reason is straightforward: in commonsense reasoning,

we deal not only with precisely defined statements, but also with imprecise (“fuzzy”) ones.

For example:

� We can say that the age of a person is 18 or above and and this person is a US citizen,

so he or she is eligible to vote.

� We can also say that a student is good academically and enthusiastic about research,

so this student can be recommended for the graduate school.

We researchers may immediately see the difference between these two uses of “and”: pre-

cisely defined (“crisp”) in the first case, fuzzy in the second case. However, to many people,

these two examples are very similar.

So, to understand why some binary operations are used in commonsense reasoning and

some are not, it is desirable to consider the use of each operation not only in the 2-valued

logic, but also in the more general fuzzy case; see, e.g., [23, 91, 127, 141, 145, 215].

Which fuzzy generalizations of binary operations should we consider? In fuzzy

logic, in addition to value 1 (true) and 0 (false), we also consider intermediate values

corresponding to uncertainty. To describe such intermediate degrees, it is reasonable to

consider real numbers intermediate between 0 or 1 – this was exactly the original Zadeh’s

idea which is still actively used in applications of fuzzy logic.

So, to compare different binary operations, we need to extend these operations from

the original set {0, 1} to the whole interval [0, 1]. There are many possible extension of this

type; which one should we select?

A natural idea is to select the most robust operations. For each fuzzy statement,

its degree of confidence has to be elicited from the person making this statement. These

statements are fuzzy, so naturally, it is not reasonable to expect that the same expert will
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always produce the exact same number: for the same statement, the expert can one day

produce one number, another day a slightly different number, etc. When we plot these

numbers, we will get something like a bell-shaped histogram – similar to what we get

when we repeatedly measure the same quantity by the same measuring instrument. It is

therefore reasonable to say that, in effect, the value a marked by an expert can differ from

the corresponding mean value a by some small random value ∆a, with zero mean and small

standard deviation σ.

Since this small difference does not affect the user’s perception, it should not affect the

result of commonsense reasoning – in particular, the result of applying a binary operation

to the corresponding imprecise numbers should not change much if we use slightly different

estimates of the same expert. For example, 0.9 and 0.91 probably represent the same degree

of expert’s confidence. So, it is not reasonable to expect that we should get drastically

different values of a& b if we use a = 0.9 or a = 0.91.

To be more precise, if we fix the value of one of the variables in a binary operation,

then the effect of changing the second value on the result should be as small as possible.

Due to the probabilistic character, we can only talk about being small “on average”, i.e.,

about the smallest possible mean square difference. This idea was, in effect, presented

in [138, 141, 181] for the case of “and”- and “or”-operations; let us show how it can be

extended to all possible binary logical operations.

For a function F (a) of one variable, if we replace a with a + ∆a, then the value F (a)

changes to F (a+∆a). Since the difference ∆a is small, we can expand the above expression

in Taylor series and ignore terms which are quadratic (or higher order) in terms of ∆a. Thus,

we keep only linear terms in this expansion: F (a+∆a) = F (a) + F ′(a) ·∆a, where F ′(a),

as usual, indicates the derivative. The resulting difference in the value of F (a) is equal to

∆F
def
= F (a+∆a)− F (a) = F ′(a) ·∆a. Here, the mean squared value (variance) of ∆a is

equal to σ2; thus, the mean squared value of F ′(a) ·∆a is equal to

(F ′(a))2 · σ2.
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We are interested in the mean value of this difference. Here, a can take any value from

the interval [0, 1], so the resulting mean value takes the form
∫ 1

0
(F ′(a))2 ·σ2 da. Since σ is a

constant, minimizing this difference is equivalent to minimizing the integral
∫ 1

0
(F ′(a))2 da.

Our goal is to extend a binary operation from the 2-valued set {0, 1}. So, we usually

know the values of the function F (a) for a = 0 and a = 1. In general, a function f(x) that

minimizes a functional
∫
L(f, f ′) dx is described by the Euler-Lagrange equation

∂L

∂f
− d

dx

∂L

∂f ′ = 0;

see, e.g., [70]. In our case, L = (F ′(a))2, so the Euler-Lagrange equation has the form

d

da
(2F ′(a)) = 2F ′′(a) = 0.

Thus, F ′′(a) = 0, meaning that the function F (a) is linear.

Thus, we conclude that in our extensions of binary (and other) operations, the corre-

sponding function should be linear in each of the variables, i.e., that this function should

be bilinear (or, in general, multi-linear).

Such an extension is unique: a proof. Let us show that this requirement of bilin-

earity uniquely determines the corresponding extension. Indeed, suppose that two bilinear

expressions f(a, b) and g(a, b) have the same values when a ∈ {0, 1} and b ∈ {0, 1}. In this

case, the difference d(a, b) = f(a, b)−g(a, b) is also a bilinear expression whose value for all

four pairs (a, b) for which a ∈ {0, 1} and b ∈ {0, 1} is equal to 0. Since d(0, 0) = d(1, 0) = 0,

by linearity, we conclude that d(a, 0) = 0 for all a. Similarly, since d(0, 1) = d(1, 1) = 0,

by linearity, we conclude that d(a, 1) = 0 for all a. Now, since d(a, 0) = d(a, 1) = 0, by

linearity, we conclude that d(a, b) = 0 for all a and b – thus, indeed, f(a, b) = g(a, b) and

the extension is indeed defined uniquely.

How can we find the corresponding bilinear extension. For negation, linear inter-

polation leads to the usual formula f(a) = 1− a.

Let us see what happens for binary operations. Once we know the values f(0, 0) and
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f(1, 0), we can use linear interpolation to find the values f(a, 0) for all a:

f(a, 0) = f(0, 0) + a · (f(1, 0)− f(0, 0)).

Similarly, once we know the values f(0, 1) and f(1, 1), we can use linear interpolation to

find the values f(a, 1) for all a:

f(a, 1) = f(0, 1) + a · (f(1, 1)− f(0, 1)).

Now, since we know, for each a, the values f(a, 0) and f(a, 1), we can use linear interpolation

to find the value f(a, b) for each b as

f(a, b) = f(a, 0) + b · (f(a, 1)− f(a, 0)).

Let us use this idea to find the bilinear extensions of all ten non-trivial binary operations.

Let us list bilinear extensions of all non-trivial binary operations.

� for a& b, we have f(a, b) = a · b;

� for a&¬b, we have f(a, b) = a · (1− b) = a− a · b;

� for ¬a& b, we have f(a, b) = (1− a) · b = b− a · b;

� for a⊕ b, we have f(a, b) = a+ b− 2a · b;

� for a ∨ b, we have f(a, b) = a+ b− a · b;

� for ¬a&¬b, we have f(a, b) = (1− a) · (1− b);

� for a ≡ b, we have f(a, b) = 1− a− b+ 2a · b;

� for ¬a ∨ b = a → b, we have f(a, b) = 1− a+ a · b;

� for ¬a ∨ b = b → a, we have f(a, b) = 1− b+ a · b;

� finally, for ¬a ∨ ¬b = ¬(a& b), we have f(a, b) = 1− a · b.
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Which operations should we select as basic. As the basic operations, we should select

the ones which are the easiest to compute. Of course, we should have negation f(a) = 1−a,

since it is the easiest to compute: it requires only one subtraction.

Out of all the above ten binary operations, the simplest to compute is f(a, b) = a · b

(corresponding to “and”) which requires only one arithmetic operation – multiplication.

All other operations need at least one more arithmetic operation. This explains why “and”

is one of the basic operations in commonsense reasoning.

Several other operations can be described in terms of the selected “and”- and “not”-

operations f&(a, b) = a · b and f¬(a) = 1− a:

� the operation f(a, b) = a − a · b corresponding to a&¬b can be represented as

f&(a, f¬(b));

� the operation f(a, b) = b − a · b corresponding to ¬a& b can be represented as

f&(f¬(a), b);

� the operation f(a, b) = a + b − a · b corresponding to a ∨ b can be represented as

f¬(f&(f¬(a), f¬(b)));

� the operation f(a, b) = (1− a) · (1− b) corresponding to ¬a&¬b can be represented

as f&(f¬(a), f¬(b));

� the operation f(a, b) = 1−a+a·b corresponding to ¬a∨b = a → b can be represented

as f¬(f&(a, f¬(b)));

� the operation f(a, b) = 1−b+a ·b corresponding to a∨¬b = b → a can be represented

as f¬(f&(f¬(a), b)); and

� the operation f(a, b) = 1−a·b corresponding to ¬a∨¬b = ¬(a& b) can be represented

as f¬(f&(a, b)).

There are two binary operations which cannot be represented as compositions of the selected

“and” and “or”-operations: namely:
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� the operation f(a, b) = a+ b− 2a · b corresponding to exclusive “or” a⊕ b, and

� the operation f(a, b) = 1− a− b+ 2a · b corresponding to equivalence a ≡ b.

Thus, we need to add at least one of these operations to our list of basic operations. Out

of these two operations, the simplest to compute – i.e., requiring the smallest number of

arithmetic operations – is the function corresponding to exclusive “or”. This explains why

we use exclusive “or” in commonsense reasoning.

What about operations that can be described in terms of “and” and “not”? For some

of these operations, e.g., for the function

f(a, b) = a− a · b = a · (1− b)

corresponding to a&¬b, direct computation requires exactly as many arithmetic operations

as computing the corresponding representation in terms of “and” and “or”. However, there

is one major exception: for the function f(a, b) = a+ b− a · b corresponding to “or”:

� its straightforward computation requires two additions/subtractions and one multi-

plication, while

� its computation as f¬(f&(f¬(a), f¬(b)) requires one multiplication (when applying f&)

but three subtractions (corresponding to three negation operations).

Thus, for the purpose of efficiency, it makes sense to consider “or” as a separate operation.

This explains why we use “or” in commonsense reasoning.

So far, we have explained all basic operations except for implication. Explaining impli-

cation requires a slightly more subtle analysis.

Why implications. In the above analysis, we considered addition and subtraction to

be equally complex. This is indeed the case for computer-based computations, but for us

humans, subtraction is slightly more complex than addition. This does not change our

conclusion about operations like f(a, b) = a−a ·b: whether we compute them directly or as
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f(a, b) = f&(a, f¬(b)), in both cases, we use the same number of multiplications, the same

number of additions, and the same number of subtractions.

