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Abstract

We propose several unconditionally energy stable invariant energy quadratiza-
tion (IEQ) finite element methods (FEMs) to solve the Cahn-Hilliard-Navier-
Stokes (CHNS) equations. The time discretization of these IEQ-FEMs is based
on the first- and second-order backward differentiation methods. The intermedi-
ate function introduced by the IEQ approach is positioned in different function
spaces: the continuous function space, and a combination of the continuous
function and finite element spaces. These methods offer distinct advantages.
Consequently, we propose a new hybrid IEQ-FEM that combines the strengths
of both schemes, offering computational efficiency and unconditional energy
stability in the finite element space. We provide rigorous proofs of mass conser-
vation and energy dissipation for the proposed IEQ-FEMs. Several numerical
experiments are presented to validate the accuracy, efficiency, and solution prop-
erties of the proposed IEQ-FEMs.