There is, however, a difference for implication operations such as

f(a, b) = 1− a+ a · b = f¬(f&(a, f¬(b))) :

� its direct computation requires one multiplication, one addition, and one subtraction,

while

� its computation in terms of “and”- and “not”-operations requires one multiplication

and two subtractions.

In this sense, the direct computation of implication is more efficient – which explains why

we also use implication in commonsense reasoning.

Conclusion. By using fuzzy logic, we have explained why negation, “and”, “or”, impli-

cation, and exclusive “or” are used in commonsense reasoning while other binary 2-valued

logical operations are not.

33.3 Auxiliary Result: Why the Usual Quantifiers?

Formulation of the problem. In the previous sections, we consider binary logical oper-

ations. In our reasoning, we also use quantifiers such as “for all” and “there exists” which

are, in effect, n-ary logical operations, where n is the number of possible objects.

Why these quantifiers? Why not use additional quantifiers like “there exists at least

two”? Let us analyze this question from the same fuzzy-based viewpoint from which we

analyzed binary operations. It turns out that this way, we get a (partial) explanation for

the usual choice of quantifiers.

Why universal quantifier. Let us consider the case of n objects 1, . . . , n. We have some

property p(i) which, for each object i, can be true or false. We would like to combine these
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n truth values into a single one, i.e., we need an n-ary operation f(a1, . . . , an) that would

transform n truth values p(1), . . . , p(n) into a single combined value f(p(1), . . . , p(n)).

Similarly to the previous chapter, let us consider a fuzzy version. Just like all non-

degenerate binary operations – i.e., operations that are not constants or unary operations

– must contain a product of two numbers, similarly, all non-degenerate n-ary operations

must contain the product of n numbers.

Thus, the simplest possible case – with the fastest computations – is when the operation

is simply the product of the given n numbers, i.e., the operation f(a1, . . . , an) = a1 · . . . ·

an. Indeed, every other operation requires also addition of subtraction. This operation

transforms the values p(1), . . . , p(n) into their product p(1) · . . . · p(n), that corresponds

exactly to the formula p(1)& . . . & p(n), i.e., to the formula ∀i p(i). This explains the

ubiquity of the universal quantifiers.

Why existential quantifier. The universal quantifier has the property that it does

not change if we permute the objects:
n∏

i=1

p(i) =
n∏

i=1

p(π(i)) for every permutation π :

{1, . . . , n} → {1, . . . , n}. This condition of permutation invariance holds for all quantifiers

and it is natural to be required. We did not explicitly impose this condition in our derivation

of universal quantifier for only one reason – that we were able to derive this quantifier only

from the requirement of computational simplicity, without a need to also explicitly require

permutation invariance.

However, now that we go from the justification of the simplest possible quantifier to

a justification of other quantifiers, we need to explicitly require permutation invariance –

otherwise, the next simplest operations are operations like

¬a1& a2& a2 . . . & an.

It turns out that among permutation-invariant n-ary logical operations, the simplest

are:

� the operation ¬∀i p(i) for which the corresponding formula 1 −
n∏

i=1

pi requires n − 1

multiplications and one subtraction;
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� the operation ∀i¬p(i) for which the corresponding formula
n∏

i=1

(1− pi) requires n− 1

multiplications and n subtractions; and

� the operation ∃i p(i), i.e., equivalently, ¬∀i¬p(i), for which the corresponding formula

1−
n∏

i=1

(1− pi) requires n− 1 multiplications and n+ 1 subtractions.

This explains the ubiquity of existential quantifiers.
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Chapter 34

Data Processing: Probabilistic

Techniques, Part 1

A known alternative to fuzzy techniques are probabilistic techniques. They work perfectly

well when we have the full information about the corresponding probabilities, but in many

practical situations, we do not have this information. In this case, as we show in this

chaoter and in the following chapter, algebraic approach can help select the corresponding

probability distributions.

In this chapter, we take into account that in many practical situations, we only know the

interval containing the quantity of interest, we have no information about the probability

of different values within this interval. In contrast to the cases when we know the dis-

tributions and can thus use Monte-Carlo simulations, processing such interval uncertainty

is difficult – crudely speaking, because we need to try all possible distributions on this

interval. Sometimes, the problem can be simplified: namely, it is possible to select a single

distribution (or a small family of distributions) whose analysis provides a good understand-

ing of the situation. The most known case is when we use the Maximum Entropy approach

and get the uniform distribution on the interval. Interesting, sensitivity analysis – which

has completely different objectives – leads to selection of the same uniform distribution.

In this chapter, we provide a general explanation of why uniform distribution appears in

different situations – namely, it appears every time we have a permutation-invariant objec-

tive functions with the unique optimum. We also discuss what happens if there are several

optima.

Results from this chapter first appeared in [20].
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34.1 Problem; How to Represent Interval Uncertainty

Interval uncertainty is ubiquitous. When an engineer designs an object, the original

design comes with exact numerical values of the corresponding quantities, be it the height

of ceiling in civil engineering or the resistance of a certain resistor in electrical engineering.

Of course, in practice, it is not realistic to maintain the exact values of all these quantities,

we can only maintain them with some tolerance. As a result, the engineers not only produce

the desired (“nominal”) value x of the corresponding quantity, they also provide a tolerance

ε > 0 with which we need to maintain the value of this quantity. The actual value must be

in the interval x = [x, x], where x
def
= x− ε and x

def
= x+ ε.

All the manufacturers need to do is to follow these interval recommendations. There

is no special restriction on probabilities of different values within these intervals – these

probabilities depends on the manufacturer, and even for the same manufacturer, they may

change every time the manufacturer makes some adjustments to the manufacturing process.

Data processing under interval uncertainty is often difficult. Because of the ubiq-

uity of interval uncertainty, many researchers have considered different data processing

problems under this uncertainty; this research area is known as interval computations; see,

e.g., [82, 126, 130, 151].

The problem is that the corresponding computational problems are often very complex,

much more complex than solving similar problems under probabilistic uncertainty – when

we know the probabilities of different values within the corresponding intervals. For exam-

ple, while for the probabilistic uncertainty, we can, in principle, always use Monte-Carlo

simulations to understand how the input uncertainty affects the result of data processing,

a similar problem for interval uncertainty is NP-hard aready for the simplest nonlinear

case when the whole data processing means computing the value of a quadratic function –

actually, it is even NP-hard if we want to find the range of possible values of variance in a

situation when inputs are only known with interval uncertainty [108, 140].
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This complexity is easy to understand: interval uncertainty means that we may have

different probability distributions on the given interval. So, to get guaranteed estimates,

we need to consider all of them – which leads to very time-consuming computations. For

some problems, this time can be sped up, but in general, the problems remain difficult.

It is desirable to have a reasonably small family of distributions representing

interval uncertainty. Considering all possible distributions on an interval will take for-

ever. It is therefore desirable to look for cases when interval uncertainty can be represented

by a single distribution – or at least by a reasonably small family of distributions, e.g., by

finitely many distributions or by a finite-dimensional family.

Maximum entropy idea. In general, the problem of selecting a single distribution from

the family of all distributions which are consistent with our knowledge (i.e., with mea-

surement results and known general principles) is well known in data processing. A usual

solution to this problem is to select the distribution which best represents the correspond-

ing uncertainty. Some possible distributions have little uncertainty – e.g., we can have a

distribution which is located at some point with probability 1. Selecting such a distribution

would mislead the data processing algorithm into thinking that we have no uncertainty at

all. Similarly, selecting a distribution which is located on a proper subinterval of the origi-

nal interval would be misleading – since it will lead to a decrease in perceived uncertainty.

From this viewpoint, a proper selection should select a representative distribution with the

largest possible uncertainty.

A reasonable measure of uncertainty is entropy

S = −
∫

ρ(x) · ln(ρ(x)) dx, (34.1)

where ρ(x) denotes the probability density function; see, e.g., [83, 140]. So, a reasonable

idea is to select, among all possible distributions, a distribution with the largest possible

entropy. This idea is known as the Maximum Entropy approach, and it has indeed very

successful in many applications; see, e.g., [83].
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For interval uncertainty, maximum entropy leads to the uniform distribution.

What do we get when we apply the maximum entropy approach to the case of interval

uncertainty, when all we know is that the probability distribution is located in some interval

[a, b]? In this case, we want to find a distribution ρ(x) for which the entropy (34.1) is

maximized under the condition that the overall probability is 1, i.e., that
∫ b

a
ρ(x) dx = 1.

The usual way to solve such constraint optimization problems is to use the Lagrange

multiplier method, where the problem of optimizing a function f(A) under the constraint

g(A) = 0 is reduced to an unconstrained problem of optimizing the auxiliary function

f(A)+λ ·g(A), with the parameter λ (known as the Lagrange multiplier) to be determined

from the condition that the resulting optimizing alternative A satisfy the original constraint.

In our case, this means that we maximize the auxiliary function

−
∫

ρ(x) · ln(ρ(x)) dx+ λ ·
(∫ b

a

ρ(x) dx− 1

)
.

Strictly speaking, this expression has infinitely many unknowns – namely, the values ρ(x)

corresponding to all possible values x. However, in practice, we can always take into account

that even with the best possible measuring instruments, we can only measure the value of

the physical quantity x with some uncertainty h. Thus, from the practical viewpoint, it

makes sense to divide the interval [a, b] into small subintervals [a, a+ h], [a+ h, a+ 2h], . . .

within each of which the values of x are indistinguishable, and instead of the function ρ(x),

consider the probabilities p1, p2, . . . of the value x being in each of these intervals. In these

terms, the entropy takes the form S = −
n∑

i=1

pi·ln(pi), the requirement that probabilities add

up to 1 take the form
n∑

i=1

pi = 1, and the resulting equivalent unconstrained optimization

problem takes the form of maximizing the expression

−
n∑

i=1

pi · ln(pi) + λ ·

(
n∑

i=1

pi − 1

)
.

To find the maximum value of this expression, the usual idea is to differentiate this expres-

sion with respect to each unknown pi and equate the resulting derivative to 0. As a result,

we get the formula − ln(pi)− 1 + λ = 0, hence ln(pi) = 1 + λ, and pi = exp(1 + λ).
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This value is the same for all i. Thus, the probability to be in each of the small

subintervals is the same – i.e., we select a uniform distribution on the original interval

[0, 1].

Need to go beyond the maximum entropy approach: first argument. In different

practical problems, we can have different objective functions. For example, in many cases,

it is important to know how sensitive is the system to different perturbations. In this

case, it is also desirable to select one distribution (or at least a reasonably small family of

distributions).

The corresponding objective function is very different from the entropy. However, inter-

estingly, it turned out that the best choice of a representative distribution is still a uniform

distribution on the given interval; see, e.g., [75]. Why?

The fact that two different optimization problems lead to the exact same selection makes

us think that there must be a fundamental reason behind these two results – and in this

chapter, we indeed describe such a reason.

Need to go beyond the maximum entropy approach: second argument. When

we select a single distribution, we can find the largest possible entropy of the corresponding

distributions. But what if, in addition to the largest possible value of the entropy, we want

to know the whole range of values of entropy – i.e., we also want to know the smallest

possible value?

This smallest possible value is not attained on a single probability distribution – in the

discrete case, it is attained for all distributions for which pi0 = 1 for some i0 and for which

pi = 0 for all i ̸= i0. In this case, we cannot select a single distribution – the maximum

entropy approach does not help, but we can still select a small representative family of

distributions.

Again, a natural question is: can we generalize this result so that it would cover other

practically useful situations?
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34.2 Analysis of the Problem

What do entropy and sensitivity measure have in common? We would like to come

up with a general result that generalizes both the maximum entropy and the sensitivity

results. To come up with such a generalization, it is reasonable to analyze what these two

results have in common.

Let us use symmetries. In general, our knowledge is based on symmetries, i.e., on the

fact that some situations are similar to each other. Indeed, it all the world’s situations

were completely different, we would not be able to make any predictions. Luckily, real-

life situations have many features in common, so we can use the experience of previous

situations to predict future ones.

For example, when a person drops a pen, it starts falling down to Earth with the

acceleration of 9.81 m/sec2. If this person moves to a different location and repeats the same

experiment, he or she will get the exact same result. This means that the corresponding

physics is invariant with respect to shifts in space.

Similarly, if the person repeats this experiment in a year, the result will be the same.

This means that the corresponding physics is invariant with respect to shifts in time.

Alternatively, if the person turns around a little bit, the result will still be the same.

This means that the underlying physics is also invariant with respect to rotations, etc.

This is a very simple example, but such symmetries are invariances are actively used in

modern physics (see, e.g., [68, 180]) – and moreover, many previously proposed fundamental

physical theories such as:

� Maxwell’s equations that describe electrodynamics,

� Schroedinger’s equations that describe quantum phenomena,

� Einstein’s General Relativity equation that describe gravity,

can be derived from the corresponding invariance assumptions; see, e.g., [62, 64, 102, 110].
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Symmetries also help to explain many empirical phenomena in computing; see, e.g.,

[137]. From this viewpoint, a natural way to look for what the two examples have in

common is to look for invariances that they have in common.

Permutations – natural symmetries in the entropy example. We have n probabil-

ities p1, . . . , pn. What can we do with them that would preserve the entropy? In principle,

we can transform the values into something else, but the easiest possible transformations

is when we do not change the values themselves, just swap them.

Bingo! Under such swap, the value of the entropy does not change. In precise terms,

both the objective function S = −
n∑

i=1

pi · ln(pi) and the constraint
∑n

i=1 pi = 1 do not

change is we perform any permutation

π : {1, . . . , n} → {1, . . . , n},

i.e., replace the values p1, . . . , pn with the permuted values pπ(1), . . . , pπ(n).

Permutations also work for the sensitivity example. Interestingly, a more complex

criterion used in the sensitivity example is also permutation-invariant: as well as many

other generalization of entropy.

Thus, we are ready to present our general results.

34.3 Our Results

Definition 34.1.

� We say that a function f(p1, . . . , pn) is permutation-invariant if for every permutation

π : {1, . . . , n} → {1, . . . , n}, we have

f(p1, . . . , pn) = f(pπ(1), . . . , pπ(n)).

� By a permutation-invariant optimization problem, we mean a problem of optimiz-

ing a permutation-invariant function f(p1, . . . , pn) under constraints of the type

g(p1, . . . , pn) = a or g(p1, . . . , pn) ≥ a for permutation-invariant functions g.
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Proposition 34.1. If a permutation-invariant optimization problem has only one solution,

then for this solution, we have p1 = . . . = pn.

Discussion. This explains why we get the uniform distribution both in the maximum

entropy case and in the sensitivity case.

Proof. We will prove by contradiction. Suppose that the values pi are not all equal. This

means that there exist i and j for which pi ̸= pj. Let us swap pi and pj, and denote the

corresponding values by p′i, i.e.:

� we have p′i = pj,

� we have p′j = pi, and

� we have p′k = pk for all other k.

Since the values pi satisfy all the constraints, and all the constraints are permutation-

invariant, the new values p′i also satisfy all the constraints. Since the objective function is

permutation-invariant, we have f(p1, . . . , pn) = f(p′1, . . . , p
′
n). Since the values (p1, . . . , pn)

were optimal, the values (p′1, . . . , p
′
n) ̸= (p1, . . . , pn) are thus also optimal – which contradicts

to the assumption that the original problem has only one solution.

This contradiction proves for the optimal tuple (p1, . . . , pn) that all the values pi are

indeed equal to each other. The proposition is proven.

Discussion. What is the optimal solution is not unique? We can have a case when we

have a small finite number of solutions.

We can also have a case when we have a 1-parametric family of solutions – i.e., a family

depending on one parameter. In our discretized formulation, each parameter has n values,

so this means that we have n possible solutions. Similarly, a 2-parametric family means

that we have n2 possible solutions, etc.

Here are precise definitions and related results.

Definition 34.2. Let the number n of variable pi be fixed.
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� We say that a problem has a small finite number of solutions if its number of solutions

is smaller than n.

� We say that a problem has a d-parametric family of solutions if it has nd solutions.

Proposition 34.2. If a permutation-invariant optimization problem has a small finite

number solutions with
∑

pi = 1, then it has only one solution.

Discussion. Due to Proposition 34.1, in this case, the only solution is the uniform distri-

bution p1 = . . . = pn.

Proof. Since
∑

pi = 1, there is only one possible solution for which p1 = . . . = pn: the

solution for which all the values pi are equal to 1/n.

Thus, if the problem has more than one solution, some values pi are different. Let us

pick one such value pk. Let S denote the set of all the indices j for which pj = pk, and let

m denote the number of elements in this set. Since some values pi are different, we have

1 ≤ m ≤ n− 1.

Due to permutation-invariance, each permutation of this solution is also a solution.

For each m-size subset of the set of n-element set of indices {1, . . . , n}, we can have a

permutation that transforms S into this set and thus, produces a new solution to the

original problem. There are

(
n

m

)
such subsets. For all m from 1 to n − 1, the smallest

value of the binomial coefficient

(
n

m

)
is attained when m = 1 or m = n − 1, and this

smallest value is equal to n. Thus, if there is more than one solution, we have at least n

different solutions – and since we assumed that we have fewer than n solutions, this means

that we have only one. The proposition is proven.

Proposition 34.3. If a permutation-invariant optimization problem has a 1-parametric

family of solutions pi ≥ 0 with
∑

pi = 1, then this family is characterized by a real number

c ≤ 1/(n− 1), for which all these solutions have the following form: pi = c for all i but one

and pi0 = 1− (n− 1) · c for the remaining value i0.
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Discussion. In particular, for c = 0, we get the above-mentioned 1-parametric family of

distributions for which entropy is the smallest possible.

Proof. As we have shown in the proof of Proposition 34.2, if in one of the solutions, for

some value pi we have m different indices j with this value, then we will have at least(
n

m

)
different solutions. For all m from 2 to n − 2, this number is at least as large as(

n

2

)
=

n · (n− 1)

2
and is, thus, larger than n.

Since overall, we only have n solutions, this means that it is not possible to have

2 ≤ m ≤ n− 2. So, the only possible values of m are 1 and n− 1.

If there was no group with n−1 values, this would means that all the groups must have

m = 1, i.e., consist of only one value. In other words, in this case, all n values pi would be

different. In this case, each of n! permutations would lead to a different solution – so we

would have n! > n solutions to the original problem – but we assumed that overall, there

are only n solutions. Thus, this case is also impossible.

So, we do have a group of n − 1 values with the same pi. Then we get exactly one of

the solutions described in the formulation of the proposal, plus solutions obtained from it

by permutations – which is exactly the described family.

The proposition is proven.
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Chapter 35

Data Processing: Probabilistic

Techniques, Part 2

In this chapter, we will show how to use probability distributions in other situations in

which we do not have fuzzy information about the probabilities.

As a consequence of our result, we will also get an explanation for the following puzzling

empirical facr. In principle, any non-negative function can serve as a probability density

function – provided that it adds up to 1. All kinds of processes are possible, so it seems

reasonable to expect that observed probability density functions are random with respect

to some appropriate probability measure on the set of all such functions – and for all such

measures, similarly to the simplest case of random walk, almost all functions have infinitely

many local maxima and minima. However, in practice, most empirical distributions have

only a few local maxima and minima – often one (unimodal distribution), sometimes two

(bimodal), and, in general, they are few-modal. From this viewpoint, econometrics is

no exception: empirical distributions of economics-related quantities are also usually few-

modal. In this chapter, we provide a theoretical explanation for this empirical fact.

Results from this chapter first appeared in [194].
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35.1 Problem: How to Represent General Uncer-

tainty

Main idea. Of course, the space of all possible probability density functions is infinite-

dimensional, so to exactly describe each such function, we need to describe the values

of infinitely many parameters. In practice, at each moment of time, we can only use

finitely many parameters. So, we need to look into appropriate finite-dimensional families

of probability density functions – and explain why functions from this appropriate family

are few-modal.

To answer this question, let us describe natural properties of such families F of distri-

butions ρ(c1, . . . , cn, x). To come up with these properties, let us recall how we gain the

information about the corresponding distributions.

We want smoothness. Small changes in the values of the parameters ci and/or small

changes in x should lead to small changes in the probability density. In other words, we

want the function ρ(c1, . . . , cn, x) to be smooth.

We can combine different pieces of knowledge. Suppose that:

� one piece of evidence leads us to conclude that the distribution of the corresponding

quantity is described by a probability density function ρ1(x), and

� another – independent – piece of evidence – leads to a slightly different probability

density function ρ2(x).

If these were evidences about two different quantities x1 and x2, then, due to inde-

pendence, we would conclude that the distribution of the pair (x1, x2) follows a product

distribution ρ1(x1) · ρ2(x2). In our case, however, we know that this is the same quantity,

i.e., that x1 = x2. Thus, to get the resulting distribution, we need to restrict the product

distribution to the case when x1 = x2, i.e., in precise terms, we need to consider condi-

tional distribution under the condition that x1 = x2. This means that we need to consider
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the distribution ρ(x) = c · ρ1(x) · ρ2(x), where c is a normalizing constant – which can be

determined by the condition that
∫
ρ(x) dx = 1.

Thus, it is reasonable to require that for every two distribution ρ1(x) and ρ2(x) from

the desired family F , their normalized product c · ρ1(x) · ρ2(x) should also belongs to this

family.

Knowledge can come in parts. Sometimes, we gain the knowledge right away. In many

other cases, knowledge comes in small steps. If the resulting knowledge is described by a

probability density function ρ(x), and it comes via several (n) independent similar pieces

of knowledge, each characterized by some probability density function ρ1(x), then, based

on the previous subsection, we can conclude that ρ(x) = c · (ρ1(x))n for some constant c,

i.e., that ρ1(x) = c1 · (ρ(x))1/n for an appropriate normalizing coefficient c1.

Thus, it is reasonable to require that for every distribution ρ1(x) from the desired family

F and for every natural number n > 1, the normalized distribution c1 · (ρ(x))1/n should

also belong to the family.

Scale- and shift-invariance. The numerical value of a quantity depends:

� on the starting point for measuring this quantity and

� on the measuring unit.

When we change numerical values, the expression for the probability distribution also

changes. It is reasonable to require that if we simply change the starting point and/or the

measuring unit in a distribution from the family F , then we should still get a distribution

from the same family.

If we change the starting point, i.e., if we replace the original starting point with a new

one which is a units larger, then in the new units y = x− a, the distribution described by

the original probability density function ρ(x) will now be described by the new function

ρ1(y) = ρ(y + a).

Similarly, if we change the measuring unit, i.e., if we replace the original measuring unit

with a new one which is λ times larger, then in the new units y = x/λ, the distribution
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described by the original probability density function ρ(x) will now be described by the

new function ρ1(y) = λ · ρ(λ · y).

Now, we are ready. Now, we are ready to formulate our main result.

35.2 Definitions and the Main Result

Definition 35.1. Let n be a natural number.

� By an n-parametric family of distributions, we mean a family

F = {f(c1, . . . , cn, x)}c1,...,cn

of probability density functions, where the values (c1, . . . , cn) go over some set U , and

the function f(c1, . . . , cn, x) is continuously differentiable over the closure of this set.

� We say that a family F allows combining knowledge if for very two functions ρ1(x)

and ρ2(x) from this family, there exists a real number c > 0 for which the product

c · ρ1(x) · ρ2(x) also belongs to F .

� We say that a family F allows partial knowledge if for every function ρ(x) from this

family and for every natural number n, there exists a real number c > 0 for which the

function c · (ρ(x))1/n also belongs to F .

� We say that a family F is shift-invariant if for every function ρ(x) from this family

and for every real number a, the function ρ(x+ a) also belongs to F .

� We say that a family F is scale-invariant if for every function ρ(x) from this family

and for every real number λ > 0, the function λ · ρ(λ · x) also belongs to F .

Proposition 35.1. Every function from a shift- and scale-invariant n-parametric family

of distributions that allows combining knowledge and partial knowledge has the form ρ(x) =

exp(P (x)) for some polynomial of degree ≤ n.
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Proof of the main result.

1◦. Let F be a family that satisfies all the given properties. To somewhat simplify the

problem, let us consider a family G of all the functions of the type c · ρ(x), where c > 0

and ρ(x) ∈ F . By definition, every function from the family F is also an element of G – to

show this, it is sufficient to take c = 1.

We will prove the desired form for all the function from the class G. This will automat-

ically imply that all the functions from the family F also have this property.

What is the dimension of the family G, i.e., how many parameters do we need to

specify each function from this family? To describe a function from the family G, we need

to specify:

� the value c (1 parameter), and

� the function ρ(x) ∈ F – which requires n parameters.

Thus, n+ 1 parameters are sufficient, and the dimension of the family G is ≤ n+ 1.

2◦. For the family G, the first property of the family F – allowing combining knowledge –

leads to a simpler property: that for every two functions f1(x) and f2(x) from the family

G their produc f1(x) · f2(x) also belong to G.

Indeed, the fact that each function fi(x) belongs to G means that it has the form

ci · ρi(x) for some ci > 0 and for some function ρi(x) from the family F . Thus, the product

f(x) = f1(x)·f2(x) of these functions has the from f(x) = c1·c2·ρ1(x)·ρ2(x). By the property

of allowing combining knowledge, for some c > 0, the function ρ0(x) = c · ρ1(x) · ρ2(x) also

belongs to the family F . Thus, we have

f(x) =
c1 · c2
c

· (c · ρ1(x) · ρ2(x)) = c0 · ρ0(x),

where we denoted c0
def
=

c1 · c2
c

. So indeed, f(x) ∈ G.

3◦. Similarly, from the other properties of the family F , we can make the following conclu-

sions:
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� that for every function f(x) from the family G and for every natural number n, the

function (f(x))1/n also belongs to G;

� that for every function f(x) from the family G and for every real number a, the

function f(x+ a) also belongs to G; and

� that for every function f(x) from the family G and for every real number λ > 0, the

function f(λ · x) also belongs to G.

6◦. We can simplify the problem even more if instead of the family G, we consider the family

g of all the functions of the type F (x) = ln(f(x)), where f(x) ∈ G. To such functions, we

also add the limit functions.

Adding limit cases does not increase the dimension, so the dimension of the family g is

still ≤ n+ 1.

In terms of this new family, we need to prove that all the functions from this family are

polynomials of order ≤ n.

The fact that the family G is closed under multiplication means that the family g is

closed under addition. The fact that the family G is closed under taking the n-th root

means that the family g is closed under multiplication by 1/n for each natural number n.

Together with closing under addition, this means that for every two natural numbers m

and n, the function

m

n
· F (x) =

1

n
· F (x) + . . .+

1

n
· F (x) (m times)

also belongs to the family g. In other words, for every function F (x) ∈ g and for every

rational number r, the product r · F (x) also belongs to g. Since every real number is a

limit of rational numbers – e.g., of numbers obtained if we only keep the first N digits

in the decimal or binary expansion – and we added all limit cases, we can conclude that

r · F (x) ∈ g for all non-negative real numbers r as well.

One can easily show that shift- and scale-invariance properties are also satisfied for the

new family:
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� that for every function F (x) from the family g and for every real number a, the

function F (x+ a) also belongs to g; and

� that for every function F (x) from the family G and for every real number λ > 0, the

function F (λ · x) also belongs to g.

7◦. As a final simplification, we consider the family h of all the differences d(x) = F1(x)−

F2(x) between functions from the class g. To describe each of the functions F1(x) and

F2(x), we need n + 1 parameters, so the dimension of the new family does not exceed

2 · (n+ 1).

Since for every function F (x) ∈ g, the function 2F (x) also belongs to the family g, we

can conclude that the difference F (x) = (2F (x))−F (x) also belongs to the family h. Thus,

g ⊆ h.

The family h is also closed under addition. Indeed, if d1(x) = F11(x) − F12(x) and

d2(x) = F21(x)− F22(x) for some Fij(x) ∈ g, then

d1(x) + d2(x) = (F11(x)− F12(x)) + (F21(x)− F22(x)) =

(F11(x) + F21(x))− (F12(x) + F22(x)),

where, since g is closed under addition, the sums F11(x) + F21(x) and F12(x) + F22(x) also

belong to g. Thus, indeed, the sum d1(x)+d2(x) is a difference between two functions from

g and is, thus, an element of the family h.

We can also prove that the family h is closed under multiplication by any real number

c. Indeed, let d(x) = F1(x)− F2(x).

� If c > 0, then c · d(x) = (c · F1(x)) − (c · F2(x)), where both c · F1(x) and c · F2(x)

belong to the family g.

� If c < 0, then c · F (x) = |c| · F2(x) − |c| · F1(x), where also |c| · F2(x) and |c| · F1(x)

belong to the family g.
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So, the family g is closed under addition and under multiplication by any real number

– and is, thus, a linear space. Let d ≤ 2n + 2 denote the dimension of this linear space,

and let us select a basis e1(x), . . . , ed(x). This means that all functions from the space g

have the form c1 · e1(x) + . . .+ cd · ed(x).

From the fact that the family g is shift- and scale-invariant, we can conclude that the

family h is also shift- and scale-invariant.

8◦. As we have shown in Chapter 3, the fact that the linear space is shift- and scale-

invariant implies that all the functions from this space h are polynomials. Since g ⊆ h, all

the functions from the class g are also polynomials.

9◦. What is the order of these polynomials? Let D be the order of a polynomial F (x)

from the class g. For each polynomial of order D, in general, the functions F (x), F (x+h),

F (x+2h), . . . , F (x+D · h) are linearly independent: indeed, for h → 0, this is equivalent

to linear independence of xD, xD−1, . . . , 1, and thus, in the generic case, the corresponding

determinant is different from 0. Since we have D + 1 independent functions, thus, the

family g has dimension D + 1. But we know that the dimension of this family is ≤ n+ 1.

From D + 1 ≤ n + 1, we conclude that D ≤ n. Thus, all functions F (x) = ln(f(x)) from

the class g are polynomials of order ≤ n. Hence, each function f(x) = exp(F (x)) from the

class F has the desired form.

The proposition is proven.

35.3 Consequence

35.4 Formulation of the Problem

Empirical distributions: we expect them to be multi-modal. Continuous dis-

tributions are characterized by their probability density functions ρ(x). In principle, a

probability density function can be any non-negative function, the only condition is that
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the overall probability should be equal to 1, i.e., that∫
ρ(x) dx = 1.

In such situations, it is natural to expect that, in general, we will observe generic

functions with this property – e.g., functions which are random with respect to some

reasonable measure on the set of all functions. The first such measure was Wiener measure,

corresponding to random walk. Later, many other random measures have been proposed.

In most of these random measures, almost all functions are truly random, similar to random

walk – in the sense that are very “wiggly”, they have infinitely many local maxima and

minima. In probabilistic terms, we expect the empirical probability density functions to be

multi-modal.

Empirical distributions are mostly few-modal. In reality, empirical distributions are

mostly either unimodal, or bimodal, or – in rare cases – trimodal. In other words, they are

usually few-modal; see, e.g., [166]. Why?

This is especially puzzling in econometrics. In science and engineering, the few-

modality is often easy to explain: e.g., the distributions are normal or Gamma, or, in

general, follow some theoretically justified law. But few-modal distributions are ubiquitous

also in situations where we do not have exact equations – such as econometrics. Why?

What we do. The above result provides an explanation for this empirical fact.

Corollary. Every function from a shift- and scale-invariant n-parametric family of dis-

tributions that allows combining knowledge and partial knowledge has no more than n− 1

local maxima and local minima.

Proof of the Corollary. Indeed, at local maxima and minima, the derivative ρ′(x) =

exp(P (x)) · P ′(x) is equal to 0, which is equivaent to P ′(x) = 0. The derivative P ′(x) is a

polynomial of degree ≤ n− 1, and such polynomials can have no more than n− 1 zeros.

Discussion. This explain why empirical distribution are few-modal.
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Chapter 36

Data Processing: Probabilistic

Techniques, Part 3

In the previous two chapters, we discussed how algebraic approach can help apply prob-

abilistic techniques. This does not mean that all the related challenges are over. In this

chapter, we provide an example of such a challenge.

We expect that the quality of experts’ decisions increases with their experience. This is

indeed true for reasonably routine situations. However, surprisingly, empirical data shows

that in unusual situations, novice experts make much better decisions than more experi-

ence ones. This phenomenon is especially unexpected for medical emergency situations: it

turns out that the mortality rate of patients treated by novice doctors is a third lower than

for patients treated by experience doctors. In this chapter, we provide a possible explana-

tion for this seemingly counterintuitive phenomenon – namely, we show this phenomenon

naturally appears if we use standard probabilistic techniques.

Results from this chapter first appeared in [199]

36.1 Problem: Experts Don’t Perform Well in Un-

usual Situations

At first glance, it would seem that the more experienced the experts, the better their

solutions. This is indeed the case for reasonably routine situations. However, somewhat

surprisingly, empirical data shows that in unusual situations, novice experts perform, on
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average, better than more experienced once. This is especially surprising in cases of medical

emergency: in cases when high-risk patients were treated by relative novices, the mortality

rate was a third lower than when patients were treated by experienced professional; see,

e.g., [84, 128].

In this chapter, we provide a possible explanation for this counterintuitive phenomenon.

36.2 Our Explanation

Formulation of the problem in precise terms. We have an observed value x̃ of the

desired quantity x. Based on this observation and on the expert’s knowledge, we need to

estimate the actual value x.

The observed value is imprecise, due to measurement and observation errors: the differ-

ence x̃− x is, in general, different from 0. Based on the prior experience, we can estimate

the mean and the standard deviation of this difference. If the corresponding mean is differ-

ent from 0, this simply means that our measuring instrument has a bias. In this case, we

can re-calibrate this instrument, by subtracting this bias from all the measurement results.

Thus, without losing generality, we can safely assume that the bias has been eliminated,

so the mean is 0. Let us denote the corresponding standard deviation by σ.

The expert’s experience-based knowledge consists of several cases for which this expert

knows a reasonably accurate value of the corresponding quantity. For example, in the

medical situation, an experienced expert is familiar with many cases in which, later on,

the value of the corresponding quantity was measured more accurately. Let us denote the

corresponding values by x̃1, . . . , x̃n. These values are very accurate, in the sense that they

are very close to the corresponding actual values xi. However, all situations are different.

As a result, the actual values xi are, in general, different from x, and thus, the measurement

results x̃i provide only an approximate estimation for the desired quantity x. Again, from

the previous experience, we can estimate the standard deviation σ0 of the corresponding

difference xi − x.
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Thus, we arrive at the following problem:

� we know the value x̃ which is approximately equal to x with standard deviation σ:

x̃ ≈ x (st.dev. σ);

and

� we know n values x̃1, . . . , x̃n which are close to x with standard deviation σ0:

x̃i ≈ x (st.dev. σ0).

Based on these values, we must provide an estimate for the desired quantity x.

Let us solve this problem. A natural way to solve the above problem if to use the Least

Squares technique (see, e.g., [166], i.e., to minimize the expression

(x̃− x)2

σ2
+

n∑
i=1

(x̃i − x)2

σ2
0

.

Differentiating this expression by x and equating the derivative to 0, we conclude that for

the resulting estimate x̂, we have

2 · (x̂− x̃)2

σ2
+

n∑
i=1

2 · (x̂− x̃i)
2

σ2
0

= 0.

Multiplying both sides of this equation by σ2/2 and moving all the terms not containing x̂

to the right-hand side, we conclude that

x̂ · (1 + k · n) = x̃+ k ·
n∑

i=1

x̃i,

where we denoted k
def
=

σ2
0

σ2
. Thus,

x̂ =

x̃+ k ·
n∑

i=1

x̃i

1 + k · n
. (36.1)
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From the expression (36.1), we see that for this estimate, we do not need to know the

individual values x̃i, it is sufficient to know their sum – i.e., equivalently, to know their

arithmetic average

x =
1

n
·

n∑
i=1

x̃i.

In terms of this average, the sum
n∑

i=1

x̃i takes the form n · x and thus, the formula (36.1)

takes the form

x̂ =
x̃+ k · n · x
1 + k · n

. (36.2)

How accurate is the resulting estimate? To analyze how accurate is this estimate,

we need to consider the absolute value ∆ of the difference between this estimate and the

actual value x. Here,

∆ =

∣∣∣∣ x̃+ k · n · x
1 + k · n

− x

∣∣∣∣ .
Explicitly subtracting the fractions in the right-hand side of this formula, we get the formula

∆ =

∣∣∣∣ x̃+ k · n · x− x+ k · n · x
1 + k · n

∣∣∣∣ ,
i.e., regrouping the terms in the numerator, the formula

∆ =

∣∣∣∣ x̃− x

1 + k · n
+

k · n · (x− x)

1 + k · n

∣∣∣∣ . (36.3)

Let us show that this formula enables us to explain the empirical phenomenon: namely,

that while experienced experts make better decisions in routine situations, their decisions

in unusual situations are worse than the decisions of novice experts.

What happens in reasonably routine situations. In reasonably routine situations,

when x is close to the average x and thus, when the difference x− x is very small, the first

term in the right-hand side of the formula (36.3) dominates, so we have

∆ ≈ |x̃− x|
1 + k · n

.
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In this case, the more experienced the expert, i.e., the larger the corresponding value n, the

smaller the value ∆ and thus, the more accurate the expert’s estimate. So, in such cases,

indeed, the more experienced the expert, the more accurate his/her estimates.

What happens in unusual situations. Let us now consider unusual situations, when

the difference x − x is large, so that the absolute value |x − x| of this difference is larger

than the typical observation uncertainty |x̃− x| ≈ σ:

|x− x| > |x̃− x|. (36.4)

In this case, for experienced experts, for which n is large, the second term in the formula

(36.3) dominates, so we get

∆exp ≈ |x− x|. (36.5)

In contrast, for novice experts, e.g., for experts with n = 0 (e.g., medical doctors who

have just received their degrees and do not have the experience of independently treating

patients), we have

∆nov = |x̃− x|. (36.6)

Comparing the expressions (36.5) and (36.6) and taking into account the inequality (36.4),

we conclude that here, indeed, ∆nov < ∆exp, i.e., that in such unusual situations, novice

experts indeed make more accurate estimates (and thus, better decisions) that experienced

ones.
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Chapter 37

Data Processing: Beyond Traditional

Techniques

The idea of neural networks comes from simulating human brains – which are often very

successful in solving problems. But the same example of a human brain shows that there

are other successful processes worth emulating: namely, neural networks emulate how brain

works, but other aspects are related to how the brain emerges. On the molecular level, all

the cells come from DNA-related activities. Simulating such activity is the essence of DNA

computing.

The traditional DNA computing schemes are based on using or simulating DNA-related

activity. This is similar to how quantum computers use quantum activities to perform com-

putations. Interestingly, in quantum computing, there is another phenomenon known as

computing without computing, when, somewhat surprisingly, the result of the computation

appears without invoking the actual quantum processes. In this chapter, we show that

similar phenomenon is possible for DNA computing: in addition to the more traditional

way of using or simulating DNA activity, we can also use DNA inactivity to solve complex

problems. We also show that while DNA computing without computing is almost as pow-

erful as traditional DNA computing, it is actually somewhat less powerful. As a side effect

of this result, we also show that, in general, security is somewhat more difficult to maintain

than privacy, and data storage is more difficult than data transmission.

Results from this chapter first appeared in [112].
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37.1 DNA Computing: Introduction

In his famous 1994 paper [4], Leonard Adleman showed that, in principle, we can drastically

speed up computations if we use the fact that DNA fragments combine together – in a

process known as ligation – if we corresponding nucleotides match, i.e., if:

� A is matched with T,

� T is matched with A,

� C is matched with G, and

� G is matched with C.

For example, two fragments ACTTG and TGAAC match perfectly.

Specifically, this paper showed that we can speed up the solution to the following Hamil-

tonian path problem:

� given a graph,

� find a path in this graph that visits every vertex exactly once.

This seminal paper started the field of DNA computing, which now includes both:

� using actual DNA fragments (as Adleman did) and

� using computer simulation of the corresponding processes.

One of the main advantages of computing via molecular interactions, when each

molecule serves as a processor, is that in each mole, we have 1023 molecules – and thus, 1023

processor working in parallel. Such unbelievable parallelism – many orders of magnitude

higher than the usual thousands of processors in a supercomputer – is a clear indication

that this approach has a great potential.

Later, similar DNA-based algorithms were proposed for solving other complex problems,

such as propositional satisfiability (this problem is explained, in detail, later in this chapter).

For reasonably recent overviews, see, e.g., [10, 80, 134, 149, 176].
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All these algorithms are based on actually using (or simulating) the ligation process.

This is similar to how quantum computers use quantum activities to perform computations.

Interestingly, in quantum computing, there is another phenomenon known as computing

without computing, when, somewhat surprisingly, the result of the computation appears

without actually invoking quantum processes. In this chapter, we show that similar phe-

nomenon is possible for DNA computing:

� in addition to the more traditional way of using or simulating DNA activity,

� we can also use DNA inactivity to solve complex problems.

37.2 Computing Without Computing – Quantum

Version: A Brief Reminder

DNA computing is one of several directions in the general quest for using novel physical

phenomena in computing. Another – probably even more well known – direction is quantum

computing, the use of quantum effects to speed up computations; see, e.g., [143, 213].

Most quantum algorithms actually use quantum effects to perform the corresponding

computations, but there is an interesting version called counterfactual quantum computing,

or, alternatively, computing without computing. The idea is that:

� we set up the corresponding quantum computations, but

� we do not actually run them,

and still, because of the quantum effects, we get the desired result with some probability.

This idea was first proposed in [87]. The main motivation behind this idea was not so

much about computing but rather about testing: the same idea can be, in principle, used

to test the complex equipment without actually running it. For example, in principle, we

can test whether the atomic bomb (that has been in storage for a long time) will actually

explode when triggered – without actually having to explode it to find this out.
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At this moment, this quantum computing-without-computing phenomenon is far from

practical use – just like most quantum computing algorithms and most DNA computing

algorithms are still far from practical use. However, there has been a lot of progress in this

direction. For example:

� Initially, there was a fear that the probability of getting the correct result in the

computing-without-computing setting may be too low to be practically useful.

� However, in 2006, a seminal paper [77] showed that this probability can be increased

to almost 1.

The fact that in quantum computing, it is possible to perform some computations

without actually running these computations encouraged us to check whether a similar

phenomenon is possible for DNA computing as well. We were even further encouraged by

the fact that computing without computing is also theoretically possible in yet another

direction of using novel physical phenomena in computing – namely, in the use of acausal

effects. Let us briefly recall this idea.

37.3 Computing Without Computing – Version In-

volving Acausal Processes: A Reminder

How can we speed up computations? A natural science-fiction idea is to use a time machine

(also known as an acaual – i.e., causality violating – process):

� we let the computer spend as much time as needed, even it means several thousand

years, and then

� we use the time machine to bring these results back to us.

For a long time, acausal processes remained mostly the subject of science fiction. Serious

physicists mostly believed that time machines are not possible – due to well known para-

doxes. These paradoxes can be summarized by stating the probably well known paradox of
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time travel – the grandfather paradox: what if a time traveler goes into the past and kills

his own grandfather before the traveler’s parents are conceived?

In spite of the paradoxes, acausal processes continued to naturally emerge in many areas

of physics. This emergence is mostly related to the fact that:

� in contrast to pre-quantum physics, where everything is deterministic,

� in quantum physics, we can only make probabilistic predictions.

In other words, there are always fluctuations, deviations of the actual values from the

expected values of the corresponding physical quantities.

In pre-quantum physics, at each moment of time, a particle is in a certain spatial

location, with a certain velocity – and, in principle, we can measure both location and

velocity with any desired accuracy. In quantum physics, such exact measurements are no

longer possible. A particle’s location and velocity are always probabilistic: e.g., even if

we prepare several particles in the identical states and measure their velocities, we will

get slightly different results. And the smaller the region we consider, the larger these

fluctuations.

Similarly, the space-time tensor – that describes the geometry of space-time and the

direction of causality – fluctuates. The smaller the region we consider, the larger these

fluctuations. As a result, the maximal possible speed fluctuates from the usual macroscopic

speed-of-light value c:

� in some microscopic locations, the maximal speed is slightly larger than c, while

� in some other microscopic locations, the maximal speed is slightly smaller than c.

If a micro-particle follows the locations when the local maximal speed is larger than c,

then, from the macroscopic viewpoint, this perfectly physical particle goes faster than the

speed of light – and, according to special relativity, this implies the possible of going back

in time.
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Many other schemes naturally appeared in physics, thus leading to acausal effects. As a

result, in the late 1980s, a group of physicists led by a future Nobelist Kip Thorne decided

to overcome the previous taboo and to seriously analyze possible acausal processes; see,

e.g., [132, 133, 178, 179].

But what about the paradoxes? Here, the probabilistic nature of quantum physics also

helps. As we have mentioned, in quantum world, nothing is guaranteed. If the time traveler

attempted to kill his grandfather; then:

� since the grandfather was alive enough after that attempt to sire a son,

� this means that this attempt failed.

In other words, some event happened which prevented the killing:

� maybe a policeman walked by and prevented the murder,

� maybe the gun got stuck,

� maybe a meteorite fell on the gun at that exact moment.

We can try to prevent all such events, but no matter how much we try, no matter how many

possibilities we take into account, there is always a possibility of some rare, low-probability

event that would disrupt the process. So, the only real consequence of trying to implement

a time-travel paradox is that some very low-probability event will happen.

And, interestingly, this can be used to computations – i.e., we can use the possibility of

acausal effects to perform computations without actually invoking these effects. In other

words, we have another case of computing without computing. Indeed, suppose, e.g., that:

� we are given a graph, and

� we need to find a Hamiltonian path in this graph.

What we can do is:

262



� use a random number generators to generate some (random) path through this graph,

and then

� check if the resulting path is Hamiltonian.

If the path is not Hamiltonian, we launch a time machine – which is set up in such a way

that its launch leads to some low-probability event, with probability p0 ≪ 1.

On the other hand, e.g., in a binary graph, the probability that a random selection of

a direction at each of n nodes will lead to a selected path is 2−n. So, nature has a choice:

� it can set up random processes so as to select a Hamiltonian path, or

� it will have to implement a low-probability event, with probability p0 ≪ 1.

According to the general idea of statistical physics, in most cases, nature selects the event

with higher probability. So, if p0 ≪ 2−n, nature will select a Hamiltonian path – and thus,

we will find this path fast without actually having to use the time machine.

Comments.

� This idea is described, e.g., in [42, 94, 95, 108, 109, 124, 131, 146].

� Now that we have learned how computing without computing is possible in quantum

and acausal computing, let us show how (and why) this idea is possible in DNA

computing as well.

37.4 Computing Without Computing – DNA Version

Main idea. Let us show that with DNA computing, it is also possible to solve complex

problems by using or simulating DNA inactivity.

The possibility of inactivity makes perfect biological sense:

� when resources are plentiful, it makes sense for the living creatures to be active and

to actively multiply, but
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� in situations when resources become scarce, such an activity would exhaust these

resources really fast.

In such situations, it is important to slow down all the biological processes as much as

possible.

In nature, we observe such slowing down all the time:

� from hibernating bears

� to plants that stop practically all activities in winter

� to bacteria and viruses that can slow down to such an extent that they can survive

in this slowed-down condition for hundreds and even thousands of years.

The slow-down occurs on all the levels:

� from the macro level – when an animal (e.g., a hibernating bear) stops moving almost

completely,

� to the cell level, where all the usual biochemical processes grind practically to a halt.

On the DNA level, this means that instead of enhancing the possible ligations, in such

situations, the cell tries to prevent ligation as much as possible, so as to keep all the

processes inactive. This phenomenon has indeed been traced on the gene expression level;

see, e.g., [81]. The possibility for such prevention comes from the fact that:

� contrary to a somewhat simplified version of DNA processes used in the traditional

DNA computing,

� the actual DNA-related biochemical processes do not simply involve matching of

different parts of the RNA and DNA.

There is also a control that switches some genes (i.e., some parts of the RNA and DNA)

on and off. This control is determined:
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� partly by other genes, and

� partly by the signals that the cell gets from the environment.

From this viewpoint, in the case of scarce resources, the corresponding control processes

are organized in a way to maximally prevent ligations.

We will describe this control process in precise terms, and let us show that the corre-

sponding problem is NP-hard – which means that it can be used to solve complex compu-

tational problems. But before we do that, let us explain why we believe that such control

can be used for computations.

It is not easy to stop biological processes. The great potential of DNA computing

comes from the fact that the corresponding biological processes are very complicated. In

spite of the original optimism, even though the genomes of many living creatures – includ-

ing humans – have been decoded, we are almost as far from the full understanding the

corresponding processes as before – and even farther from artificially synthesizing even the

simplest living creatures. The problems are complex, but within each of numerous cells of

numerous living creatures, nature solves the corresponding complex problems all the time.

Thus, it is natural to try to use these naturally occurring solutions to solve our complex

problems.

DNA processes are complex, but nature knows how to solve them – and thus, they occur

all the time. Stopping these processes is much more difficult, even for nature – indeed, very

few living creatures can do it, and we are still far from understanding how this is done.

� A grain left outside eventually spoils and rots, but some grains got preserved for

thousands of years – and when planted, turned into plants.

� Freezing kills most living creatures, but some mysteriously survive – and get revised

when thawed out.

� Viruses and bacteria can survive for years in the cosmic cold – there is even a pansper-

mia hypothesis that this is how life spreads between the planets, this is how originated

265



on Earth.

� The possibility to stop biological processes in a human being – known as anabiosis –

is a common feature in science fiction, but in real life, it remains a far-from-possible

dream.

Since stopping of biological processes is to difficult, even more difficult that running them, it

is even more reasonable to use this stopping – in addition to the DNA processes themselves

– to solve other complex problems.

Towards describing ligation prevention in precise terms. In general, we have several

fragments that, in principle, have matching parts. Each fragment consists of several sub-

fragments, and we can decide which of these sub-fragments is switched on to be active.

We want to select the sub-fragments in such a way that no two active sub-fragments are

matched.

Here is a precise formulation of the problem.

What is given. We have several (N) nucleotide sequences (“fragments”) s1, . . . , sN , i.e.,

sequences consisting of symbols C, G, A, and T. Each fragment si is a concatenation of

several subsequences (“sub-fragments”) si = si1 . . . siki .

The sub-fragments s and s′ match (or are complementary) if s′ can be obtained from s

by replacing A with T, T with A, C with G, and G with C.

What we want to find. The problem is to find the integers j1, . . . , jN such that 1 ≤ ji ≤

ki and for every two fragments i and i′, the corresponding sub-fragments siji and si′ji′ do

not match.

Let us prove that the ligation prevention problem is NP-hard. In practice, we are

usually interested in the problems in which, once someone provides us with a candidate

for a solution, we can feasibly tell whether this is a solution or not. The class of all such

problems is known as the class NP; see, e.g., [108, 148].

Some computational problems are NP-hard, meaning that every problem from the class

NP can be reduced to this problem. In other words, if we have an efficient algorithm for
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solving an NP-hard problem, this means that by reducing to this problem, we can solve

any practical problem in feasible time [108, 148].

If a problem is NP-hard and itself belongs to the class NP, then this general problem is

known as NP-complete.

Let us show that the ligation prevention problem is NP-hard. Since it is easy to check

that no two sub-fragments are complementary to each other, this means that this problem

is also in the class NP and is, thus, actually NP-complete.

This would mean that, if – as we believe – nature has a way to solve the ligation

prevention problem (at least many instances of this problem), then by reducing to this

problem, we will be able to solve many practical problems in reasonable time.

How NP-hardness is usually proved. To show that a given problem Pgiven is NP-

hard, it is sufficient to show that a known NP-hard problem Pknown can be reduced to this

problem. Indeed, by definition of NP-hardness, every problem P from the class NP can be

reduced to Pknown, and since the problem Pknown can be, in its turn, reduced to Pgiven, this

would mean that a two-stage reduction P → Pknown → Pgiven reduces P to Pgiven. Since this

is true for every problem P from the class NP, this means that the given problem Pgiven is

indeed NP-hard.

How we will prove NP-hardness. As the known problem Pknown, we select the proposi-

tional satisfiability problem for 3-CNF formulas, historically the first problem proven to be

NP-hard. In this general problem, we deal with Boolean (= propositional) variables, i.e.,

variables x1, . . . , xv that can take two possible values: 1 (meaning “true”) and 0 (meaning

“false”). A literal a is either a variable xk or its negation ¬xk.

A clause is an expression of the type a ∨ b or a ∨ b ∨ c where a, b, and c are literals.

Examples are x1 ∨ ¬x2 or ¬x1 ∨ ¬x5 ∨ x9.

Finally, a formula F is an expression of the type C1&C2& . . . &Cm, where Ci are

clauses. An example of a formula is the expression

(x1 ∨ ¬x2)& (¬x1 ∨ ¬x5 ∨ x9).
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The general propositional satisfiability problem is:

� given a formula,

� find the values of the variables that make it true (or, to be more precise, to check

whether there exist values xi that make it true).

The actual proof by reduction. Let us assume that we are given an instance F of the

propositional satisfiability problem, i.e., that we are given a propositional formula F of the

type C1& . . . &Cm with v boolean variables x1, . . . , xv.

To reduce this instance to an appropriate instance of the ligation prevention problem,

first, we assign, to each boolean variable xj, a fragment f(xj) consisting of letters C,

G, A, and T, in such a way that fragments assigned to two different variables are not

complementary.

There are many ways to do it. For example, we can assign v different fragments to v

variables, and then add a letter A in front of each of these fragments. This way, no two

fragments will fully match, since for them to match, their first symbols must match as well,

but A does not match with A – it only matches with T.

To each negation ¬xj, we assign a fragment – which we will denote by f(¬xj) – which

is complementary to f(xj), i.e., which is obtained from f(xj) by replacing A with T, T

with A, C with G, and G with C.

Finally, to each clause Ci, we assign a fragment si in the following way:

� if the clause has the form a ∨ b, then we take a fragment si = f(a)f(b) consisting of

two sub-fragments f(a) and f(b);

� if the clause has the form a ∨ b ∨ c, then we take a fragment si = f(a)f(b)f(c)

consisting of three sub-fragments f(a), f(b), and f(c).

Let us show that the original formula F is satisfiable if and only if it is possible to

select a sub-fragment in each fragment si so that none of the selected sub-fragments are

complementary to each other.
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Indeed, if the formula F is satisfiable, this means that there exists an assignment of

truth values to all the boolean variables x1, . . . , xv that makes the formula F true – which

means that each of the clauses Ci is true. The fact that a clause Ci is true means that

one of its literals is true. We thus select a sub-fragment corresponding to one of the true

literals.

No two selected sub-fragments are complementary to each other – indeed, complemen-

tary would mean that they represent a variable xj and its negation ¬xj, and the variable

and its negation cannot be both true.

Vice versa, let us assume that we for each fragment si corresponding to a clause Ci =

a∨. . ., we selected a sub-fragment – let us denote it by f(ai) – so that no two sub-fragments

are complementary to each other. The fact that they are not complementary means that

no two corresponding literals ai and aj′ are negations of each other. Thus, we can assign

the truth value to each of the boolean variables xj as follows:

� if one of the selected sub-fragments has the form f(xj), then we make the boolean

variable xj true;

� if one of the selected sub-fragments has the form f(¬xj), then we make the boolean

variable xj false;

� if none of the selected sub-fragments is of the form f(xj) or f(¬xj), then we assign

any truth value to xj.

Since no two selected sub-fragments have the form f(xj) and f(¬xj), this means that this

assignment is consistent. In this assignment, for each clause Ci, the literal ai corresponding

to the selected sub-fragment f(ai) is true. Thus, under this assignment, each clause Ci is

true and hence, the whole formula F = C1& . . . &Cm is true.

The reduction is proven.

Comment. While we reduced propositional satisfiability to our problem, in fact, this proof

can be viewed as reducing another NP-complete problem to our problem – namely, the
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problem of finding a clique of given size k in a given graph. A clique is defined as a

subset of the graph’s vertices in which every two vertices are connected to each other by an

edge. Our proof is actually a modification of the standard proof that the clique problem is

NP-complete; see, e.g., [148].

In this proof, we reduce the propositional satisfiability problem to the clique problem

in the following way. Let an instance F of the propositional satisfiability problem be given.

This instance has the form C1& . . . &Cm, where Ci are clauses. For each literals a from

each clause Ci, we add a vertex Vi(a) to the resulting graph.

For example, for the formula (x1 ∨ ¬x2)& (x1 ∨ x2 ∨ x3), we have a graph with five

vertices:

� two vertices V1(x1) and V1(¬x2) corresponding to the first clause, and

� three vertices V2(x1), V2(x2), and V2(x3) corresponding to the second clause.

We then connect, by edges, vertices corresponding to different literals provided that they

do not correspond to opposite literals xi and ¬xi. In the above example,

� the vertex V1(x1) is connected to V2(x1), V2(x2), and V2(x3); and

� the vertex V1(¬x2) is connected to V2(x1) and V2(x3) (but not to V2(x2)).

The fact that this is indeed a reduction can be easily proven.

Indeed, if the original formula F is satisfiable, then in each clause, (at least) one of

the literals is true. We can select one true literal in each clause. These literals cannot

be opposite: since we cannot have xi and ¬xi both true. Thus, every two corresponding

vertices are connected – i.e., the resulting subgraph indeed forms a clique of size m.

Vice versa, if we have a clique of size m, then, since literals corresponding to the same

clause are not connected, this means that vertices from this clique correspond to different

clauses. And since we have exactly m clauses, this means that the clique contains exactly

one vertex corresponding to each clause. Now, we can select, for each variable xi, the value

“true” or “false” depending on whether the clique contains a vertex corresponding to xi or a
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vertex corresponding to ¬xi. The clique cannot contain both – since vertices corresponding

to opposite literals are not connected. (For the variables not reflected in any of the vertices

from the clique, we can select any truth value.)

Since each clause Ci contains at least one vertex Vi(a) from the clique, the corresponding

literal a is true in this assignment, and thus, the clause Ci is also true. So, under this

assignment, all clauses are true – and hence, the original formula F = C1& . . . &Cm is

also true.

The reduction is proven.

37.5 DNA Computing Without Computing Is Some-

what Less Powerful Than Traditional DNA Com-

puting: A Proof

Which of the two DNA computing schemes is more powerful? In the previous

section, we have shown that, in addition to the traditional DNA computing that utilizes

the actual DNA-related chemical processes, we can also perform effective computations by

using the ability of a body to stop these chemical processes. A natural question is: which

of the two DNA computing schemes is more powerful: the active or the passive one?

Overall, they are both NP-complete, in this sense they are both equally powerful. How-

ever, we can still talk about which problems are more powerful and which problems are

less powerful if we take into account a subtle subdivision of NP-complete problems.

W-hierarchy: a brief reminder. The subtle subdivision that we have in mind – called

W-hierarchy – is based on the notions of fixed parameter tractable (fpt) problems and of

weft. We will briefly explain these notions in this section; readers interested in detail can

check, e.g., [39, 53, 142].

The main idea is that while a problem may be, in general, NP-hard – which means that

unless it turns out that P = NP, we cannot have a feasible (polynomial-time) algorithm
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for solving this problem, there usually is a parameter k such that if we bound the value

of this parameter, the problem can be solved in polynomial time, i.e., if, some computable

functions f(k) and C(k), a problem with input x of size n
def
= len(x) can be solved in time

f(k) · nC(k). This way, if we fix some bound k0 and only consider problems for which the

value of k is bounded by k0, then all thus limited problems can be solved in time ≤ f0 ·nC0 ,

where f0
def
= max(f(1), f(2), . . . , f(k0)) and C0

def
= max(C(1), C(2), . . . , C(k0)).

For some problems, the corresponding exponent C(k) does not grow with k. Such

problems are called fixed parameter tractable (fpt). In precise terms, a problem is fpt if, for

some computable function f(k) and for some constant C, a problem with input x of size

n = len(x) can be solved in time f(k) · nC . This way, if we fix some bound k0 and only

consider problems for which the value of k is bounded by k0, then all thus limited problems

can be solved in time ≤ f0 · nC .

Similarly to the usual reduction, we can define fpt-reduction as an reduction that pre-

serves both the size of the inputs (modulo a possible feasible – polynomial-size – increase)

and preserves the bounds on the parameter, so that problems for which the value of the pa-

rameter is bounded by some value k0 get transformed into problems for which the parameter

is bounded by g(k0) for some feasible function g(x).

The W-hierarchy is based on reduction to computational schemes of a certain weft. To

describe the weft computation scheme, we first represent this scheme as a directed graph:

� whose vertices are elementary logical (bit) operations and

� where an edge from a vertex a to a vertex b means that the output of a is one of the

inputs of the operation b.

For commutative and associative logical operations,

� in addition to the usual binary operations,

� we also allow operations with more than two inputs.
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Such operations are “and”, “or”, and addition modulo 2 (which is the same as “exclusive

or”).

The weft is defined as the largest number of logical units from an input to the output.

For each natural number i = 0, 1, 2, . . ., the i-th class W [i] is defined as the class of the

problems that can be reduced to a computation scheme of weft ≤ i with several inputs

v1, . . . , vm and one output v for which:

� the original problem x with parameter k has a solution if and only if

� there is a combination of inputs v1, . . . , vm that produces the result v =“true” and in

which at most k inputs vj are 1s – the rest are 0s.

It can be shown that W [0] is exactly the class FPT of all fpt problems, and one can easily

see that W [0] ⊆ W [1] ⊆ W [2] ⊆ . . .

It is not proven that classes W [i] corresponding to different i classes are indeed different,

but most computer scientists believe that they are different, i.e., that the containment is

strict: W [0] ⊂ W [1] ⊂ W [2] ⊂ . . . Within each class W [i], there are problems which are

the hardest in this class – in the sense that every other problem from this class can be

fpt-reduced to this problem. Such problems are called W [i]-complete.

In particular:

� the Hamiltonian path problem – historically the first problem for which an DNA-

based solution has been proposed – has been proven to be W [2]-complete for k being

the graph width (see, e.g., [113]), while, e.g.,

� the clique problem – the problem of finding, in a given graph a clique of a given size

k – is known to be W [1]-complete; see, e.g., [39, 53].

Since:

� the original DNA computing solves the Hamiltonian path problem while

� the DNA-based computing without computing is equivalent to the clique problem,
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we thus arrive at the following conclusion.

Conclusion. The traditional DNA computing is more powerful that DNA computing

without computing.

Specifically, while both traditional DNA computing and DNA-based computing without

computing solve NP-complete problems:

� the traditional DNA computing is W [2]-complete, while

� the DNA-based computing without computing is only W [1]-complete, i.e., complete

for the somewhat less-complex class of the W-hierarchy.

37.6 First Related Result: Security Is More Difficult

to Achieve than Privacy

What we plan to do in this section. The result from the previous section can be

applied to a topic which is not related to DNA computing, but which is very important:

the need to maintain privacy and security when using computers.

The reason why such an application is possible is that the main problems of both privacy

and security can be reformulated in graph terms.

How to describe privacy in graph terms. Privacy means that:

� while we should have access to our own records,

� we should not get unauthorized access to any other records.

This means, in particular, that:

� if we perform a simple modification of codewords and other means to get access to

our own records,

� we should not be able to gain access to records of anybody else (unless that person

gave us a special permission).
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To describe this in graph terms, let us form a graph in which individuals are vertices,

and two vertices a and b are connected if:

� it is not possible for the individual corresponding to vertex a to access b’s record by

a simple modification of a’s access information; and,

� vice versa, it is not possible for the individual corresponding to vertex b to access a’s

record by a simple modification of b’s access information.

Each abstract access scheme can be represented as such a general graph. The question

is: can we use this abstract scheme to provide full privacy for a given number k of users?

In terms of the above graph, this is equivalent to finding a subset of k vertices in which

every two vertices are connected to each other – i.e., to finding a clique of the given size k.

Thus, in graph terms, maintaining privacy is equivalent to solving the clique problem.

We already know that this problem is NP-complete and W [1]-complete.

How to describe security in graph terms. In general, computer security (and security

in general) means that we have resources so that:

� if we have trouble at some location (physical or virtual),

� one of these resources is available to resolve the corresponding problem.

In the ideal world, we should have such resources at each location. However, realistically,

this is usually not possible, so only some locations have resources. In terms of the police

example, this means that:

� while we cannot place a police officer at every house, but

� we need to make sure that if a crime is reported, the police from the nearby police

station should arrive on time to stop this crime.

Similarly, in computer security, if a suspicious message appears on a computer, the cor-

responding server should be able to block the corresponding virus from infecting other

computers.
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This situation can also be described as a graph. Namely, its vertices are possible

locations. We connect the two locations a and b if these two locations are “close” in the

following sense:

� a resource located at location a can reach location b in time to resolve any possible

problem, and

� a resource located at location b can reach location a in time to resolve any possible

problem.

Based on the geography and/or on communication ability of the corresponding net-

work, we can form a graph of possible locations, in which edges correspond to the above

“closeness”. Our overall resources are limited. So, the question is:

� given that we only have k resources,

� is it possible to place them in such a way that every location is the graph is covered

– i.e., that each vertex is close to one of the k selected locations?

In graph terms, the corresponding set of k locations is called a dominating set. In these

terms, the question is: given a graph, is there a dominating set of size k in this graph? It

is known that this problem is NP-complete and W [2]-complete; see, e.g., [43].

Conclusion: security is more difficult to maintain than privacy. Since:

� security corresponds to a W [2]-complete problem, and

� privacy corresponds to a W [1]-complete problem – which are, in general, somewhat

less complex than W [2]-complete problems,

we can therefore conclude that security is somewhat more difficult to maintain than privacy.
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37.7 Second Related Result: Data Storage Is More

Difficult Than Data Transmission

Application to information science. A similar result is related to information science,

the science of storing and transmitting information; see, e.g., [6]. This result is very relevant

for DNA computing, since this is exactly the main objective of DNA: to store and transmit

the biological information.

Data storage. The first type of problems relates to the first objection of information

science: storing information. Let us consider situations in which we need to store infor-

mation about different objects. Let X denote the set of the corresponding objects. In

mathematical terms, these objects may be signals, 2D images, 3D bodies, etc.

In many practical cases, storing all possible information about each object requires too

much memory space. For example:

� if we want to store the whole information about a human body cell-by-cell,

� we will need to store all the information about billions of cells, the relation between

them, etc. – this is not easy to store.

In practice:

� we often do not need the exact information,

� it is usually sufficient to reconstruct it with some reasonable accuracy.

For example, if we want to store a photo, a minor change in intensity will not even be

noticeable by a human eye.

To describe this in precise terms, we can form a graph in which:

� vertices are elements of the set X, and
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� two objects x and y are connected by an edge if and only if they are practically

indistinguishable, i.e., if, for practical purposes, it is OK to reconstruct x if the

actual object is y and vice versa.

Usually, indistinguishability is described by a formula d(x, y) ≤ ε for an appropriate metric

d(x, y) on the set X and an appropriate positive real number ε > 0.

So, instead of storing the actual elements x ∈ X, we only store, for each element x, its

approximation s – which should be practically indistinguishable from x. The set S of all

such approximation must be such that each element x ∈ S is practically indistinguishable

from some element s ∈ S – i.e., in graph terms, the set S must be a dominating set in the

corresponding graph.

For example, if we want to store a single real number, and we are OK with reconstructing

it with accuracy 2−n, then we can restrict ourselves to numbers 0, 2−n, 2 · 2−n, 3 · 2−n, etc.

How many bits do we need to store such approximating elements? We need as many

bits as are needed to distinguish between different elements of the set S.

� If we use 1 bit, which has 2 possible values 0 and 1 – which can represent 2 different

elements.

� If we use 2 bits, with 22 = 4 possible combinations, we can represent 4 different

elements.

� With b bits, we can represent 2b different elements.

So, to represent a set consisting of k elements, we need to have 2b ≥ k. The smallest such

number of bits is ⌈log2(k)⌉.

Thus, to find out how many bits of memory we need to represent each element of the

original set S, we need to know the binary logarithm of the smallest size of the dominating

set. This binary logarithm is known as ε-entropy. This notion was first introduced by

Kolmogorov and his research group [92, 93, 207]; they also provided asymptotic formulas

for the ε-entropy of different function spaces X.
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It is known that computing ε-entropy is NP-hard. The above result shows that this

problem is W [2]-complete.

Data transmission. The data needs to be transmitted. Let us denote by n the overall

number of signals that we want to send. We need to assign, to each of these signals s, a

physical signal x(s). Examples are:

� the sequence of instantaneous pulses – as when the information is transmitted in a

brain; or

� a sequence of shorter and longer pulses, as in the Morse code.

Transmission usually comes with noise. We therefore need to make sure that, even when

the transmitted signals are corrupted by noise, we can still distinguish between them. Let

us describe this problem in precise terms. Let X denote the set of all physical signals. We

can then form a graph in which:

� possible physical signals are vertices, and

� two signals are connected if and only if they can still be distinguishable after applying

the noise.

For example, if we know the largest possible change δ caused by a noise – i.e., we know

that the distance d(x, x̃) between the original signal x and the noised signal x̃ cannot be

larger than δ – then the signals x and y can be separated if d(x, y) > ε
def
= 2δ. Indeed, in

this case, from the triangle inequality, we can conclude that

d(x̃, ỹ) ≥ d(x, y)− d(x, x̃)− d(y, ỹ) > 2δ − δ − δ = 0,

so d(x̃, ỹ) > 0 and thus, x̃ ̸= ỹ. So, corrupted versions of two different signals are always

different.

Once we know the set X of possible physical signals, we want to know whether we can

use these signals to correctly transmit a given number k of different signals in the presence

279



of noise – and, if yes, what physical signal x(s) we should use to transmit each symbol s

from the original messages. In terms of the above-described graph, this means that we need

to find a clique of size k in the graph. As we have mentioned, this problem is W [1]-hard.

Conclusion: data storage is more difficult than data transmission. Since:

� data storage corresponds to a W [2]-complete problem, and

� data transmission corresponds to a W [1]-complete problem – which are, in general,

somewhat less complex than W [2]-complete problems,

we can therefore conclude that data storage is a somewhat more difficult problem than

data transmission.
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